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HE preſent collection of tracts relating to logarithms, and in- 
titled “ Scriptores Logarithmici, &c, was owing to the publica- 

tion of Dr. Hutton's very curious hiſtorical introduction to his 
new edition of Sherwin's Mathematical Tables in the year 1785. 
That introduction (which I have here reprinted at the beginning 
of this collection, together with Dr. Hutton's preface to that edi- 
tion of the Mathematical Tables) excited my admiration in a high 
degree; not only becauſe it afforded a ſtriking proof of the un- 
wearied induſtry and very great extent of reading, as well as of the 
uncommon mathematical ſkill and judgment, of its learned author, 
but alſo on account of its great uſefulneſs, in exhibiting, to perſons 
of an inferior degree of knowledge in theſe ſciences, a full and clear 
view of all the different ſteps that had been taken by mathemati- 
cians of all countrics, both in ancient and modern times, towards 
the cultivation and improvement of trigonometry and the doctrine 
of logarithms, which are two of the moſt uſeful and important 
branches of the mathematicks. And, as moſt of the tracts that 
have been written on the latter of theſe ſubjects, namely, the doc- 
trine of logarithms, ſince the publication of Briggs's Arithmetica 
Logarithmica and Trigonometria Britannica, and that are mentioned 
in Dr. Hutton's introduction as deſerving notice, are but ſhort, 
VOL, I, a I thought 
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I thought it would be by no means impracticable to collect them 
all together into one book ; and I did not doubt that ſuch a collec- 
tion of them, ranged in the ſame order in which they had been 
originally publiſhed, and in which, for the moſt part, they had 
been mentioned in the aforeſaid hiſtorical introduction, would 
prove an acceptable preſent to all the lovers of theſe ſciences. 
With this view I undertook the preſent publication, in which I 
have omitted the two tracts of Briggs above mentioned, namely, 
the Arithmetica Logarithmica and the Trigonometria Britannica, on ac- 
count of their length (they being ſmall folio volumes), and the 
tract of Baron Napier, called Canon mirificus Logarithmorum (though 
it is but a ſhort one), becauſe it was publiſhed before the ſaid two 
treatiſes of Briggs. But theſe omiſſions are pretty well ſupplied by 
the ample accounts which Dr. Hutton has given of the contents of 
theſe valuable pieces in his aforeſaid hiſtorical introduction, which 
is here reprinted. The preſent collection begins with the two tracts 
publiſhed on this ſubje& by the famous John Kepler in the years 
1624 and 1025; in which (as Dr. Hutton has juſtly obſerved in his 
above-mentioned hiſtorical introduction) that very elegant and ac- 
curate geometrician has treated of logarithms according to the true 
and genuine idea of them, as being meaſures of ratios, or proportions, 
and has delivered his whole doctrine concerning them in a very full 
and ſcientifick manner. 


When this collection of tracts was firſt undertaken, I had 
thought that they might all have been compriſed in one volume, 
quarto. But, as ſome of the tracts were written in a very obſcure 
ſtyle and manner, and ſeemed much to ſtand in need of explana- 
tion ;—and, as they were alſo founded on a ſuppoſition of the truth 
of the famous Binomial Theorem, both in the caſe of integral 
powers and in the caſe of roots, which theorem but few mathema- 
tical authors have attempted to demonſtrate ;—1 reſolved to endea- 
your to {upply theſe defects as well as I was able, partly by adopt- 


* 


— 


P REF AgG:h ili 


ing and inſerting a demonſtration of the ſaid binomial theorem, 
both in the caſe of integral powers and in the caſe of roots, that 
had been publiſhed by the late very learned Mr. John Landen of 
Walton near Peterborough in Northamptonſhire, in the years 1758 
and 1764, and by adopting ſome other hints given by other au- 
thors on the ſame ſubject, and partly by notes and tracts written by 
myſelf with a view to anſwer the ſame purpoſe, and on which (as 
the reader will eaſily perceive) I have beſtowed no ſmall ſhare of 
attention and labour. And by theſe additional and explanatory 
tracts, together with a few other mathematical tracts of my own 
compoſition, on ſubjects that have for the moſt part a remarkable 
connection with the binomial theorem, this collection has been 
{ſwelled to ſuch a ſize that it cannot be concluded in leſs than 
three volumes, quarto; of which the two firſt are now preſented 


to the publick. 


The tracts in theſe two volumes that are of my own compoſition 
are as follows. 


The firſt of them is intitled, © Remarks on the two infinite Serieſes 
1 A3 A* as A® 4* Ad | 1 a0 
3 5 „ rn >. Sc and A + — + I T 
&c, which were found by Mr. Nicholas Mercator and Dr. Jobn Wallis 
in the foregoing Tracis for the Purpoſe of ſquaring the Hyperbolick Spaces 


Blru and Flru.” 


This is a very long tract, extending from page 233 of the firſt 
volume of this collection to page 344. My deſign in writing it was 
as follows, 


Mr. Mercator, after explaining in the firſt 13 propoſitions of his 
Logarithmotechnia, the methods by which he adviſes the computers of 
a table of logarithms to proceed in their calculations (which methods 
are purely arithmetical and derived from the nature of ratios and of 

a 2 the 


iv ST EP AG 


the powers of numbers, without any mention of the hyperbola, or 
of any other geometrical figure whatſoever), concludes his diſcourſe 
with ſome curious propoſitions concerning the hyperbola, from which 
he derives a method of ſquaring an aſymptotick area of a rectan- 


gular hyperbola by means of the infinite ſeries A — — + = = — = 


5 — > + &c, in which the letter A is ſuppoſed to denote a portion 


of one of the aſymptotes of an hyperbola contiguous to the cen- 
tral ſquare of the hyperbola (or the ſquare formed by the two 
aſymptotes of it, and by two lines drawn from its vertex parallel to 
the ſaid aſymptotes reſpectively), and to be leſs than the ſide of the 
ſaid ſquare (which is ſuppoſed to be denoted by 1), and conſe- 
quently the ſeveral powers of A, to wit, A, A*, A*, A“, A*, A“, 
&c, will form a ſeries of decreaſing quantities. For he demon- 
ſtrates that, upon theſe ſuppoſitions, the ſaid infinite ſeries A — 


= + > — — + = — 7 + &c will be equal to the aſymptotick area 
correſponding to the line A, or of which the line A in the aſymp- 
tote forms the baſe. And, as this aſymptotick area is the meaſure 
of the ratio of 1 + A to I, it is evident that the ſaid ſeries A — 
= + _ — - + 4 — 7 4+ &c muſt conſequently be the meaſure of 
the ſaid ratio of x + A to 1, or, if computed in numbers, muſt be 
its logarithm. And thus, in theſe latter propoſitions of his ſaid 
tract, Mr. Mercator exhibits a new method of computing loga- 
rithms totally different from the former methods, which are the 
ſubject of the firſt 13 propoſitions of his book, and which he ſeems 


principally to recommend. 


But, though Mr. Mercator himſelf, at the time of publiſhing his 
Logarithmetechma, ſeems moſt to value his firſt method of comput- 
ing logarithms, which is contained in the firſt 13 propoſitions of 
his ſaid tract, the generality of mathematicians have given the pre- 
terence to his ſecond method of computing them by means of the 
infinite ſeries A—$ + N © + © F + &e, which he has 
given 
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given us for the quadrature of the hyperbola. And, notwith- 
ſtanding the many learned tracts that have been written on the 
ſubject ſince his time by the moſt eminent mathematicians, I do 
not know any one method of computing logarithms that deſerves 


to be preferred to it, though Dr. Wallis's ſeries A + 8 +5 + 7 


+ - + 85 + &c ad inſinitum (which exhibits the logarithm of the 


ratio of 1 to 1 — A, and which the Doctor found out in conſe- 
quence of the peruſal of Mr. Mercator's Logarithmotechnia and 
after an attentive examination of the aforeſaid ſeries A — 


8 + = — 1 + 5 — _ + &c ad infinitum invented by Mercator) 
may be conſidered as equally convenient for this purpoſe. 


But both Mercator's ſeries, A — = + = — = + = — 8 + &c 


ad infiitum, and Dr. Wallis's ſeries A + 2 T N TT + 
&c ad infinitum, are, by their reſpective inventors, derived from the 
contemplation of the hyperbola, and are given by them rather as 
methods of ſquaring the hyperbola than as methods of computing 
logarithms, though they are alſo capable of being applied to this 
latter purpoſe with great fucceſs. This manner of deriving them, 
Dr. Halley thought, was a defect in the foundation of them, when 
conſidered as methods of computing logarithms; and therefore he 
endeavoured to ſupply this defect by giving other inveſtigations of 
them, which were founded on the mere abſtract principles of 
arithmetick and the nature of ratios, and particularly on Sir Iſaac 
Newton's famous theorem for raiſing the powers, either integral or 
fractional, of a binomial quantity. And he accordingly publiſhed 
ſuch inveſtigations of them in the Philoſophical Tranſactions of 
the royal Society of London in the year 1695, in a tract which he 
intitled A mot compendious and facile Method for conſtructing Loga- 
rithms, exemplified and demon/irated from the Nature of Numbers, without 
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any Regard Io the e ale, with a ſpeedy Method for Ml be the Number 


Joon the Logarithm given.“ 


But this tract by no means anſwers to the title Dr, Halley has 
given it, of a compendious and facile method for conſtructing bgarithms. 
It is indeed compendious : but facile it moſt certainly is not. For, it 
ever there was a piece of writing that was peculiarly fit to ſerve as 
an example of the danger of an author's falling into obſcurity by 
aiming at too much brevity, which Horace has mentioned in his 
judicious admonition on the ſubject, brevis e /aboro; obſcurus fo; 
it is this tract of Dr, Halley : it being ſo uncommonly obſcure, that 
I ſcarce ever knew a mathematician that had read it (I except not 
the moſt learned and acute) that did not confeſs that he had found 
the greateſt difficulty in comprehending it. And, for my part, I 
cannot underſtand ſome parts of it even now, after having em- 
ployed ſo much time and pains upon the ſubject. And this was 
the conſideration that induced me to write the Remarks on Mr. 
Mercator's and Dr. Wallis's Serieſes, which conſtitute the ſeventh 
tract of the firſt volume of this collection. I have endeavoured to 
do that intelligibly which Dr. Halley has done in a manner that is 
almoſt unintelligible; that is, I have endeavoured to give ſuch inveſti- 
gations of thoſe two logarithmick ſerieſes, invented by Mercator 


and Dr. Wallis, as Dr. Halley either has given, or has attempted to 


give, of them (I know not which), in the aforeſaid tract, namely, 
inveſtigations founded entirely on arithmetical principles, and on 
Sir Iſaac Newton's binomial theorem, without any mention of the 
hyperbola, or any other geometrical figure; and alſo without havy- 
ing recourſe to the doctrine of indiviſibles, or infinitely ſmall quan- 
tities, or the doctrine of fluxions, or, in general, to the arithmetick 
of infinites in any of its modifications. Theſe inveſtigations I have 
drawn up with great care, and have ſet them forth in different 
forms and ſtyles, namely, firſt at great length, and afterwards more 
conciſely, in order to adapt them to different ſorts of readers, and to 
render them as clear and eaſy as the nature of the ſubje& (which 
18 


PFEFAxACE vii 


is a very abſtruſe one) will admit: and I have ſubjoined no leſs than 
nine examples of the computation of logarithms by each of the ſaid 
two ſerieſes, in order to make the manner of applying them to that 
purpoſe familiar to the reader, being of opinion (as I before ob- 
ſerved) that no better method of computing logarithms has yet 
been found out, or need be ſought for, than the judicious applica- 


tion of theſe two ſerieſes. 


From the computations contained in theſe examples I have de- 
rived the logarithms of the ratios of the firſt 22 numbers, to wit, 
2, 3, J 5, 6, 7, 8, 9, IO, IT, I2, 13, 14, 15, 16, 17, 18, 19, 20, 21, 
22, and 23, to 1, both in Napier's ſyſtem and in Briggs's, to eigh- 
teen places of figures; which calculations are, I believe, enough to 
make the induſtrious reader that ſhall patiently go through them 
all, become very well acquainted with this method of computing 


logarithms. 


The next tract of my compoſition in this collection is intitled 
& An Appendix to the foregoing Remarks on the two Logarithmick Se- 
rieſes invented by Mr. Mercator and Dr. Wallis,” and extends from 
page 345 to page 383, and concludes the firſt volume of theſe 


tracts. 


This tract alſo has a reference to Dr. Halley's compendious and 
facile method, &c, above mentioned. For his inveſtigations of the 
two anti-logarithmick ſerieſes which he gives us in that tract, to 


2 4 3 5 
wit, the ſerieſes 1 + L + 2 += + 7 + 7 + + + &c ad infinitum, 
and 1— L += — += —=+F — &c ad infinitum, ſeemed to 
me almoſt as obſcure as thoſe of the two logarithmick ſerieſes. 
invented by Mercator and Wallis. I therefore reſolved to give: 
new inveſtigations of theſe two ſerieſes derived from the pure prin- 


ciples of Arithmetick and from the Binomial Theorem, in the ſame 
manner 
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manner as the inveſtigations given of them by Dr. Halley himſelf 
in the aforeſaid tract. Theſe inveſtigations are alſo drawn up 
with great care and pains, and fet forth at conſiderable length, in 
order to make them as clear and as eaſy as poſſible. And, after 
the inveſtigations of theſe two anti-logarithmick ſerieſes in this ap- 
pendix, I have given ſome examples of the application of the ſaid 
ſerieſes to the computation of the numbers correſponding to given 
logarithms, in order to illuſtrate the method of making ſuch com- 
putations, and render it familiar to the reader. There is alſo in 
this tract, amongſt other curious matters, a computation of the 
terms of the remarkable ratio which Mr. Cotes has called the ratio 
modularis, carried to 24 places of decimal fractions. Theſe terms 
are 2.7 18, 281, 828, 459,045, 235, 360, 274, &c and 1, or 1 and 0.367, 
879,441, 171, 442, 321, 595, 522, &c, of which numbers all but the 
three laſt figures may be depended on as exact. 


The third tract of my compoſition in this collection is in the ſe- 
cond volume, and conſiſts of notes on thoſe parts of Dr. Halley's 
above-mentioned Diſcourſe on Logarithms, which I had found ex- 
tremely difficult, but yet had, after repeated peruſals of them, been 
able to comprehend. By the help of the two tracts above men- 
tioned, to wit, the Remarks on the e Logarithmick Serieſes invented by 
Mr. Mercator and Dr. Wallis, and the Appendix to thoſe Remarks, and 
of theſe explanatory notes on Dr. Halley's tract contained in the 
ſecond volume of this collection, my readers will, I hope, be en- 
abled to perceive the truth of all the propoſitions advanced in that 
celebrated diſcourſe. Theſe notes take up 30 pages, to wit, pages 


92, 93, 94, &C.. . 122. 


The fourth tract of my compoſition in this collection has alſo 
ſome relation to Dr. Halley's above-mentioned diſcourſe. For it 
contains a direct method of computing logarithms founded on the 
principles which Dr. Halley recommends, namely, the pure prin- 
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ciples of arithmetick, without any reference to the hyperbola, or 
any other geometrical figure, and likewiſe without having recourſe 
to the method of indiviſibles, or to the doctrine of fluxions, or to 
the arithmetick of infinites in any of its forms: and, further, it 1s 
grounded (as well as Dr. Halley's inveſtigations in the above-men- 
tioned diſcourſc) on Sir Iſaac Newton's binomial theorem, though 
by means of a different application of it from that made by Dr. 
Halley. And for theſe reaſons I have intitled it“ An Appenarx to 
the foregoing Diſcourſe of Dr. Edmund Halley concerning Logarithms.” 
This tract, or Appendix, &c, takes up pages 123, 124, 125, &C. . 
152, 


Several of the remaining tracts in the ſecond volume of this col- 
lection are allotted to the demonſtration of the Binomial Theorem 
itſelf ; that theorem being ſo very cloſely connected with the ſub- 
ject of logarithms as to be the foundation of the beſt methods of 
computing them, and having been itſelf but imperfectly demon- 
ſtrated in moſt of the books of mathematicks that have treated of 
it. For example, Sir Iſaac Newton (who invented it, or, at leaſt, 
extended it to the caſe of roots and other fractional powers) has 
never attempted to demonſtrate it, even in the caſe of integral 
powers: and Profeſſor Saunderſon, in his Algebra (though written 
for the uſe of beginners), takes it alſo for granted, or gives no proof 
of it but from induction: and Dr. Halley (though he has made ſo 
much uſe of it in the above-mentioned diſcourſe) does not give us 
the leaſt proof of its truth. And the ſame omiffion is to be com- 
plained of in the works of many other eminent writers on mathe- 
maticks, I therefore thought that, in a collection of tracts relat- 
ing to logarithms (of which that theorem is ſuch an important 
foundation) it would be proper to ſupply this defect. And this 
has been the occaſion of my compoſing many of the following 
tracts in the ſecond volume of this collection, as well as of my in- 


ſerting in it Mr. Landen's demonſtration of the ſaid theorem. 
VOL. I. b The 
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The fifth tract of my compoſition in this collect ion is a demon- 
ſtration of the binomial theorem in the caſe of integral powers, 
which is nearly the ſame with one given by Mr. John Stewart, of 
Aberdeen, in the ſixth ſection of his Commentary on Sir Iſaac 
Newton's learned little tract, called Analyſis per æquationes numero ter- 
mimnorum infinitas, publiſhed at the end of his commentary on Sir 
Iſaac Newton's Quadrature of Curves, But the demonſtration of 
this theorem given in the preſent tract is much fuller than that in 
Mr. Stewart's book. And in the latter part of the preſent tract the 


demonſtration is extended from a + 6,”, or the mth power of the 


binomial quantity a + , to a =, or the mth power of the reſi- 
dual quantity 2 — 5; the letter mz denoting any whole number 
whatſoever in both caſes. 


This fifth tract takes up pages 153, 154, I55, &. . . 169. 


The next tract in the ſecond volume of this collection is the de- 
monſtration given of the binomial theorem by Mr. John Landen, 
of Walton near Peterborough in Northamptonſhire, which has 
been already mentioned. This demonſtration extends to the caſe 
of the fractional powers of the binomial quantity 1 + x, as well as 
to that of its integral powers, being a general demonſtration of the 


theorem in the caſe of the quantity 1 + a=, when n and repre- 
ſent any whole numbers whatſoever. It is extracted partly from 
Mr. Landen's D!/cour/e concerning the Reſidual Analyſis, publiſhed in 
the year 1758, and partly from another tract of Mr. Landen, on 
the ſame ſubject, publithed in the year 1764, and intitled, The Ref- 
dual Analyſis, to which the former tract, called A Diſcourſe concern- 
ing the Refidual Analy/is, had been only an introduction. This de- 
monſtration of Mr. Landen (though I believe it to be juſt) is ex- 
tremely intricate and perplexed in the algebraick operations that 
are neceſſary to be performed in it, and is, upon the whole, exceed- 
ing difficult to underſtand : for which reaſon I have ſubjoined to it 


another tract of my own compoſition, in which I have uſed my beſt 
8 endeavours 
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endeavours to explain it. Mr. Landen's demonſtration extends 
through pages 170, 171, 172, 173, 174, 175; and the ſubſequent 
explanation of it extends through pages 176, 177, 178, &C.....- 


193. 


The next tract in the ſecond volume of this collection is alſo of 
my compoſition, and relates to the ſame ſubject of the bino- 
mial theorem. It is a very full diſcourſe on the ſaid theorem in 
the caſe of fractional powers, containing, firſt, various illuſtrations 
and exemplifications of it, that are calculated to make the reader be- 
come familiarly acquainted with it, and ready in the application of 
it to any propoſed particular caſes; and, afterwards, exhibiting two 
different methods of demonſtrating it, of which the latter and 
more compleat was ſuggeſted to me by a very cloſe and attentive 
peruſal of Mr. Landen's demonſtration above mentioned, to which 
it bears a conſiderable reſemblance. It does not, however, ſeem to 
me to be quite the ſame with Mr. Landen's, though I acknowledge 
it to have been ſuggeſted by it; and it is at leaſt more fully and 
clearly expreſſed than Mr. Landen's, and vaſtly eafier to under- 
ſtand; and will, I believe, if properly attended to, give the readers 
of it all the ſatisfaction that can reaſonably be expected on ſo 
ſubtle and abſtruſe a ſubject. This tract is intitled, ** 4 Diſcourſe 
concerning the Binomial Theorem in the caſe of frattional Powers, or Powers 
of which the Indexes are Fraclions. It extends from page 194 to page 


344- 


The next tract in the ſecond volume of this collection is alſo 
written by myſelf. It is intitled, 4 A Diſcourſe concerning Sir 1/aac 
Newton's Refidual Theorem, or Theorem for raiſing the Powers of the Re- 


fraual Quantity 1 — *, in the caſe of frattional!' Poxwers, or Poxwers' of 


which the Indexes are Fractions. 


The object of this tract is to transfer all the concluſions that 
have been demonſtrated in the foregoing long diſcourſe concerning 


b 2 the 
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the quantity 1 + N, or the th power of the binomial quantity 


0 m 
I + x, to the quantity 1 — aJz, or the th power of the reſidual 
quantity I — x; and to do this without repeating over again the 
long trains of reaſoning by which thoſe concluſions had been ob- 
tained in the ſaid former diſcourſe. This tract extends from page 


345 to page 378. 


All the remaining traQs in the ſecond volume of this collection 
are likewiſe of my compoſition. The ſubjects of them are as fol- 
lows, 


The tract which comes immediately after the laſt- mentioned Diſ- 
courſe concerning Sir Iſaac Newton's Reſidual Theorem, is a very 
curious 'application of the binomial and reſidual theorems to the 
finding of the lefſer of the two roots of the cubick equation 
gy — y* = r by means of one of the expreſſions given by Cardan's 
firſt rule for the root of the equation qy + y* =r, or gu + x* = 7. 
But this application, or extenſion of Cardan's rule, can take place 
only when the abſolute term r of the 1 3 gy = y* =r is leſs 


than V2 X 255 or when — — is leſs than £ 25 or when — - is leſs 


id 
than 5 


And, as the root of the cubick equation x* — gr = may always 
be derived from either of the roots of the cubick equation gy — y* 
= by means of a quadratick equation, when the abſolute term r 


29/9 rr 
37% OT when — — is of any magnitude 
1y/1 


leſs than 2 275 it follows that, when r is leſs than 4/2 X 3/2? or 


is of any 5 aan leſs than 


54 
be deduced from Cardan's expreſſion for the root of the cubick 


equation * ＋ = or y* +9y = 7, or gy + y* r, by the me- 
diation 


— is leſs than E, the root of the cubick equation & — zr = r may 
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dintion of the leſſer root of the cubick equation gy = y* = 7, 
which may be derived from Cardan's. ſaid expreſſion for the root of 
the equation gy + er by the method deſcribed in this tract. 


The matters contained in this tract are in their nature extremely 
ſubtle and difficult; which made it neceſſary for me to be very full 
and particular in the explanation of them. And this is the cauſe 


of the length to which this diſcourſe is carried, which is greater 
than I could at firſt have imagined. It reaches from page 378 to 


page 440. 


The next tract in the ſecond volume of this collection is on the 
fame ſubject as the laſt. It is an application of the binomial and 


reſidual theorems to the purpoſe of extending one of the expreſſions 
given by Cardan's ſecond rule for the root of the cubick equation 
* — gx r, in the firſt cafe of that equations or when * abſolute 


term 7 is greater than _ or when — — is greater than £ 25 to the re- 
ſolution of the ſecond caſe of oo _ — in which the abſo- 


lute term 7 is leſs than 7, or — : — is leſs than £ = provided that r 


(though leſs than 70570 be greater than Vz x 7, or that — 2 


5 2 
(though leſs than — be greater than = 


This tract is full of abſtruſe and ſubtle matter, as well as the fore- 
going tract, and has been therefore treated in a very full and ex- 
planatory manner, which is the cauſe of its extending through no 
leſs than 135 pages, or from page 440 to page 575. It had for- 
merly been publiſhed in the Philoſophical Tranſactions for the year 
1778. But the ſubje& is here explained in a much fuller and 


better manner than before. 


By means of the expreſſions obtained in theſe two tracts we may 
always 
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abways find the root of the cubick equation x” gr in the ſe- 
— 30 it, or 3 abſolute term / is leſs than 
2944 or 
34/3? 

ducible cafe amongſt "ad of the writers on Algebra) by the help of 


one or other of Cardan's two rules for the reſolution of the equa» 
tions x + qx =r and * — gx = 77, to wit, by the mag of the for- 
mer of theſe rules, if 7 is leſs than V2 X* sf, * — is leſs than L, 
and by the help of the latter of them if 7 is graer Tom v2 


9x9 294/1 te 
* 779 ROO leſs than =, or — 1s greater than £ - L, though 


leſs than £ . 


is leſs than £ — - (which has obtained the name of the irre- 


Theſe two tracts enable us to do what is equivalent to what is 
called by Algebriiſts finding the cube-roots of two impoſſible binomial quan- 


zities., But they enable us to do this by means of reaſonings con- 


ducted in an intelligible manner, and without any mention, or ſup- 
poſition, of either impoſſible or negative quantities; which, I hope, 
will be a recommendation of them to many of my readers, and be 
conſidered as an excuſe for their extraordinary length and difficulty. 


The next tract in the ſecond volume of this collection is a con- 
jecture concerning the method by which Cardan's two rules ſor re- 
ſolving the cubick equations x* + gr = r and x* — gx Dr might 
have been found ont by Scipio Ferreus of Bononia, and Nicholas Tar- 
zalea, or whoever elſe were the firſt inventors of them. 


This tract has no connection either with logarithms or the bi- 

nomial theorem. But, as the two celebrated rules of Cardan to 
which it relates, had been ſo much the object of the reader's at- 
tention in the two preceeding tracts, I thought it might be agree- 
able to him to ſee a probable conjecture concerning the invention 
of them, more eſpecially as it takes up only eight pages, to wit, 


pages 579 . . 586. 
This 
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This tract was formerly printed in the Philoſophieal Tranſac- 
tions for the year 1780. It is now reprinted without any addi- 
tions. 


The next tract in the ſecond volume of this collection, and with 
which the volume concludes, contains only five pages, to wit, page 
587, 588, 589, 890, and 591. It is an improvement upon a hint 
given by Profeſſor Saunderſon in his Algebra, relating to the old 
ſubject of the Binomial Theorem, and ſhews how a mathematician, 

that had been in purſuit of a general rule for deriving the numeral 
co-efficients of the terms of any integral power of a binomial quan- 
tity, a + b, one from another in terms of the index. m (as Dr. 
Wallis tells us he himſelf had been, but without ſucceſs) might 
have been led to ſuſpect that they might be generated by the con- 
tinual multiplication of 1 into the following ſeries of fractions, to 


wi r, , , 223 — 3 =, == &c ; after which ſuſpicion 
he would naturally have tried theſe fractions in a variety of in- 
ſtances, or with a variety of different values of the index mn; and, 
having found that they always produced the true numeral co-effi- 
cients of the ſecond, third, fourth, and other following terms of 
the mth power of a + , he would then, of courſe, have concluded, 
by induction from the inſtances in which he had found this me- 
thod of generating the ſaid coefficients to be true, that it muſt be 
true in all other caſes whatſoever, or when the index m of the 
power to which the binomial quantity à + was to be raiſed, was 
equal to any other whole number than thoſe in. which he had: 


tried it. 
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And, when. this concluſion had thus. been formed: by an induc-- 
tion grounded on a great number of trials, the mathematician; 
might have confirmed the truth of it by a general demonſtration. 
extending it from the caſes in which it had been tried and found to 
be true, to the caſes of all higher powers whatſoever, in the man- 


ner 
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mite deſcribed in the former tra& contained in the ſecond volume of 
this collection, in pages 153, 154, 155, &C. . . . 169. 


I think therefore that theſe two tracts may be conſidered as 
forming a compleat and ſatisfactory inveſtigation and demonſtra- 
tion of the Binomial and Reſidual Theorems in the caſe of integral 
powers: after which the reader may proceed to the two tracts above 
deſcribed, which extend from page 194. to page 378, in which he 
will find pretty full, and, I hope, ſatisfactory demonſtrations of the 
truth of theſe important theorems ; firſt, in the caſe of roots, and 
ſecondly, in the caſe of the powers of roots, and conſequently in 
the caſes of all fractional powers whatſoever. | 


IxNERr-TemeLE, Avg. 16, 1791, 
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EXCLUSIVE OF DR. HUTTON'S HISTORICAL INTRODUCTION. 


I. 
OHANNIS KEPLERI, Imperatoris Cæſaris Ferdinandi Secundi Mathe- 


matici, Chilias Logarithmorum, ad totidem numeros rotundos; præmiſſa 
demonſtratione legitima ortùs logarithmorum, eorũmque uſùs: quibus nova 
traditur arithmetica, ſeu compendium, quo, poſt numerorum notitiam, nul- 
lum nec admirabilius, nec utilius, ſolvendi pleraque problemata calculatoria, 
preſertim in dodtrina triangulorum, citrà multiplicationis, diviſionis, radi- 
comque extractionis, in numeris prolixis, labores moleſtiſſimos. Ad illuſ- 
triſſimum principem et dominum, Dominum Philippum, Landgravium 
Haſſiæ, &c; cum privilegio auctoris Cæſareo. 

N. B. Prima hujus tractatùs editio impreſſa fuit Marpurgi, et excuſa typis 

Caſparis Chemlini, anno Domini M, DC, XXIV. 


In pages 1, 2, 3, 4, &c — — — 92. 


II. 


Jobannis Kepleri, Imperatoris Cæſaris Ferdinandi Secundi Mathematici, Sup- 
plementum Chiliadis Logarithmorum; continens præcepta de eorum » 
Ad illuſtriſſimum principem et dominum, Dominum Philippum, Landgra- 
vium Haſſiæ, &c. 
N. B. Prima hujus traQtatis editio impreſſa fuit Marpurgi, et excuſa typis 
Caſparis Chemlini, anno Domini M, DC, XXV. 


In pages 93, 94, 95, &c — — — 166. 
Vol. I. c III. Loga- 
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III. 


. ſive methodus conſtruendi logarithmos nova, accurata, et 
acilis; ſcripto antehac communicata, anno, ſcilicet, 1667, nonis Auguſti. 
Cui nunc accedit vera quadratura hyperbole, et inventio ſummæ logarith- 
morum. 
Auctore Nicolao Mercatore, Holſato, è Societate Regia Londinenſi. 
N. B. Prima hujus tractatùs editio impreſſa fuit Londini, in Tranſacti- 
-  *onibus Philoſophicis Societatis Regiæ Londinenſis, anno Domini 
M, DC, LXVIII. 
In pages 167, 168, 169, 170, 171, — — — — 196. 


IV. 


Michaelis Angeli Riccii Exercitatio Geometrica de Maximis et Minimis. 

N. B. Hic tractatus adjunctus fuit præcedenti tractatui Nicolai Mer- 
catoris, cui titulus Logarithmotechnia, et cum eo impreſſa in Tranſac- 
tionibus Philoſophicis Societatis Regiæ Londinenſis, anno Domini 
M, DC, LXVIII, ob argumenti præſtantiam et exemplarium raritatem. 

In pages 197, &c — — — 212. 


V. 


An Extract from the third Volume of the Philoſophical Tranſactions, publiſhed 
on the 13th day of April, 1668, by Mr. Henry Oldenburgh, at that time 
Secretary of the Royal Society; containing a method of ſquaring the hyper- 
bola by an infinite ſeries of rational numbers; together with its demonſtra- 
tion. By the Right Honourable the Lord Viſcount Brouncker. 
In pages 213, 214, 215, 216, 217, and 218, | 


VI. ; 


Another Extract from the Philoſophical Tranſactions, Number XXX VIII, pub- 
liſhed on the 17th day of Auguſt, 1668 ; containing, firſt, an account of Mr. 
Nicholas Mercator's tract on logarithms, called Logarithmotechnia, with ano- 
ther infinite ſeries for the quadrature of the hyperbola, by Dr. Jobn Wallis, 
Savilian Profeſſor of Geometry in the Univerſity of Oxford, in a letter to the 

- Lord Viſcount Brouncker ; and, 2dly, a method of finding the ſums of loga- 
rithms, by the ſaid Dr. Wallis, in another letter to the ſame learned lord; 
and, 3dly, an illuſtration of the ſaid Mr. Nicholas Mercator's tract aforeſaid, 
called Logarithmotechnia, by the ſaid Mr. Mercator himſelf. 

In pages 219, &c — — — 232, 


7 | VII. Remarks 


93 
* 
8 
4 5 
WT 
15 
4 
Jas 
f 
G 
32 


C Oo 07 0-0: A xix 
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Remarks on the two infinite ſerieſes A — $ + f 7 F + Kc and 
A + _ — — + 5 + — ＋ 5 + &c, which were found by Mr. Nicholas 


Mercator and Dr. John Wallis, in the foregoing tracts, for the purpoſe of 
ſquaring the hyperbolick ſpaces BI u and FH ru. 
By Francis Maſeres, Eſq. F. R. S. Curſitor Baron of the Court of Ex- 
chequer. | | 
In pages 233, &c — — — 344+ 


VIII. 


An Appendix to the foregoing remarks on the two logarithmick ſerieſes of 
Mr. Nicholas Mercator and Dr. John Wallis : containing inveſtigations of 
two other infinite ſerieſes, which were publiſhed by Dr. Edmund Halley, 
and which are related to, and derived from, the two former ſerieſes; and by 
which we are enabled, when the value of either of the two former ſerieſes is 
given, to diſcover the ratio to which it belongs, or of which it is the loga- 
rithm, 

By Francis Maſeres, Eſq. F. R. S. Curſitor Baron of the Court of Ex- 
chequer. : 


In pages 345, 346, 347, &c = — = 383, 
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ERRATA n VOL, I. 


In page 202, in the figure to the firlt lemma, inſtead of the letter B at the end of the right hand 
line of the figure, inſert the letter E. 


In the ſame page, the firſt line of the ſecond lemma, inſtead of © dico, AC x CB,” * « dico, ſi 
AC x CB®,” 


In page 208, line 6 from the bottom, inſtead of the words, © dufo in altero ſegmentum A,” read 
4 ducto in alterum ſegmentum A.“ 


In page 209, line 10, inftead of © dignitatem,” read © dignitatum,” 

In page 210, line 19, inſtead of * ſecet Eis read © ſecet in ©,” and inſtead of © produftum,” read 
« productam. 

In page 224, line 6, inſtead of © accomodari,” read (e accommodari.” 

In page 229, line 14th from the bottom, inſtead of « L 99,” read - L 4g. 


In page 231, in line 17th and in line 14th from the bottom, inſtead of * infaitiimd,” read * inf 
* nigfnd.” 
In page 307, line 10, inſtead of (t vill be the ſeries,” read * vill be to the ſeries,” 


8 


4 
>» 
{4 
oo 
5 4 
+4 
"1 
LEP 
»4 
1 
y 
J 
4 
#1 
1 1 
S 
"2% 
* 


I ont 
” b, 
: 


; pl 
* 
#% 
7 


Dx. HUTTON's PREFACE 


MILES 
6 


To urs F 
Was” 


MATHEMATICAL TABLES. 


HE very ample introduction, prefixed to the following collection 

of Mathematical Tables, has ſuperſeded the neceſſity of uſing 

many words here by way of preface, and has left me little more to 

mention than the neceſſity and occaſion of this work, with ſome ac- 
count of the contents and mode of execution. 

The undertaking was occaſioned by the extreme incorrectneſs of the 
5th, or laſt, edition of Sherwin's once very uſeful book of tables. Find- 
ing, as well from the report of others, as from my own experience, 
that that edition (to ſay nothing of the very improper alteration in the 
form of the table of ſines, tangents, and ſecants) was ſo very incorrectly 
printed, the errors being multiplied beyond all tolerable bounds, and no 
dependence to be placed on it for any thing of real practice, I was led 
to undertake the painful office of preparing a correct edition of another 
ſimilar work. And I was lucky enough to meet with a bookſeller of 
ſufficient ſpirit to be at the great expence of printing the book, as well 
as to allow me what I demanded for my trouble in preparing it; which 
demand, however, was nothing adequate to the great labour attending 
it, as I was well aware that the profits of the book would not afford 
him the means of rewarding my pains. 

I have, in the firſt place, therefore, uſed all the means in my power 
to render the work correct. I began by collating the 3d, or beſt edi- 
tion of Sherwin's tables, with ſome others of the moſt perfect works of 
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the ſame kind, as Briggs's, Vlacq's, Gardiner's quarto book, &c. by 
which means I detected many errors in each of them, which had not 
before been diſcovered ; and of theſe between twenty and thirty were 
in the two editions of Gardiner's work, printed at London in 1742, 
and at Avignon in 1770; the errata of which two books are here 
printed at the end of our tables. But beſides detecting many unknown 
errors in my copy of the ſaid 3d Edition of Sherwin, which was no 
more than what I expeCted, I diſcovered, with no ſmall ſurprize, that 
the laſt figures in the table of logarithms were not uniformly true to 
the neareſt unit, except in a very few pages at the beginning and end 
of the table ; although Mr, Gardiner, the editor of that edition, had 
made the table correct in that reſpect in his own quarto work before- 
mentioned, which was alſo printed in the ſame year 1742 with the ſaid 


third edition of Sherwin! The errors from this cauſe amounted to ſe- 


veral thouſands; and they have continued to run through all the edi- 
tions of Sherwin ever ſince that time! But I have here corrected them. 
Nor have I employed leſs attention in correcting the preſs, than in pre- 
vioufly correcting the copy; every proof having been ſeveral times read 
over, and compared with the beſt of the books before-mentioned. 

But in giving this edition to the world, I was not ſatisfied with barely 
making it correct. I was aware that the materials themſelves might be 
much improved; and I have accordingly enlarged, or otherwiſe greatly 
amended them in various reſpects. Among the improvements of the 
old materials, may be reckoned the following: namely, in the large 
table of logarithms, the proportional parts, near the beginning, are more 
conveniently arranged, being now all placed in the ſame opening of the 
book where their correſponding differences occur : 'The logarithms to 
ſixty-one figures are brought to their proper place in the book, and 
more conveniently diſpoſed all in one page: The large table of ſines, 
tangents and ſecants, is more commodiouſly arranged, and rendered 
more diſtin and convenient for uſe ; the natural fines, tangents, ſe- 
_cants and verſed fines, being all ſeparated from the others, and placed 
all together on the left-hand pages, and the logarithmic ones facing 
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them on the right-hand pages; the common differences, in both, ſet 
between the two columns to which each of them anſwers; and the 
verſed ſines are introduced into their proper place in the ſame pages 
with the ſines, tangents and ſecants. Beſides theſe, there are ſome other 
alterations in the new tables here given, and the reader will find a 
number of very important improvements in the deſcription and uſe of 
the whole; eſpecially in the arithmetic of logarithms, and in the reſolu- 
tion of plane and ſpherical triangles, according to the preſent improved 
methods of calculation uſed by the Aſtronomer Royal, and other per- 
ſons the moſt experienced in theſe matters. 

The improvements in the tables by the introduction of new matter, 
are both great and numerous. The tables numbered 2, 3, and 4 are 
here added, being an entire new ſet, with their differences, for finding 
numbers and logarithms to twenty places. The columns of common 
differences in the pages of natural fines, &c, are now firſt introduced: 
As are alſo the tables of hyperbolic and logiſtic logarithms; the loga- 
rithmic ſines and tangents for every ſecond, in the firſt two degrees of 
the quadrant ; together with a table of the lengths of arcs; a table to 
change common and hyperbolic logarithms from the one to the other ; 
&c: the uſes and exemplifications of the whole being very amply 
detailed. 

But the greateſt alteration of all, is the very extenſive and new intro- 
duction here given, inſtead of the former inadequate and heterogeneous 
one, conſiſting of about 180 pages of new matter, on a methodical 
plan, containing the hiſtorical account and deſcription of all trigono- 
metrical writings, and the tables relating to that ſubject, both natural 
and logarithmic ; beſides the complete uſe of our own tables. Inven- 
tions are here aſcribed to the proper authors, and their methods and 
improvements deſcribed and compared. 'This hiſtorical deſcription will 
evidently appear to be the reſult of immenſe labour and reading. And 
indeed I have painfully gone over all the books which are here ſo mi- 
nutely deſcribed; and that deſcription with a detail in ſome degree ade- 
quate to their great merits; eſpecially the works of Napier, Briggs, 

b 2 Kepler, 
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Kepler, &c; which was the more neceſſary, as the writings and me- 
thods of thoſe great maſters had not been any where properly deſcribed 
and diſcriminated, although they are in themſelves highly curious and 
important, | 

Theſe readings and commentaries have been carried on to an extent 
far beyond what was at firſt intended. But the tables having been in 
the preſs for the ſpace of ſeven or eight years, I had thereby an oppor- 
tunity of collecting and examining a ſtill greater number of books; ſo 
that I was gradually led on, and my views and plans rendered ſtill more 
extenſive and compleat. This delay, therefore, though in many re- 
ſpeQs it proved very inconvenient and diſagreeable, has at length given 
the occaſion of rendering theſe commentaries more perfect and ſatisfac- 
tory. | 
Beſides what immediately relates to trigonometrical ſubjects, the 
reader will here find many other curious and uncommon articles, relat- 
ing to the ſeveral authors and their diſcoveries, which have occurred in 
the courſe of my reading, and which appeared of too much conſe- 
quence to be paſſed over unnoticed, in the analyſis of their ſeveral com- 
poſitions. Among theſe is the diſcovery of the firſt author of the 
binomial theorem, and the differential method, which are due to Mr. 
Henry Briggs, whoſe writings are replete with ingenious and original 
matter, and are well deſerving to be more generally known and ſtudied 
than they have been for ſome time paſt. 

This long courſe of examination and deſcription, however, having 
been carried on for ſo many years, at different intervals, and interrupted 
by various avocations, and by buſineſs of different kinds, it will be no 
wonder if this circumſtance may have occaſioned ſome inequalities in 
the ſtyle and compoſition of this hiſtory ; and for which therefore, 
ſhould any ſuch appear, it is hoped the occaſion will plead an apo- 
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INTRODUCTILIGN 


I. OF TRIGONOMETRICAL TABLES, &c. 


ECESSITY, the fruitful mother of moſt uſeful inventions, gave birth to 
the various numerical tables which compoſe the following work. Aſtro- 
nomy has been cultivated from the earlieſt ages. The progreſs of that ſcience, 
requiring numerous arithmetical computations of the ſides and angles of tri- 
angles, both plane and ſpherical, gave riſe to trigonometry ; for thoſe frequent 
calculations ſuggeſted the neceſſity of performing them by the property of ſimi- 
lar triangles; and for the ready application of this property, it was neceſſary 
that certain lines deſcribed in and about circles, to a determinate radius, ſhould be 
computed and diſpoſed in tables. Navigation, and the continually improving 
accuracy of aſtronomy, have alſo occaſioned as perpetual an increaſe in the accu- 
racy and extent of thoſe tables. And this, it is evident, muſt ever be the caſe, 
the improvement of trigonometry uniformly following the improvement of thoſe 
other uſeful ſciences, for the ſake of which it is more eſpecially cultivated. 

The ancients performed their trigonometry by means of the chords of arcs, 
which with the chords of their ſupplemental arcs, and the conſtant diameter, 
formed all ſpecies of right-angled triangles. Beginning with the radius, and the 
arc whoſe chord is equal to the radius, they divided them both into 60 equal 
parts, and eſtimated all other arcs and chords by thoſe parts, namely all arcs by 
6oths of that arc, and all chords by 6oths of its chord or the radius: At leaſt 
this method is as old as the writings of Ptolemy, who uſed the ſexagenary arith- 
metic for this diviſion of chords and arcs, and for aſtronomical purpoſes.—And 
this, by the bye, ſhews the reaſon why the whole circumference 1s divided into 
360, or 6 times 60, equal parts or degrees, the whole circumference being equal 
to 6 times the firſt arc whoſe chord is equal to the radius: Unleſs perhaps we 
are to ſeek for the diviſion of the circle in the number of days in the year; for 
thus, the ancient year conſiſting of 360 days, the ſun or earth in each day de- 
ſcribed the 360th part of the orbit; and thence might ariſe the method of diyid- 
ing every circle into 360 parts; and the radius being equal to the chord of 60 of 
thoſe parts, the ſexageſimal diviſion both of the radius and of the parts might 
thence ariſe. Trigonometry however muſt have been cultivated long before 


the time of Ptolemy ; and indeed Theon, in his commentary on Ptolemy's 
Almageſt, 
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Almageſt, 1. 1. ch. 9, mentions a work of the philoſopher Hipparchus, written 
about a century and a half before Chriſt, conſiſting of 12 books on the chords 
of circular arcs; which muſt have been a treatiſe on trigonometry. And Me- 
nelaus alſo, in the firſt century of Chriſt, wrote 6 books concerning ſubtenſes 
or chords of arcs. He uſed the word nadir (of an arc), which he defined to be 
the right line ſubtending the double of the arc ; ſo that his nadir of an arc, was 
the double of our fine of the ſame arc; and therefore whatever he proves of the 
former, may be applicd to the latter, ſubſtituting the double fine for the nadir. 

The radius has ſince been decimally divided; but the ſexageſimal diviſions 
of the arc have continued in uſe to this day. Indeed our countrymen Briggs 
and Gellibrand, having a general diſlike to all ſexageſimal diviſions, made an 
attempt at ſome retormation of this cuſtom, by dividing the degrees of the arcs, 
in their tables, into centeſms or hundredth parts, inſtead of minutes or 6oth 
parts. The ſame was alſo recommended by Vieta and others; and a decimal 
- diviſion of the whole quadrant might perhaps ſoon have followed, had it not 
been for the tables of Vlacq which came out a little after, to every ten ſeconds, 
or 6th part of a minute.—But the compleat reformation would be, to expreſs 
all arcs by their real lengths, namely in equal parts of the radius decimally di- 
vided : of which more in its proper place. 

It is not to be doubted that many of the ancients wrote on the ſubject of tri- 
gonometry, as being a neceflary part of aſtronomy ; although few of their la- 
bours on that branch have come to our knowledge, and ſtill fewer of the writ- 
ings themſelves have been handed down to us. 

We are in poſſeſſion of the three books of Menelaus on ſpherical trigono- 
metry ; but the 6 books are loſt which he wrote on chords, being probably a 
treatiſe on the conſtruction of trigonometrical tables. | 

The trigonometry of Menelaus was much improved by Ptolemy (Claudius 
Ptolemæus) the celebrated philoſopher and mathematician. He was born at 
Peluſium, taught aſtronomy at Alexandria in Egypt, and died in the year of 
Chriſt 147, being the 78th year of his age. In the firſt book of his Almageſt, 
Ptolemy delivers a table of arcs and chords, with the method of conſtruction. 
This table contains 3 columns: in the 1ſt are the arcs to every half degree or 
30 minutes; in the ſecond are their chords, expreſſed in degrees, minutes and 
ſeconds, of which degrees the radius contains 60; and in the 3d column are 
the differences of the chords anſwering to 1 minute of the arcs, or the 3oth part 
of the differences between the chords in the 2d column. In the conſtruction of 
this table, among others, Ptolemy ſhews, for the firſt time that we know of, this 
property of any quadrilateral figure inſcribed in a circle, namely that the re&- 


angle under the two diagonals, is equal to the ſum of the two rectangles under 


the oppoſite ſides. 

This method of computation by the chords, continued in uſe till about the 
middle centuries after Chriſt; when it was changed for that of the fines, which 
were about that time introduced into trigonometry by the Arabians, who in 
other reſpects much improved this ſcience, which they received from the Greeks, 
introducing among other things the three or four theorems, or axioms, which 
we uſe at preſent as the foundation of our modern trigonometry. 
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The other great improvements that have been made in this branch, are due 
to the Europeans. Theſe improvements they have gradually introduced fince 
they received this ſcience from the Arabians. And, although theſe latter peo- 
ple had long uſed the Indian, or decimal, ſcale of arithmetic, it does not appear 
that they varied from the Greek, or ſexageſimal, diviſion of the radius, by which 
the chords and fines were expreſſed. 

This alteration is ſaid to have been firſt made by George Purbach, who was 
ſo called from his being a native of a place of that name between Auſtria and 
Bavaria, He was born in 1423, ſtudied mathematics and aftronomy at the uni- 
verſity of Vienna, where he was afterwards profeſſor of thoſe ſciences, though 
but for a ſhort time, the learned world quickly ſuffering a great loſs by his im- 
mature death, which happened in 1462, at the age of 39 years only. Purbach, 
beſides enriching trigonometry and aſtronomy with ſeveral new tables, theorems, 
and obſervations, ſuppoſed the radius to be divided into 600,000 equal parts, 
and computed the fines of the arcs, for every ten minutes, in ſuch equal parts of 
the radius, by the decimal notation. ; 

This project of Purbach was completed by his diſciple, companion, and ſuc- 
ceſſor John Muller, or Regiomontanus, who was fo called from the place of his 
nativity, the little town of Mons Regius, or Koningſberg in Franconia, where 
he was born in the year 1436. Regiomontanus not only extended the fines to 
every minute, the radius being 600,000, as deſigned by Purbach, but afterwards 
diſliking that ſcheme, as evidently imperfect, he computed them likewiſe to the 
radius of 1,000,000, for every minute of the quadrant. He alſo introduced the 
tangents into trigonometry, the canon of which he called fzcundus, becauſe of the 
many and great advantages arifing from them. Beſides theſe he enriched trigo- 
nometry with many theorems and precepts. Through the benefit of all theſe 
improvements, except for the uſe of logarithms, the trigonometry of Regiomon- 
tanus is but little inferior to that of our own time. His treatiſe on both plane and 
ſpherical trigonometry is in 3 books; it was written about the year 1464, and 
era in folio at Nuremberg by + 533. And in the fifth book are various pro- 

lems concerning rectilinear triangles, ſome of which are reſolved by means of 
algebra : a proof that this ſcience was not wholly unknown in Europe before the 
treatiſe of Lucas de Burgo. Regiomontanus died in 1476 at the age of 40 
years only, being then at Rome, whither he had been invited by the pope, to 
aſſiſt in the reformation of the calendar, and was ſuſpected to have been poi- 
ſoned there by the ſons of George Trebizonde, in revenge for the death of their 
father, which was ſaid to have been cauſed by the grief he felt on account of the 
criticiſms made by Regiomontanus on his tranſlation of Ptolemy's Almageſt. 

Soon after this, ſeveral other mathematicians contributed to the improvement 
of trigonometry, by extending and enlarging the tables, though few of their 
works have been printed; and particularly John Werner of Nuremburg, who 
was born in 1468 and died in 1528, and who is ſaid to have written five books 
on triangles. 6 | 

About the year 1500, Nicholas Copernicus, the famous modern reſtorer of 
the true ſolar ſyſtem, wrote a brief treatiſe on trigonometry both plane and ſphe- 


rical, with the deſcription and conſtruction of the canon of chords, or their 
halves, 
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halves, nearly in the manner of Ptolemy ; to which is ſubjoined a canon of fines, 
with their differences, for every ten minutes of the quadrant, to the radius 
100,000. This tract is inſerted in the firſt book of his Revolutiones Orbium Cæ- 
leftium, firſt printed in folio at Nuremburg 1543. It is remarkable that he does 


not call theſe lines fines, but ſemiſſes ſubtenſarum, namely of the double arcs. — 


Copernicus was born at Thorn in 1473, and died in 1543. 
In 1553 was publiſhed the Canon Fæcundus, or table of tangents, of Eraſmus 


Reinhold, profeſſor of mathematics in the academy of Wurtemburg. He was 


born at Salfieldt in Upper Saxony, in the year 1511, and died in 1553. 


To Franciſcus Maurolycus, abbot of Meſſina in Sicily, we owe the introduc- 
tion of the Tabula Benefica, or canon of ſecants, which came out about the ſame 
time, or little before. But Lanſbergius erroneouſly aſcribes this to Rheticus. 
And the tangents and ſecants are both aſcribed to Reinhold, by Briggs, in his 
Mathematica ab antiquis minis cognita (pa. 30. Appendix to Ward's Lives of the 
Profeffors of Greſham College). 

Francis Vieta was born in 1540 at Fontenai, or Fontenai-le-Comte, in Lower 
Poitou, a province of France. He was maſter of requeſts at Paris, where he died 
in 1603, being the 63d of his age. Among other branches of learning in which 
he excelled, he was one of the moſt reſpectable mathematicians of the 16th cen- 
tury, or indeed of any age. His writings abound with marks of great origina- 
lity, and the fineſt genius, as well as intenſe application. Among them are ſe- 
veral pieces relating to trigonometry, which may be found in the collection of 
his works publiſhed at Leyden in 1646, by Francis Schooten, beſides another 
large and K parate volume in folio, publiſhed in the author's life- time at Paris in 
1579, containing trigonometrical tables with their conſtruction and uſe; very 
elegantly printed by the king's mathematical printer, with beautiful types and 
rules, the differences of the ſines, tangents and ſecants, and ſome other parts, 
being printed with red ink for the better diſtinction; but inaccurately executed, 
as he himſelf teſtifies in pa. 3 23 of his other works above-mentioned. The firſt 
part of this curious volume is intitled Canon Mathematicus, ſeu ad Triangula, 
cum Appendicibus, and contains a great variety of tables uſeful in trigonometry. 
The firſt of theſe is what he more peculiarly calls Canon Mathematicus, ſeu ad 
Triangula, which contains all the fines, tangents, and ſecants for every minute of 
the quadrant, to the radius 100,000 with all their differences; and towards the 
end of the quadrant the tangents and ſecants are extended to 8 or 9 places of 
figures. They are arranged like our tables at preſent, increaſing on the left- 
hand fide to 45 degrees, and then returning upwards by the right-hand fide to 
go degrees; ſo that each number and its complement ſtand together on the ſame 
line. But here the canon of what we now call tangents is denominated fæcundus, 
and that of the ſecants fecundiſimus. For the general idea prevailing in the form 
of theſe tables, is not that the lines repreſcnted by the numbers are thoſe which 
are drawn in and about a circle, as fines, tangents and ſecants, but the three 
des of right-angled triangles ; this being the way in which thoſe lines had al- 
vays been conſidered, and which till continued for ſome time longer. And 
therefore he conſiders the canon as a ſeries of plane right-angled triangles, one 
de being conſtantly 100,000 ; or rather as three ſeries of ſuch triangles, for he 
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makes a diſtin& ſeries for each of the three varieties, namely, according as the 
hypotenuſe or the baſe or the perpendicular is repreſented by the conſtant num- 
ber 100,000, which is ſimilar to the radius. Making each ſide conſtantly 
100,000, the other two ſides are computed to every magnitude of the acute 
angle at the baſe, from one minute up to go degrees or the whole quadrant. 
Each of the three ſeries therefore conſiſts of two parts, as repreſenting the two 
variable ſides of the triangle. When the hypotenule is made the conſtant num- 
ber 100,000, the two variable ſides of the triangle are the perpendicular and 
baſe, or our fine and coſine ; when the baſe is 100,c00, the perpendicular and 
hypotenuſe are the variable parts, forming the canon facundus et facundifſimus, or 
our tangent and ſecant; and when the perpendicular is made the conſtant 
100,000, the ſeries contains the variable baſe and hypotenuſe, or alſo canon fe- 
cundus et fircundiſimus, or our cotangent and coſecant. Of courſe therefore 
the table conſiſts of fix columns, 2 for each of the three ſeries, beſides the two 
columns on the right and left for minutes, from o to 60 in each degree. 

The ſecond of theſe tables is ſimilar to the firſt, but all in rational numbers, 
conſiſting, like it, of 3 ſeries of 2 columns each, the radius, or conſtant ſide of 
the triangle, in each ſeries, being 100,000, as before, and the other two fides 
accurately expreſſed in integers and rational vulgar fractions. So that we have 
here the canon of accurate tines, tangents and ſecants, or a ſeries of about 4300 
rational right-angled triangles. But then the ſeveral. correſponding arcs of the 

uadrant, or angles of thoſe triangles, are not expreſſed. Inſtead of them are 
inſerted, in the firſt column next the margin, a ſeries of numbers decreafing 
from the beginning to the end of the quadrant, which are called numeri primi 
baſeos, It is from theſe numbers that Vieta conſtructs the fides of the three ſe- 
ries of right-angled triangles, one ſide in each ſeries being the conſtant number 
100,000, as before. The theorems by which theſe ſeries of rational triangles 
are computed from the numeri primi baſeos, or marginal numbers, are inſerted 
all in one page at the end of this ſecond table, and in the modern notation they 
may be briefly expreſſed thus. Let p be the primary or marginal number on 
any line, ande the conſtant radius or number 100,000 ; then if r denote the 
hypotenuſle of the right-angled triangle, the perpendicular and baſe, or the fine 
and coſine, will be reſpectively 


pr 2r oe 2 —1 
From and 7 — Ft, which laſt we may reduce to 1277703 


when er denotes the baſe of the right-angled triangle, the perpendicular and hy- 
potenuſe, or the tangent and ſecant, are expreſſed by 


——— — whi 2 ); 
1 and r + =D which laſt we may reduce to ror 


and when r denotes the perpendicular of the right-angled triangle, the baſe and 
hypotenuſe, or the cotangent and coſecant, are then expreſſed by 


IÞr — - (or = r) and r + 5 (or 55 7). 


So that Vieta's general values will be as we have here collected them together in 
the following expreſſions immediately under the words fine, coſine, &c; and 
Vor. III. Cc uſt 


— — 2 — 7 


X — . /, 


Juſt below Vieta's forms I have here placed the others to which they reduce and 
are equivalent, which are more contracted, but not fo well adapted to the ex- 
peditious computation as Vieta's forms. 


Sine | Conne | Tangent | Secant | Cotangent | Colecant 

pr 2r pr 2r X an r 
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All theſe expreſſions it is evident are rational; and by aſſuming p of different 
values, from the firſt theorems Vieta computed the correſponding ſides of the 
triangles, and ſo exprefled them all in integers and rational fractions. 

To the foregoing principal tables are ſubjoined ſeveral other ſmaller tables, or 
ſhort ſpecimens of large ones: as, a table of the fines, tangents and ſecants for 
every ſingle degree of the quadrant, with the correſponding lengths of the arcs, 
the radius being 100,000,000 ; another table of the fines, tangents and ſecants, 


for each degree alſo, expreſſed in ſexageſimal parts of the radius as far as the zd 


order of parts; alſo two other cables for the multiplication and reduction of ſex- 
ageſimal quantities. 

The ſecond part of this volume is intituled Univer/alium Inſpectionum ad Cana- 
nem Mathematicum Liber ſingularis. It contains the conſtruction of the tables, 
a compendious treatiſe on plane and ſpherical trigonometry, with the application 
of them to a great variety of curious ſubjects in geometry and menſuration, 
treated in a very learned manner; as alſo many curious obſervations concerning 
the quadrature of the circle, the duplication of the cube, &c. Computations 
are here given of the ratio of the diameter of a circle to the circumference, and 
of the length of the ſine of 1 minute, both to many places of figures ; by which 
he found that the fine of 1 minute is between 2,908,881,959 

2, 908, 882, 056 allo that, the di- 
ameter of a circle being ioo, ooo, ooo, oo, the perimeter of the inſcribed and cir- 


cumſcribed polygon of 393216 ſides, will be as follows, 


perim. of the inſcrib. polygon 314,159,265,35 

perim. of the circum. polygon 314,159,265,37 
and that therefore the circumference of the circle lies between thoſe two num- 
bers. 

Although no author's name appears to the volume I have been deſcribing, 
there can be no doubt of its being the performance of Vieta; for, beſides bear- 
ing evident marks of his maſterly hand, it is mentioned by himſelf in ſeveral 
parts of his other works collected by Schooten, and in the preface to thoſe 
works by Elzevir, the printer of them; as alſo in M. Montucla's Hiſtoire des 
Mathematiques ; which are the only notices I have ever ſeen or heard of concern- 
ing this book, the copies of which are fo rare, that I never ſaw one beſides that 
which is in my own poſſeſſion, nor ever met with any other perſon at all ac- 
quainted with ſuch a book. 

In the other works of Vieta, publiſhed at Leyden in 1646 by Schooten, as 


mentioned above, there are ſeveral other pieces relating to trigonometry ; ſome 
of 
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ef which, on account of their originality and importance, are very deſerving of 
particular notice in this place. And firſt, the very excellent theorems, here firſt 
of all given by our author, relating to angular ſections, the geometrical demon- 
ſtrations of which are ſupplied by that ingenious geometrician Alexander Ander- 
ſon, a native of Aberdeen. We find here theorems for the chords (and conſe- 
quently ſines) of the ſums and differences of arcs; and for the chords of arcs 
that are in arithmetical progreſſion, namely, that the firſt or leaſt chord is to 
the 2d, as any one after the firſt is to the ſum of the two next leſs and greater, 
for example as the 2d to the ſum of the iſt and 3d, and as the 3d to the ſum ot 
and 2d and 4th, and as the 4th to the ſum of the 3d and 5th, &c; fo that the iſt 
and 2d being given, all thereſt are found from them by one ſubtraction and one 
proportion for each, in which the iſt and 2d terms are conſtantly the ſame : 
next are given theorems for the chords of any multiples of a given arc or angle, 
as alſo the chords of their ſupplements to a ſemicircle, which are ſimilar to the 
fines and coſines of the multiples of given angles; and the concluſions from 
them are expreſſed in this manner: iſt, that if c be the chord of the ſupplement 
of a given arc a, to the radius 1, then the chords of the ſupplements of the 
multiple arcs, will be as in the annexed table : 
where the author obſerves that the ſigns are al- Ares | Chords of the Supplements. 
ternately + and — ; that the vertical columns | |, _ 

of numeral co-efficients to the terms of the 34 | 3 - ze 

chords, are the ſeveral orders of figurate numbers, | 4@ — 4 + 2 

which he calls triangular, pyramidal, triangulo- g, |< — 5, . 50 
triangular, triangulo-pyramidal, &c. generated |. |, — T * 0 g 
in the ordinary way by continual additions; not in- Kc. g 4 
deed from unity, AS IN THE GENERATION OF - 
POWERS, but beginning with the number 2; and that the powers obſerve al- 
ways the ſame progreſſion : ſecondly, that if the chord of an arc à be called 1, 
and d the chord of the double arc 24, then the chords of the ſeries of multiple 
arcs will be as in this table : where the author re- 

marks as before on the law of the powers, ſigns, Ares Chords. 
and co- efficients, theſe being the orders of figurate 14 |* 

numbers, raiſed from unity by continual additions, 34 4 1 

after the manner of the geneſis of powers, which ge- 44 % — 2d 
neration in that way he ſpeaks of as a thing gene- 54 4. 3% + 1 
rally known, but without giving any hint how the 
co- efficients of the terms of any power may be | g, | 71 — 645 + 10d. — 4d 
found from one another only, and independent of | &c. | &c. 
thoſe of any other power, as it was afterwards, and 
firſt of all, I believe, done by Henry Briggs, about the year 1600: and gdly, 
that if C be the chord of any arc a, to the radius 1, then the ſeries of the chords 
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and ſupplemental chords of the mul- ſares Chords and Chords of Sup, | 
tiple arcs, will be thus; where the va- | 14 _ 2 ; | 
a Up. ch. — 85 2 
lues are alternately chords and chords = 1 + 30 


+ C* + 402 + 2 
+ C5 — 5C3 + 5C 
— C* + 604 — gC* +2 
— C7 +705 — 14C3 + 7C 


of the ſupplements of the arcs on the | 1, Sup. ch. 
ſame line, and the law of the powers 5e | Chord 
and co-efficients as before, but every 4 _ * 
alternate couplet of lines having their Ke. &. 


ſigns changed. 
Another curious theorem is added to the above, for finding the ſum of all 


theſe chords drawn in a ſemicircle, from one end of the diameter to every point 
in the circumference, thoſe points dividing the circumference into any number 
of equal parts; namely, as the leaſt chord is to the diameter, ſo is the ſum of the 
ſaid leaſt chord and diameter and greateſt chord, to double the ſum of all the 
chords including the diameter as one of them. 

As the above theorems are chiefly adapted for the chords of multiple angles, 
a few problems and remarks are then added (whether by Vieta or Anderſon does 
not clearly appear, but I think by the latter) concerning the application of them, 
to the ſection of angles into ſubmultiples, and thence to the computation of the 
chords or ſines, or a canon of triangles. The general precept for the angular 
ſections is this; ſelect one of the above equations adapted to the proper number 
of the ſection, in which will be concerned the powers of the unknown or re- 
quired quantity, as high as the index of the ſection; and from this equation 
find that quantity by the known methods for the reſolution of equations. Ex- 
amples are given of three different ſections, namely, for 3, 5, and 7 equal parts, 
the forms for which are refpectively theſe 

4 I 11 
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7 C- 1400 ＋ CEC g 
where g is the chord of the given arc or angle, and C the required chord of the 
3d, 5th, or 7th part of it. And it is ſhewn geometrically that the firſt of theſe 
equations has two real poſitive roots, the ſecond 3, and the laſt 4; alſo from the 
ſame principles the relations of theſe roots are pointed out. 

The method then annexed for conſtructing the canon of ſines from the fore- 
going theorems, 1s thus : By dividing the radius in extreme-and-mean ratio, is 
obtained the fine of 18 degrees; this quinquiſected gives the fine of 3? 367: 
Again by triſecting the arc of 60®, there is obtained the fine of 2093 this again 
triſected gives that of 6* 40“; and this biſected gives that of 3? 207“: Then, by 
the theorem for the difference of two arcs, there will be found the fine of 16”, the 
difference between 3* 36' and 3* 20”: Laſtly, by four ſucceſſive biſections, will 
at length be found the fines of 87, 4 2 and 17. This laſt being found, the fines 
of its multiples, and again of the multiples of theſe multiples, &c, throughout 
the quadrant, are to be taken by the proper theorems before laid down. 

And the ſame ſubject is ſtill farther purſued and explained in the tract con- 
taining the anſwer given by Vieta to the problem propoſed to the whole world 
by Adrianus Romanus. | 


In the ſame collection of Vieta's works, from page 400 to 432, is given a com- 
plete 
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plete treatiſe on practical trigonometry, containing rules for reſolving all the 
caſes of plane and ſpherical triangles, by the Canon Mathematicus, or table of 
fines, tangents and ſecants. 

The next authors whoſe labours in this way have been printed, are Rheticus, 

Otho, and Pitiſcus : to all of whom we owe very great improvements in trigono- 
metry. 
88 Joachim Rheticus, profeſſor of mathematics in the univerſity of 
Wurtemburg, and ſometime ogy to Copernicus, died in 1576, in the 6oth 
year of his age. He conceived and executed the great deſign of comput- 
ing the triangular canon for every ten ſeconds of the quadrant, to the radius 
(1,000,000,000,000,000) conſiſting of 1 followed by 15 cyphers. The ſeries 
of ſines which Rheticus computed to this radius, for every ten ſeconds, and for 
every ſingle ſecond in the firſt and laſt degree of the quadrant, was publiſhed in 
folio at Francfort 1613 by Pitiſcus, who himſelf added a few of the firſt fines 
computed to the radius 10, ooo, ooo, ooo, ooo, ooo, ooo, ooo. | 

But the large work, or whole trigonometrical canon, computed by Rheticus, 
was publiſhed in 1596 by Valentine Otho, mathematician to the Electoral Prince 
Palatine. This vaſt work contains all the three ſeries for the whole canon of 
right-angled triangles (being fimilar to the fines, tangents and ſecants, by which 
names I ſhall call them) with all the differences of the numbers, to the radius 
10, ooo, ooo, ooo. 

Prefixed to theſe tables are ſeveral books on their conſtruction and uſe in 
plane and ſpherical trigonometry, &c. Of theſe, the firſt three are by Rhe- 
ticus himſelf; namely, book the iſt containing the demonſtrations of 9 lemmas 
concerning the properties of certain lines drawn in and about circles: the 2d 
book contains 10 propoſitions relative to the fines and coſines of arcs, together 
with thoſe of their ſums and differences, their halves and doubles, &c. The 3d 
book teaches, in 13 propoſitions, the conſtruction of the canon to the radius 
1, ooo, ooo, ooo, ooo, ooo. By ſome of the common properties of geometry 
having determined the fines of a few principal arcs, as 3o?, 365, &c, in the firſt 
propoſition by continual biſections, he finds the fines of various other arcs, down 
to 45 minutes. Then in the ſecond propoſition, by the theorems for the ſums 
and differences of arcs, he finds all the fines and coſines, up to go degrees, in a 
ſeries of arcs differing by 1® 3o*. And, in the third propoſition, by the conti- 
nual addition of 45, he obtains all the fines and coſines in the ſeries whoſe com- 
mon difference is 45“. In the 4th propoſition, beginning with 457, and conti- 
nually biſecting, he finds the fines and coſines of the ſeries of half arcs till he 
arrives at the arc of 14111 19'*, the fine of which is found to be 1, and its coſine 
999,999,999, 999,999. In the fifth propoſition are computed the fine and coſine 
of zo ſeconds or half a minute. In the 6th and 7th propoſitions are computed the 
fines and coſines for every minute, from 17 to 45, as well as of many larger arcs. 
The 8th propoſition extends the computation for ſingle minutes much farther. 
In propoſition 9 and 10 are computed the tangents and ſecants for all arcs in the 
ſeries whoſe common difference is 45; and theſe are deduced from the ſines of 
the ſame arcs by one proportion for each. In the remaining three propoſitions, 


11, 12, 13, are computed the tangents and ſecants for ſeveral ſmall angles. And 
from 
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from all theſe primary ſines, tangents, and ſecants, the whole canon is deduced 
and compleated. 

The remaining books in this work are by the editor Otho; namely, a treatiſe, 
in one book, on right-angled plane triangles, the cafes of which are reſolved by 
the tables ; then right-angled ſpherical trigonometry in four books ; next oblique 
ſpherical trigonometry in five books; and laſtly ſeveral other books, containing 
various ſpherical problems. 

Next after the above are placed the tables themſelves, containing, for every 
10 ſeconds, the fines, tangents and ſecants, with all the differences annexed to 
each, in a ſmaller character. The numbers, however, are not called fines, tan- 
vents, and ſecants, but, like Vieta's before deſcribed, they are conſidered as re- 
preſenting the ſides of right-angled triangles, and titled accordingly. They are 
alſo in like manner divided into three ſeries, namely, according as the radius, or 
conſtant ſide of the triangle, is made the hy potenuſe, or the greater leg, or the 
leſſer leg of the triangle. When the hypotenuſe is made the conſtant radius 
10,000,000,000, the two columns of this caſe or ſeries are called the perpen- 
dicular and baſe, which are our fine and coſine ; when the greater leg is the con- 
ſtant radius, the two columns of this ſeries are titled hypotenuſe and perpendi- 
cular, which are our ſecant and tangent ; and when the leſſer leg is conſtant, the 
two columns in this caſe are called hypotenuſe and haſe; which are our coſe- 
cant and cotangent. After this large canon 1s printed another ſmaller table, 
which is ſaid to be the two columns of the third ſeries, or coſecants and co- 
tangents, with their differences, but to 3 places of figures leſs, or to the radius 
10,000,000. But I cannot diſcover the reaſon for adding this leſſer table, even 
if it were correct, which is very far from being the caſe, the numbers being uni- 
formly erroneous, and different from the former through the greateſt part of the 
table. 

Towards the cloſe of the 16th century many perſons wrote on the ſubject of 
trigonometry, and the conſtruction of the triangular canon. But, their writings 
being ſeldom printed till many years afterwards, it is not eaſy to aſſign their 
order in reſpect of time. I ſhall therefore mention but a few of the principal 
authors, and that without pretending to any great preciſion on the ſcore of 
chronological precedence. | 

In 1591 Philip Lanſbergius firſt publiſhed his Geometria Triangulorum in four 
books, with the canon of fines, tangents, and ſecants; a brief but very elegant 
work; the whole being clearly explained: and it is perhaps the firſt ſet of tables 
titled with thoſe words. The fines, tangents and ſecants of the arcs to 45 de- 
grees, with thoſe of their complements, are each placed in adjacent columns, in 
a very commodious manner, continued forwards and downwards to 45 de- 
grees, and then returning backwards and upwards to go degrees: the radius is 
10,000,000, and a ſpecimen of the firſt page of the table is as follows. 


© Sines 


a 
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O Hines langents Secuitts 
'v ©| 10,000,000 of Infinitum. 10,000,000] Intinitum. 60 
t || 2,909] 9,909, 990 2,999[34, 277,406, 738{[10,00-,000/34, 377,468, 193/59 
2 5,518] 9.999,99*]] 5,818] 7,188,731,915||10,000,002 17,188,934,824| 58 
3 8.727 9,999, / 8, 27]11,459,152,994||10,000,004'11,459,157,3571157 
41,30 9,990,993] 11,636] 8, 594.353, 04810, oo, oo) 8, 594,3 8,80 56 
5 [1144544] 9:092,95<[[14,544]_6,875,488,693][ 10,600,011] 6828.492288 
&. N &c 
| 82 


Of chis work, the firſt book treats of the magnitude and relations of ſuch lines 
as are conſidered in and about the circle, as the chords, fines, tangents, and ſe- 
cants. In the ſecond book is delivered the conſtruction of the trigonometrical 
canon, by means of the properties laid down in the firſt book: After which fol- 
lows the canon itſelf. And in the third and fourth books is ſhewn the applica- 
tion of the table, in the reſolution of plane and ſpherical triangles.—Lanſberg, 
who was born in Zealand 1561, was many years a miniſter of the goſpel, and 
died at Middleburg in 1632. | 

The trigonometry of Bartholomew Pitiſcus was firſt publiſhed at Francfort in 
the year 1599. This is a very compleat work ; containing, beſides the triangu- 
lar canon, with its conſtruction and uſe in reſolving triangles, the application of 
trigonometry to problems of ſurveying, altimetry, architecture, geography, di- 
alling, and aſtronomy. The conſtruction of the canon is very clearly deſcribed: 
And in the third edition of the book in the year 1612, he boaſts to have added, 
in this part, arithmetical rules for finding the chords of the 3d, 5th, and other 
uneven parts of an arc, from the chord of that arc being given; ſaying that it 
had been heretofore thought impoſſible to give ſuch rules : But, after all, thoſe 
boaſted methods are only the application of the double rule of Falſe- Poſition to 
the then known rules for finding the chords of multiple arcs ; namely, making 
the ſuppoſition of ſome number tor the required chord of a ſubmultiple of any 
given arc, then from this aſſumed number computing what will be the chord of 
its multiple arc, and which is to be compared with that of the given arc; then 
the ſame operation is performed with another ſuppoſition; and fo on as in 
the double rule of poſition. The canon contains the ſine, tangent, and ſecant for 
every minute of the quadrant, in ſome parts to 7 places of figures, in others to 8; 
as alſo the differences for every 10 ſeconds. The fines, tangents, and ſecants 
are alſo given for every 10 ſeconds in the firſt and laſt degree of the quadrant 
for every 2 ſeconds in the firſt and laſt 10 minutes, and for every ſingle ſecond 
in the firſt and laſt minute. In this table the fines, tangents and ſecants are 
continued downwards on the left-hand pages as far as to 4.5 degrees, and then 
returned upwards on the right-hand pages, ſo that the complements are always 
on the ſame line in the oppoſite or facing pages. 

The mathematical works of Chriſtopher Clavius (a German jefuit, who was 
born at Bamberg in 1537) in five large folio volumes, were printed at Moguntia 
or Mentz, in 1612, the year in which the author died, at the age of 75. In the 
firſt volume we find a very ample and circumſtantial treatiſe on trigonometry, 

| with 
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with Regiomontanus's canon of fines for every minute, as alſo canons of tangents 
and ſecants, each in a ſeparate table, to the radius 10000000, and in a form 
continued forwards all the way up to go degrees. The explanation of the con- 
ſtruction of the tables is very compleat, and is chiefly extracted from Ptolemy, 
Purbach, and Regiomontanus. The fines have the differences ſet down for each 
ſecond, that is, the quotients ariſing from the differences of the fines divided by 
60. About the year 1600 Ludolph Van Collen or a Ceulen, a reſpectable Dutch 
Mathematician, wrote his book de circulo & adſcriptis, in which he treats fully 
and ably of the properties of lines drawn in and about the circle, and eſpecially 
of chords or ſubtenſes, with the conſtruction of the canon of ſines. The geo- 
metrical properties from which theſe lines are computed, are the ſame as thoſe 
uſed by former writers : but his mode of computing and expreſſing them, is 
different from theirs; for they actually extracted all the roots, &c, at every ſtep 
or ſingle operation, in decimal numbers; but he retained the radical expreſſions 
to the laſt, making them however always as ſimple as poſſible : thus, for in- 
ſtance, he determines the ſides of the polygons of 4, 8, 16, 32, &c, ſides in- 
ſcribed in the circle whole radius is 1, to be as in the table annexed : 
where the point before any figure (4.2) 
ſignifies the root of all that follows it; ſo No. of eie 
the laſt line is in our notation the ſame as | ſides SE Lach: Rs. 
V2—=V2+vV:-y: And as the per- | 4 |y/2- 
ſet management of ſuch ſurds was then | 8 [|y/-2 — y/2 
not generally known, he added a very neat |16 {y/.2 —v.2 + y/2 
tract on that ſubject, to facilitate the com- | 32 9.2 —y.2+y.2 — 2 
putations, Thele, together with other diſ- | &C &C. 
{crtations on ſimilar geometrical matters, 
were tranſlated from the Dutch language into Latin by Willebrord Snell, and 
publiſhed at (Lugd. Batav.) Leyden in 1619. It was in this work that Ludolph 
determined the ratio of the diameter to the circumference of the circle to 36 
figures, ſhewing that, it the diameter be 1, the circumference will be 

greater than 3*14159,26535,89793,23840,20433,83279, 50288, 

but leſs than 3141 59, 26535, 89793, 23846, 26433, 83279, 50289; 
which ratio was by his order, in imitation of Archimedes, engraven on his tomb- 
ſtone, as is witneſſed by the ſaid Snell, pa. 54, 55, Cyclometricus, publiſhed at 
Leyden two years after, in which he treats the ſame ſubject in a ſimilar manner, 
recomputing and verify ing Ludolph's numbers. And in the ſame book he alſo 


gives a variety of geometrical approximations, or mechanical ſolutions, to de- 


termine very nearly the lengths of arcs, and the areas of ſectors and ſegments of 
circles. 

Beſides the Cyclometricus, and another geometrical work ( Apollonius Batavus) 
publiſhed in 1608, the ſame Snellius wrote allo four others intitled dofrine trian- 
gulorum canonice, in which are contained the canon of ſecants, and in which the 
conſtruction of ſines, tangents and ſecants, together with the dimenſion or calcu- 
lation of triangles, both plane and ſpherical, are briefly and clearly treated. 
Aſter the author's death this work was publiſhed in 8vo, at Leyden 1627, by 

6 Martinus 
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Martinus Hortenſius, who added to it a tract on ſurveying and ſpherical pro- 
blems. Willebrord Snell was born in 1591 at Royen, and died in 1627, being 
only 35 years of age. He was profeflor of mathematics in the univerſity of 
Leyden, as was alſo his father Rodolph Snell. 

Alſo in 1627, Francis van Schooten publiſhed at Amſterdam, in a ſmall neat 
form, tables of fines, tangents and ſecants for every minute of the quadrant, to 7 
places of figures, the radius being io, ooo, ooo; together with their uſe in the tri- 
gonometry of plane triangles. Theſe tables have a great character for their ac- 
curacy, being declared by the author to be without one ſingle error. This, how- 
ever, muſt not be underſtood of the laſt figure of the numbers, which I find to be 
very often erroneous, ſometimes in excels and ſometimes in defect, by not being 
always ſet down to the neareſt unit. Schooten died in 1659, while the ſecond vo- 
lume of his ſecond edition of Deſcartes' geometry was in the preſs. He was alſo 
author of ſeveral other valuable works in geometry and other branches of the ma- 
thematics. 

The foregoing are the principal writers on the tables of ſines, tangents and ſe- 
cants, before the invention of logarithms, which happened about this time, 
namely, ſoon after the year 1600. Tables of the natural numbers were now all 
compleated, and the methods of computing them nearly perfected: And there- 
fore, before entering on the diſcovery and conſtruction of logarithms, I ſhall ſtop 
here awhile to give a ſummary of the manner in which the ſaid natural fines, tan- 
— and ſecants were actually computed, after having been gradually improved 

rom Hipparchus, Menelaus, and Ptolemy, who uſed only the chords, down to 

the beginning of the 17th century, when fines, tangents, ſecants and verſed fines 
were in uſe, and when the method hitherto employed had received its utmoſt 
improvement. | 

In this explanation I ſhall here firſt enumerate the theorems by which the 
calculations were made, and then deſcribe the application of them to the compu- 
tation itſelf. 

Theorem 1. The ſquare of the diameter of a circle is equal to the ſum of the 
ſquares of the chord of an arc and of the chord of its ſupplement to a ſemicircle. 

2. The rectangle under the two diagonals of any quadrilateral figure inſcribed 
in a circle, is equal to the ſum of the two rectangles under the oppoſite fides. 

3- Theſum of the ſquares of the fine and cofine (hitherto called the fine of the 
complement), is equal to the ſquare of the radius. 

4. The difference between the fines of two arcs that are equally diſtant from 
6 degrees, or + of the whole circumference, the one as much greater as the other 
is leſs, is equal to the fine of half the difference of thoſe arcs, or of the difference 
between either arc and the faid arc of 60 degrees. 

5. The ſum of the cofine and verſed fine, is equal to the radius. 

6. The ſum of the ſquares of the fine and verſed fine, is equal to the ſquare of 
the chord, or to the ſquare of double the ſine of half the arc. 

7- The fine is a mean proportional between half the radius and the verſed fine 
of double the arc. | 

8. A mean proportional between the verſed fine and half the radius, is equal 
to the fine of half the arc. 

You. I. d 9. As 
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9. As radius is to the ſine, ſo is twice the coſine to the ſine of twice the arc. 

10. As the chord of an arc is to the ſum of the chords of the ſingle and double 
arc, ſo is the difference of thoſe chords to the chord of thrice the arc. 

11. As the chord of an arc is to the ſum of the chords of twice and thrice the 
arc, ſo is the difference of thoſe chords to the chord of five times the arcs. 

12. And in general, as the chord of an arc is to the ſum of the chords of » 
times and n + 1 times the arc, ſo is the difference of thoſe chords to the chord of 

2n + 1 times the arc. 

13. The ſine of the ſum of two arcs, is equal to the ſum of the products of the 
ſine of each multiplied by the coſine of the other and divided by the radius. 

14. The fine of the difference of two arcs, 1s equal to the difference of the ſaid 
two products divided by the radius, 

15. The coſine of the ſum of two arcs, is equal to the difference between the 
products of their fines and of their coſines divided by the radius. 

16. The coſine of the difference of two arcs, is equal to the ſum of the ſaid 
products divided by the radius. 

17. A ſmall arc is equal to its chord or fine, nearly. 

18. As coſine is to ſine, ſo is radius to tangent. 

19. The radius is a mean proportional between the tangent and cotangent. 

20. Half the difference between the tangent and cotangent of an arc, is equal 
to the tangent of the difference between the arc and its complement. Or, the 
ſum ariſing from the addition of double the tangent of an arc with the tangent 
of half its complement, is equal to the tangent of the ſum of that arc and the ſaid 
half complement. 

21. The ſquare of the ſecant of an arc, is equal to the ſum of the ſquares of 
the radius and tangent. : 

22. The radius is a mean proportional between the ſecant and coſine, Or, as 
coſine is to radius, ſo 1s radius to * : 

23. The radius is a mean proportional between the fine and coſecant. 

24. The ſecant of an arc is equal to the ſum of its tangent and the tangent 
of half its complement. Or, the ſecant of the difference between an arc and its 
complement, 1s equal to the tangent of the ſaid difference added to the tangent 
of the leſſer arc. 

25. The ſecant of an arc is equal to the difference between the tangent of 
that arc and the tangent of the arc added to half its complement, Or, the ſecant 
of the difference between an arc and its complement, 1s equal to the difference 
between the tangent of the ſaid difference and the tangent of the greater arc. 

From ſome of theſe 25 theorems, extracted from the writers before mentioned, 
and a few propoſitions of Euclid's Elements, they compiled the whole table of 
lines, tangents, and ſecants, nearly in the following manner. | 

By the elements were computed the ſides of a few of the regular figures in- 
{cribed in a circle, which were the chords of ſuch parts of the whole circumference 
as are expreſſed by the number of ſides, and therefore the halves of thoſe chords 
the ſines of the halves of the arcs, So, if the radius be 10, ooo, ooo, the ſides of 
the following figures will give the annexed chords and fines, 
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The f Arcs ſub- Its chord, |Halt} Its fines 

e ngure | tended or ſide arc for æ chord 
Triangle 120 17, 320, 508 60*| 8,660,254 
Square go 14, 142,136 45 | 7,071,008 
Pentagon 72 11,755,705 | 36 | 5,877,953 
Hexagon 60 10,000,000 | 30 [;, ooo, ooo 
Decagon 36 6,180,340 | 18 | 3,090,170 
Quindecagon| 24 4,158,234 12 | 2,079,117 | 


Of ſome, or all of theſe, the ſines of the halves were continually taken, by the- 
orem the 6th, 7th, or 8th, and of their complements, by the ſame theorems ; and 
ſo on alternately of the halves and complements, till we arrive at an arc which 
Thus, beginning with the above arc of 12 degrees, 


is nearly equal to its ſine. j 
and its ſine, we obtain the halves as follows: 


„ 


| 


| 


The halves[Their fines hecomp Sines The halves Sines, 
6? © Jr,a40,205 of theſe __ 5,446,390] 
3 523,360 48* * [7,431,448] | 16 30 2, 840, 153 
1 3o | 261,769| | 69 9,335,804 8 15 [1,439,426 
45130, 896 | 79 30 [9,932,549] | 27 45 [4,656,145 
_ TT 9,958,049 | Comps. | 
e comp. 4 30 [7,253,744 8,386 
of theſe 6 9,288, 9 5 30 * 2 
84 9,945,218 45 45 [72103019] | 8x 45 19,896,514 
87 9,986, 295 [The halve 62 15 [8,849,876 
88 30 9,990,573 of theſe Halves 
89 15 9,999,143 24 4,067,366 28 30 [4,771,588 
34 30 [35,664,062] | = 
4 15 12,401,533 
The halves 17 15 [2,965,416 6 g 
30 __45 15,983,246 
of theſe 39 45 [6,394,390 © 
42 6,691,306 23 15 947-430 | e ere 
1 30 [8,788,171 
21 3,583,679 [The comp. * 
10 30 1,622,355 66 9,135,455 75 5 * ol 
5s 15 | 915,016 55 30 8, 241,262 222 
43 30 (6, 883,545 72 45 [9,550,199] | Halt 
21 45 [3,705,574 50 15 [7,688,418 30 _45 [5,112,931 
44 15 [6,977,905 66 45 [9,187,912 Comp. 
59 15 8,594, 064 


The fines of ſmall arcs are then deduced in this manner. From the fine of 45 
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above determined, are found the halves, which will be thus - 


* 130,896 


+: »44 9,4 


8 32,724, 8 
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Now theſe laſt two ſines being evidently in the ſame ratio as their ares, the ſines 
of all the leſs ſingle minutes will be found by ſingle proportion. So the 45th 
part of the fine of 45, gives 2909 for the fine of 1'; which may be doubled, 
tripled, &c, for the fines of 2“, 3“, &c, up to 45”. 

Then, from all the foregoing primary fines, by the theorems for halving, 
doubling, or tripling, and by thoſe for the ſums and differences, the reſt of the 
lines are deduced, to compleat the quadrant. 

But having thus determined the ſines and cofines of the firſt 30“ of the 
quadrant, that is the fines of the firſt and laſt 3o?, thoſe of the intermediate 30? 
are, by theor. 4, found by one ſingle ſubſtraction for each fine. 

The fines of the whole quadrant being thus compleated, the tangents are ſouad 
by theor. 18, 19, 20, namely for one half of the quadrant by the 18th and 19th, 
and the other half, by one ſingle addition or ſubſtraction for each, by the 2oth 
theorem. 

And laſtly, by theor. 24 and 25, the ſecants are deduced from the tangents by 
addition and ſubſtraction only. 

Among the various means uſed for conſtructing the canon of ſines, tangents 
and ſecants, the writers above enumerated ſeem not to have been poſſeſſed of 
the method of differences, ſo profitably uſed ſince, and firſt of all, I believe, by 
Briggs, in computing his trigonometrical canon and his logarithms, as we ſhall 
ſee hereafter when we come to deſcribe thoſe works. They took, however, the 
ſucceſſive differences of the numbers after they were computed, to verify or prove 
the truth of them; and, if found erroneous, by any irregularity in the laſt diffe- 
rences, from thence they had a method of correcting the original numbers them- 
elves. At leaſt this method is uſed by Pitiſcus, zrig. lib. 2, where the differences 
are extended to the third order. In pa. 44 of the ſame book allo is deſcribed, 
for the firſt time that I know of, the common notation of decimal fractions as now 
uſed. And this ſame notation was afterwards deſcribed and uſed by baron Ne- 
per in prſitio 4 and 5 of his poſthumous work on the conſtruction of logarithms, 
publiſhed by his fon in the year 1619. But the decimal fractions themſelves 
may be confidercd as having been introduced by Regiomontanus, by his deci- 
mal diviſion of the radius &c. of the circle ; and from that time gradually 
brought into uſe ; but continued long to be denoted after the manner of vulgar 
fractions, by a line drawn between the numerator and denominator, which laſt, 
however, was foon omitred, and only the numerator ſet down with the line below 
it; thus it was firſt 31 45+, then 314<; afterwards, omitting the line, it became 
31*:, and laſtly 31,, or 31.35 or 31'35 : As may be traced in the works of 
Vieta, and others ſince his time, gradually into the preſent century. 

Having often heard it remarked that the word nue, or in Latin and French 
ſinus, is of doubtful origin; and as the various accounts which I have ſeen of its 
derivation, are very different from one another, it may not be amiſs here to em- 
ploy a few lines on this matter. Some authors ſay this is an Arabic word; others 
that it is the ſingle latin word /mus ; and in Montucla's Hiſtoire des Mathema- 
tiques, it is conjectured to bean abbreviation of two Latin words, The conjec- 
ture is thus expreſſed by the ingenious and learned author of that excellent hiſ- 
tory, at pa. xxxiii among the additions and corrections of the firſt volume: A 
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roccaſion des ſinus dont on parle dans cette page, comme d'une invention des 
Arabes, voici une ẽtymologie de ce nom, tout-a-fait heureuſe et vraiſemblable. 
Je la dois a M. Godin, de ? Academie Royale des Sciences, Directeur de ! Ecole 
de Marine de Cadix. Les ſinus ſont, comme l'on ſgait, des monies de cordes ;. 
et les cordes en Latin ſe nomment in/cripte. Les ſinus ſont donc ſemiſſes inſcripta- 
rum, ce que probablement on Ecrivit ainſi pour abreger, S. Ins. Dela enſuite s'eſt 
fait par abus le mot de ſinus.” Now, ingenious as this conjecture is, there ap- 

ears to be little or no probability for the truth of it. For, in the firſt place, it 
is not in the leaſt ſupported by quotations from any of the more early books to 
ſhew that it ever was the practice to write or print the words thus S. Ing. upon 
which the conjecture is founded. Again, it is ſaid the chords are called in Latin 
inſcripte ; and it is true that they ſometimes are ſo; but I think they are more 
frequently called ſabtenſæ, and the fines ſemiſſes ſultenſarum of the double arcs, 
which will not abbreviate into the word /inus. But it may be ſaid, what reaſon 
have we to ſuppoſe this word to be either a Latin word, or the abbreviation of 
any Latin words whatever ? that it ſeems but proper to ſeek for the etymology of 
words in the language of the inventors of the zhings. For which reaſon it is, 
that we find the two other words, angens and /ecans, are Latin, as they were in- 
vented and uſed by authors who wrote in that language. But the fines are ac- 
knowledged to have been invented and introduced by the Arabians, and thence 
by analogy it would ſeem probable that this is a word of zherr language, and from 


them adopted, together with the uſe of it, by the Europeans. And indeed Lanſ- 


bergius, in the 2d pa. of his trigonometry above-mentioned, exprelsly ſays that 
it is Arabic: His words are, Vox ſinus Arabica eft, et proinde barbara; ſed, cum 
longo uſu apprebata ſit, & commodior non ſuppetat, nequaquam repudianda eft : faciles 
enim in verbis nos eſſe opportet, cum de rebus convenit. And Vieta ſays ſomething 
to the ſame purport in pa. 9 of his Univer/ſalium Inſpectionum ad Canonem Mathe- 
maticum Liber: His words are, Breve ſinus vocabulum, cum fit artis, Saracenis præ- 
ſertim quam familiare, non eſt ab artificibus explodendum, ad laterum ſemiſſium inſcrip- 
torum denotationem, Sc. 

Guarinus alſo is of the ſame opinion: in his Euclides Adauctus, Sc. tra. xx. pa. 
307. he ſays, Six us vero eft nomen Arabicum uſurpatum in hanc ſignificationem d ma- 
thematicis ; although he was aware that a Latin origin was aſcribed to it by Vita- 
lis, for he immediately adds, Licet Vitalis in ſuo Lexico Mathematico ex eo velit finum 
appellatum, quid claudat curvitatem arciis. 

Long before I either ſaw or heard of any conjecture or obſervation concerning 
the etymology of the word /inus, I remember that I imagized it to be taken from 
the ſame Latin word, ſignifying breaſt or boſom, and that our ſine was fo called 
allegorically. I had obſerved that ſeveral of the terms in trigonometry were de- 
rived from a bow to ſhoot with, and its appendages ; as arcus the bow, chorda the 
—_— and ſ/agi/ta the arrow, by which name the verſed fine which repreſents ic 
was ſometimes called; alſo that the tangens was fo called from its office, being a line 
touching the circle, and the ſecans from its cutting the ſame ; I therefore imagined 
that the ſinus was ſo called, either from its reſemblance to the breaſt or boſom, or 
trom its being a line drawn within the boſom (nus) of the arc, or from its being 
that part of the firing (cherda) of a bow (arcus) which is drawn near the breall, 
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(ſinus) in the act of ſhooting. And perhaps Vitalis's definition above quoted has 
{ome alluſion to the ſame ſimilitude. 


Alſo Vieta ſeems to allude to the ſame thing in calling nus an allegorical 
word, in pa. 417 of his works as publiſhed by Schooten, where, with his uſual 


judgment and preciſion, he treats of the propriety of the terms uled in trigono- 


metry for certain lines drawn in and about the circle, of which, as it very well 
deſerves, I ſhall here extract the principal part, to ſhew the opinion and arguments 
of ſo great a man on thoſe names. © Arabes autem ſemiſſes inſcriptas duplo, 
numeris præſertim æſtimatas, vocaverunt allegoricè Sixus, atque ideò ipſam 
ſemidiametrum, quæ maxima eſt ſemiſſium inſcriptarum, SixvM Torum. Et 
de iis ſai methodo canones exaraverunt qui circumferuntur, ſupputante præſer- 
tim Regiomontano bene juſtè & accurate, in 1s etiam particulis qualium ſemi— 
diameter adſumitur 10, ooo, ooo, 

« Ex canonibus deinde ſinuum derivaverunt recentiores canonem ſemiſſium 
circumſcriptarum, quem dixere Fæcundum; & canonem eductarum e centro, 
quem dixere Fecundifſimum et Bengficum, hy potenuſis addictum. Atque aded ſe- 
miſſes circumſcriptas, numeris præſertim æſtimatas, vocaverunt Facundos, Sinus 
numerõſve videlicet; quanquam nihil vetat Fzcundi nomen ſubſtantive accipi. 
Hypotenuſas autem Benęſcas, vel etiam ſimpliciter Hypotenuſas: quoniam 
hy potenuſa in prima ſerie ſinus totius nomen retinet. Itaque ne novitate ver- 
borum res adumbretur, & alioqui ſua artificibus, eo nomine debita, præripi- 
atur gloria, præpoſita in Canone Mathematico canonicis numeris inſcriptio 
candidè admonet primam ſeriem eſſe Canonem Sinuum. In ſecunda vero, 
partem canonis fœcundi, partem canonis fœcundiſſimi, contineri. In ter- 
tia, reliquam. 

c Sane præter inſcriptas & circumſcriptas, circulum etiàm adficiunt aliæ lineæ 
rectæ, velut Incidentes, Tangentes, & Secantes. Verùm illæ voces ſubſtantive 
ſunt, non peripheriarum relative. Ac ſecare quidem circulum linea recta tunc 
intelligitur, cum in duobus punctis ſecat. Itaque non loquuntur bene geo- 
metrice, qui eductas e centro ad metas circumſcriptarum vocant ſecantes im- 
proprie, cum ſecantes & tangentes ad certos angulos vel peripherias referunt. 
Immo vero artem confundunt, cum his vocibus neceſſe habeat uti geometra abs 
relatione. 

« Quare fi quibus arrideat Arabum metaphora ; quæ quidem aut omninò 
retinenda videtur, aut omnino explodenda ; ut ſemiſſes inſcriptas, Arabes vo- 
cant ſinus; ſic ſemiſſes circumſcriptæ, vocentur Proſinus Amſinũſve; et eductæ 
e centro, Tranſſinuoſz. Sin allegoria diſpliceat, geometrica ſane inſcriptarum 
et circumſcriptarum nomina retineantur. Et cum eductæ è centro ad metas cir- 
cumſcriptarum, non habeant hactenus nomen certum neque elegans, vocentur 
ſane preſemidiametri, quaſi protenſæ ſemidiametri, ſe habentes ad ſuas circum- 
ſcriptas, ſicut ſemidiametri ad inſcriptas.“ 

Againſt the Arabic origin, however, of this word (ius) may be urged its be- 
ing varied according to the fourth declenſion of Latin nouns, like manns; and 
that if it were an Arabic word latinized, it would have been ranked under either 
the firſt, ſecond, or third declenſion, as is uſual in ſuch adopted words. 


So that, upon the whole, it will perhaps rather ſeem probable, that the 
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Anus is the Latin word anſwering to the name by which the Saracens called that 
line, and not their word itſelf. And this conjecture ſeems to be rendered ſtill 
more probable by ſome expreſſions in pa. 4 and 5 of Otho's preface to Rheticus's 
Canon, where it is not only ſaid that the Saracens called the half-chord of 
double the arc /inus, but alſo that they called the part of the radius lying be- 
tween the fine and the arc ſinus verſus, vel ſagitta, which are evidently Latin 
words, and ſeem to be intended for the Latin tranſlations of the names by which 
the Arabians called theſe lines, or the numbers expreſſing the lengths of them. 


( ay: } 


SG ARITHEM 5. 


HE trigonometrical canon of natural fines, tangents and ſecants, being now 
1 to a conſiderable degree of perfection; the great length and accu- 
racy of the numbers, together with the increaſing delicacy and number of aſtro- 
nomical problems and {ſpherical triangles, to the reſolution of which the canon 
was applied, urged many perſons, converſant in thoſe matters, to endeavour to 
diſcover ſome means of diminiſhing the great labour and time, requiſite for ſo 
many multiplications and diviſions, in ſuch large numbers as the tables then con- 
ſiſted of. And their chicf aim was, to reduce the multiplications and diviſions 
to additions and ſubſtractions, as much as poſhble. 

For this purpoſe, Nicolas Raymer Urſus Dithmarſus invented an ingenious 
method, which ſerves for one caſe in the fines, namely, when radius is the firſt 
term in the proportion, and the fines of two arcs are the ſecond and third terms; 
for he ſhewed that the fourth term or ſine, would be tound by only taking half 
the ſum or difference of the ſines of two other arcs, which ſhould be the ſum and 
difference of the leſs of the two former given arcs and the complement of the 
greater. This is no more in effect than the following well-known theorem in tri- 
gonometry: As half the radius is to the ſine of one arc, ſo is the fine of another 
arc to the coſine of the difference minus the coſine of the ſum of the ſaid arcs. 
The author publiſhed this ingenious device in 1 588, in his Fundamentum Aſtrono- 
mize. And three or four years afterwards it was greatly improved by Clavius, 
who adapted ix to all proportions in the reſolution of ſpherical triangles, both for 
ſines, tangents, ſecants, verſed fines, &c ; and that, whether radius be in the pro- 
portion or not. All which he explains very fully in lem. 53 lib. 1. of his treatiſe 
on the Aſtrolabe. This method, although ingenious, depends not on any abſtract 
property of numbers, but only on the relations of certain lines drawn in and 
about the circle; and it was therefore rather limited, and ſometimes attended 
with trouble in the application. 

After perhaps various other contrivances, inceflant endeavours at length pro- 
duced the happy invention of logarithms, which are of direct and univerſal ap- 
plication to all numbers abſtractedly conſidered, being derived from a property in- 
herent in themſelves. This property may be conſidered, either as the relation be- 
tween a geometrical ſeries of terms and a correſponding arithmetical one, or as the 
relation between ratios and the meaſures of ratios, which comes to much the ſame 
thing, they having been conceived in one of theſe ways by ſome of the writers on 
this ſubject, and in the other by the reſt of them, as well as in both ways at diffe- 
rent times by the ſame writer, A ſummary idea of this property, and of the pro- 
bable reflections made on it by the firſt writers on logarithms, may be to the fol- 
lowing effect. 

The learned calculators, about the cloſe of the 16th, and beginning of the 1th 


2 century 
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4 century, finding the operations of multiplication and diviſion by very long num- 
5 bers of 7 or 8 places of figures, which they had frequently occaſion to perform 
5 in ſolving problems relating to geography and aſtronomy, to be exceedingly trou- 
| bleſome, fe themſelves to conſider whether it was not poſſible to find ſome me- 
1 thod of leflening this labour, by ſubſtituting other eaſier operations in their ſtead, 
In purſuit of this object they reflected that, ſince in every multiplication by a whole 
number, the ratio, or proportion, of the product to the multiplicand, is the ſame 
as the ratio of the multiplier to unity, it will follow that the ratio of the product 
to unity (which, according to Euclid's definition of compound ratios, 1s com- 
pounded of the ratios of the ſaid product to the multiplicand and of the multipli- 
cand to unity) muſt be equal to the ſum of the two ratios of the multiplier to unity, 
and of the multiplicand to unity. Conſequently, if they could find a ſet of ar- 
tificial numbers that ſhould be the repreſentatives of, or ſhould be proportional 
to, the ratios of all ſorts of numbers to unity, the addition of the two artificial 
numbers that ſhould repreſent the ratios of any multiplier and multiplicand to 
unity, would anſwer to the multiplication of the ſaid multiplicand by the ſaid 
multiplier ; or the ſum ariſing from the addition of the ſaid repreſentative num- 
| bers, would be the repreſentative number of the ratio of the product to unity ; 
b and conſequently the natural number to which it ſhould be found, in the table ot 

the ſaid artificial or repreſentative numbers, that the ſaid ſum belonged, would 
be the product of the ſaid multiplicand and multiplier. Having Ftled this 
principle, as the foundation of their wiſhed-for method of abridging the labour 
of calculations, they reſolved to compoſe a table of ſuch artificial numbers, or 
numbers that ſhould be repreſentatives of, or proportional to, the ratios of. all 
P the common or natural numbers to unity. 

The firſt obſervation that naturally occurred to them, in the purſuit of this 
ſcheme, was that, whatever artificial numbers ſhould be choſen to repreſent the 
ratios of other whole numbers to unity, the ratio of equality, or cf unity 
to unity, muſt be repreſented by o; becauſe hat ratio has properly no magni- 
tude, ſince, when it is added to or ſubtracted from any other ratio, it neither in- 
creaſes nor diminiſhes it. | 

The ſecond obſervation that occurred to them was, that any number whatever 
might be choſen at pleaſure for the repreſentative of the ratio of any given natu- 
ral number to unity : but that, when once ſuch choice was made, all the other re- 
preſentative numbers would be thereby determined; becauſe they mult be great- 
er or leſs than that firſt repreſentative number, in the ſame proportions in which 
the ratios repreſented by them, or the ratios of the correſponding natural num- 
bers to unity, were greater or leſs than the ratio of the ſaid given natural number 
to unity. Thus, either 1, or 2, or 3, &c, might be choſen for the repreſentative 

of the ratio of 10to1. But if 1 be choſen for it, the repreſentatives of the ratios 
of ioo to 1 and 1000 to 1, which are double and triple of the ratio of 10 to 1, muſt. 
be 2 and 3, and cannot be any other numbers ; and, if 2 be choſen for it, the re- 
preſentatives of the ratios of 100 to 1 and 1000 to 1 will be 4 and 6, and cannot 
be any other numbers; and, if 3 be choſen for it, the repreſentatives of the ratios 
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The third obſervation that occurred to them was, that, as theſe artificial num- 
pers were repreſentatives of, or proportional to, the ratios of the natural numbers to 
unity, they muſt be expreſſions of the numbers of ſome ſmaller equal ratios that are 
contained in the ſaid ratios. Thus, if 1 be taken for the repreſentative of the ratio 
of 10 to 1, then 3, which is the repreſentative of the ratio of 1000 to 1, will ex- 
preſs the number of ratios of 10 to 1 that are contained in the ratio of 1000 to 1. 
And if, inſtead of 1, we make 10,000,000, or ten millions, the repreſentative of 
the ratio of 10 to 1 (in which caſe 1 will be the repreſentative of a very ſmall ratio, 
or ratiuncula, which is only the ten-millionth part of the ratio of 10 to 1, or will 
be the repreſentative of the ratio of the 10,000,000th root of 10, or of the firſt, or 
ſmalleſt, of 9,999,999 mean proportionals interpoſed between 1 and 10, to 1), the 
repreſentative of the ratio of 1000 to 1, which will in this caſe be 30,000,000, will 
expreſs the number of thoſe ratiunculæ, or ſmall ratios of the 10,000,000th root of 
10 to 1, which are contained in the ſaid ratio of 1000 to 1: and the like may be 
ſhtwn of the repreſentative of the ratio of any other number to unity. And there- 
fore they thought theſe artificial numbers, which thus repreſent, or are proportional 
to, the magnitudes of the ratios of the natural numbers to unity, might not impro- 

zerly be called the Loo ARITHVus of thoſe ratios, ſince they exprels the numbers 
of ſmaller ratios of which they are compoſed. And then, for the fake of brevity, 
they called them the /ogarithms of the ſaid natural numbers themſelves, which are 
the antecedents of the ſaid ratios to unity, of which they are in truth the repre- 
ſentatives. 

The foregoing method of conſidering this property, leads to much the ſame 
concluſions as the other way, in which the relations between a geometrical ſeries 
of terms, and their exponents, or the terms of an arithmetical ſeries, are contem- 
plated. In this latter way, it readily occurred that the addition of the terms of the 
arithmetical ſeries correſponded to the multiplication of the terms of the geome- 
trical ſeries; and that the arithmeticals would therefore form a ſet of artificial 
numbers, which, when arranged in tables with their geometricals, would anſwer 
the purpoſes defired, as has been explained above. 

From this property, by aſſuming four quantities, two of them as two terms in 
a geometrical ſeries, and the others as the two correſponding terms of the arithme- 
ticals, or artificials, or logarithms, it is evident that all the other terms of both the 
two ſerieſes may thence be generated: and therefore there may be as many ſets 
or ſcales of logarithms as we pleaſe, ſince they depend entirely on the arbitrary 
aſſumption of the firſt two arithmeticals. And all poſſible natural numbers may 
be ſuppoſed to coincide with ſome of the terms of any geometrical progreſſion 
whatever, the logarithms or arithmeticals determining which of the terms in that 
progreſſion they are. 

It was proper, however, that the arithmetical ſeries ſhould be fo aſſumed, as 
that the term o in it might anſwer to the term i in the geometricals ; otherwiſe 
the ſum of the logarithms of any two numbers would be always to be diminiſhed 
by the logarithm of 1, to give the logarithm of the product of thoſe numbers : 
for which reaſon, making o the logarithm of 1, and aſſuming any quantity what- 
ever forthe value of the logarithm of any one number, the logarithms of all other 
numbers were thence to be derived. And hence, like as the multiplication of 
two numbers is effected by barely adding their logarithms, fo diviſion is per- 
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formed by ſubtracting the logarithm of the one from that of the other, railing of 
powers by multiplying the logarithm of the given number by the index of the 
wer, and extraction of roots by dividing the logarithm by the index of the root. 
tisalſo evident that, in all ſcales or ſyſtems of logarithms, the logarithm ofo will be 
infinite; namely, infinitely negative if the logarithms increaſe with the natural 
numbers, but infinitely poſitive if the contrary : becauſe that, while the geome- 
trical ſeries mult decreaſe through infinite divifions by the ratio of the progrel- 
ſion, before the quotient come to o or nothing; the logarithms, or arithmeticals, 
will in like manner undergo the correſponding infinite ſubtractions or additions 
of the common equal difference; which equal increaſe or decreaſe, thus indefinite- 
ly continued, mult needs tend to an infinite reſult, 
This, however, was no newly-diſcovered property of numbers, but what was 
always well known to all mathematicians, being treated of in the writings of 


Euclid, as alſo by Archimedes, who made great uſe of it in his Arenarius, or 


treatiſe on the number of the ſands, namely, in aſſigning the rank or place of 
thoſe terms, of a geometrical ſeries, produced from the multiplication together of 
any of the foregoing terms, by the addition of the correſponding terms of the 
arithmetical ſeries, which ſerved as the indices or exponents of the former : and 
the reaſon why tables of theſe numbers were not ſooner compoſed, was, that the 
accuracy and trouble of trigonometrical computations had not ſooner readered 
them neceflary. It is therefore not to be doubted that, about the cloſe of the 
ſixteenth and beginning of the ſeventeenth century, many perſons had thoughts 
of ſuch a table ot numbers, beſides the few who are ſaid to have attempted it. 
Longomontanus has, by ſome, been ſaid to have invented logarithms : but this 
cannot well be ſuppoſed to have been much more than in idea, fince he never 
publiſhed any thing of the kind, nor ever laid claim to the invention, though he 
lived thirty-three years after they were firſt publiſhed by baron Neper, as he died 
only in 1647, when they had been long known and received all over Europe. 
Some circumſtances of this matter are indeed related by Wood in his Athere 
Oxonien/es, under the article Briggs, on the authority of Oughtred and Wingate, 
viz. ** That one Dr. Craig, a Scotchman, coming out of Denmark into his own 
country, called upon John Neper, baron of Marcheſton near Edenburgh, and 
told him, among other diſcourſes, of a new invention in Denmark (by Longo- 
montanus, as tis ſaid) to ſave the tedious multiplication and divifion in aſtrono- 


mical calculations. Neper being ſolicitous to know farther of him concerning 


this matter, he could give no other account of it, than that it was by proportion- 
able numbers; which hint Neper taking, he deſired him at his return to call 
upon him again. Craig, after ſome weeks had paſſed, did ſo; and Neper then 
ſhewed him a rude draught of that he called Canon mirabilis Logarithmorum. 
Which draught, with ſome alterations, he printing in 1614, it came forthwith 
into the hands of our author Briggs, and into thoſe of Will. Oughtred, from 
whom the relation of this matter came.” 

Kepler alſo ſays that one Juſte Byrge, aſſiſtant- aſtronomer to the Landgrave of 
Heſſe, invented, or projected, logarithms long before Neper did, but that they 
had never come abroad on account of the great reſervedneſs of their author with 
regard to his own compoſitions. Byrge is allo ſaid to have computed a table of 
natural ſines for every two ſeconds of the quadrant, 
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But whatever may have been ſaid or conjectured concerning any thing that 
may have been done by others, it is certain that the world is indebted, for the firſt 
publication of logarithms, to John Napier or Nepair “, or in Latin Neper, 
baron of Merchiſton, or Markinſton, in Scotland, who died the 3d of April 
1618, at the age of 67 years. Baron Napier added conſiderable improvements 
to trigonometry; and the frequent numerical computations he performed 1n this 
branch, gave occaſion to his invention of logarithms, in order to fave part of the 
trouble attending thoſe calculations; and for this reaſon he adapted his tables pe- 
culiarly to trigonometrical uſes. 

This diſcovery he publiſhed in 1614, in his book intitled Mirifici logarithmorum 
canonis deſcriptio, reſerving the conſtruction of the numbers till the ſenſe of the 
Jearned concerning his invention ſhould be known : and, excepting the con- 
ſtruction, this is a perfect work on this kind of logarithms, containing in effect the 
logarithms of all numbers, and the logarithmic fines, tangents, and ſecants for 
every minute of the quadrant, together with the deſcription and uſes of the tables, 
as alſo his definition and idea of logarithms. 

Napier explains his notion of logarithms by lines deſcribed or generated by 
the motion of points, in this manner: He firſt conceives a line to be generated 
by the equable motion of a point which paſſes over equal portions of it in equal 
ſmall moments or portions of time : he then conſiders another line as generated by 
the unequal motion of a point, in ſuch manner, that, in the aforeſaid equal mo- 
ments or portions of time, there may be deſcribed or cut off, from a given line, 


*The origin of which name Crawfurd informs us was from a (leſs) peerleſs action of one of his an- 
ceſtors, viz. Donald, ſecond ſon of the earl of Lenox, in the time of David the Second.“ Some Engliſh 
writers, miſtaking the import of the term baron, have called this celebrated perſon lord Napier, a Scotch 
nobleman, He was not indeed a peer of Scotland ; but the Peerage of Scotland informs us, that he 
was of a very ancient, honourable, and illuſtrious family; thathis anceſtors, for many generations, had been 

ſſeſſed of ſundry baronies; and, amongſt others, of the barony of Merchiſtoun, which deſcended to him 
bh the death of his father in 1608. Mr. Briggs, therefore, very properly ſtiles him Baro Merchiftonii. 
Now according to Skene, de verborum fignificatione, *In this realm (of Scotland) he is called an Barrone, 

Like of the king, and hes power of Pit and Gallows ; Fea et 
Furca; quhilk was firſt inſtitute and granted be king Malcolme, quha gave power to the Barrones to 
ave ane Pit, quhairin wemen condemned for thieft ſuld be drowned, and ane Gallows, where- 
upon men thieves and treſpaſſowres ſuld be hanged, conforme to the doome given in the Barron 
Court thereanent.“ That is, in our modern Enelifh, In this kingdom (of Scotland) a man is called 
a Baron who holds his lands immediately in chief of the King, and has power of Pit and Gallows, 


Hoffa et Furca; which was firſt inſtituted and granted b * Malcolm, who gave power to the 


Barons to have a Pit, wherein women condemned for theft ſhould be drowned, and a Gallows, 
whereon men-thieves and offenders (guilty of capital offences) ſhould be hanged, conformably to the 
judgments given in the court of the Baron concerning the ſaid crimes.” So that a Scotch baron, 
though no peer, was nevertheleſs a very conſiderable perſonage, both in dignity and power. Reid's 
Lay on Logarithms.—The name of the illuſtrious inventor of logarithms, and his family, has been 
— written at different times, and on different occaſions, In his own Latin works, and in (per- 
haps) all other books in Latin, it is Neper, or Neperus Baro Merchiſtonii : By Briggs, in a letter to 
Archbiſhop Uſher, he is called Naper, lord of Markinfton: In Wright's tranſlatioh of the logarithms 
which was reviſed by the author himſelf, and publiſhed in 1616, he is called Nepair, baron of March; he 
and the ſame by Crawfurd and ſome others. But M*Kenzy and others write it Napier, baron of . 


' ſon ; which, being alſo the now uſed by the family, I ſhall adopt in this work. I obſerve 


alſo that the Scotch Compendium of Honour ſays he was only Sir John Napier ; and that his ſon and 
heir, Archibald, was the firſt lord, being raiſed to that dignity in 1626. Be this however as it may, 
eee conform to the common modes of expreſſion, and call him indifferently baron Napier or lord 
Navwer, | 
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parts which ſhall be continually in the fame proportion with the reſpective re- 
mainders of that line which had before been Jeft : then are the ſeveral lengths 
of the firſt line the logarithms of the correſponding parts of the latter. 
Which deſcription of them is ſimilar to this, that the logarithms are a ſeries of 
quantities or numbers in arithmetical progreſſion, adapted to. another. ſeries in 
geometrical progreſſion. The firſt or whole length of the line, which is dimi- 
niſhed in geometrical progreſſion, he makes the radius of a circle, and its loga- 
rithm o or nothing, repreſenting the beginning of the firſt or arithmetical line; and 
the ſeveral proportional remainders of the geometrical line, are the natural fines 
of all the other parts of the quadrant decreaſing down to nothing, while: the ſucceſ- 
ſive increaſing values of the arithmetical line, are the correſponding logarithms 
of thoſe decreaſing fines ; ſo that, while the natural fines decreaſe from radius to 
nothing, their logarithms increaſe from nothing to infinite, Napier made the 
logarithm of radius to be o, that he might ſave the trouble of adding and ſub- 
tracting it in trigonometrical proportions, in which it ſo frequently occurred; and 
he made the logarithms of the fines, from the entire quadrant down to o, to in- 
creaſe, that they might be poſitive, and ſo in his opinion the eaſier to manage, the 
ſines being of more frequent uſe than the tangents and ſecants, of which the whole 
of the latter, and half the former, would in his way be of a different affection from 
the fines : for it is evident that the logarithms of all the ſecants of the quadrant, 
and of all the tangents above 455, or the halt-quadrant, would be negative, being 
the logarithms of numbers greater than the radius whole logarithm is made equal 
to © or nothing, 

As to the contents of Napier's table, it conſiſts of the natural fines and their lo- 
garithms, for every minute of the quadrant. Like moſt other tables, the arcs are 
continued to 45 degrees from top to bottom, on theleft-hand fide of the pages ; and 
then returned backwards from bottom to top, on the right-hand fide of the pages : 
ſo that the arcs and their complements, with the fines, natural and logarith- 
mic, ſtand on the ſame line of the page, in fix columns; and in another co- 
lumn, in the middleof the page, are —.— the differences between the logarithmic 
ſines and coſines, on the ſame lines, and in the adjacent columns on the right and 
left; thus making in all ſeven columns in each page. Of theſe columns, the firſt 
and ſeventh contain the arc and its complement, in degrees and minutes; the ſe- 
cond and ſixth, the natural fine and coſine of each arc ; the third and fifth, the loga- 
rithmic ſine and coſine; and the fourth, or middle column, the difference 
between the logarithmic ſine and coſine which are in the third and fifth co- 
lumns. 


To elucidate the deſcription, the firſt page of the table is here inſerted. 


XXX > = © T: 4 
Gr. 0 4. — 12 ; 
min. | Sinus | Logarithmi | Differentia | Logarithmi|| Sinus | 
O o| Innnitum | Innnitum o ||10000000 | bo 
I 2909, 81425681 | 614256 1 |[[l0000000 | 59 
_2 | 5818] 74494213 | 74494211 2 || 9999999 58 
3 | 8727|| 70439560 | 70439560 4 || 9999996 | 57 
4 | 11636|| 67562746 | 67502739 7 || 9999993 | 50 
5 | 14544|| 65331315 | 65331304 11 || 9999989 | 55 
6 | 17453] 03508099 | 63508083 16 || 9999984 | 54 
7 | 20362] 61966595 | 61966573 22 || 9999980 | 53 
8 [23271 60631284 | 60631256 28 || 9999974 | 52 
9 | 2618c|| 59453453 | 59453418 35 || 9999907 | 5! 
10 2908858399857 | 58399814 43 || 9999959 | 50 
11 21997]! 57446759 | 57446707 52 || 9999950 | 49 
12 34900 56576046 | 50570584 02 || 9999940 2 
13378150 $5776222 [55776149 73 || 9999928 | 47 
14 40724 55035148 | 55035064 84 || 9999917 | 46 
15 | 43932|| 54345225 | 54345129 90 || 9999905 | 45 
16 465453699843 53099734 109 || 9999892 | 44 
17 Leasen 53093000 | 53093577 123 || 9999878 | 43_ 
18 | 52359|| 52522019 [52521881 138 || 9999863 | 42 
19 | 55268|| 51981356 | 51981202 154 || 9999547 | 41 
20 | 581771} 51465431 51468361 170 || 9999831 | 40 
21 3 50980537 | 50980450 187 || 9999813 | 39 
22 | 63995]| 50515342 | 50515137 205 || 9999795 | 38 
23 | 66G0al| 50070827 | 50070603 224 || 9999776 27 
24 | 69813]| 49945239 | 49644995 244 || 9999756.] 36 
25727210 49237030 | 49236765 265 || 9999736 | 35 
26 | 75630|| 48844826 | 48844539 287 || 9999714 | 34 
27 | 78539|| 48407431 | 48467122 309 || 9999692 | 33 
28 | 81448|| 48103763 | 48103431 332 || 9999668 | 32 
29 8435747282850 | 47752503 356 || 9999644 | 31 
30 | 872651] 47413852 | 47413471 | 381 || 9999619 | 30 
. min. 
Gr. o 


Beſides the columns which are actually contained in this table, as above ex- 
hibited and deſcribe, namely, the natural and logarithmic fines, and the diffe- 
rences of theſe, the ſame table is made to ſerve allo for the logarithmic tangents 
and ſecants of the whole quadrant, and for the logarithms of common numbers. 
For the fourth or middle column contains the logarithmic tangents, being equal 
to the differences between the logarithmic fines and cofines when the logarithm 
of radius is o, becauſe coſine : fine : : radius: tangent, that is, in logarithms, 
tangent =: ſine — coſine, Alſo the logarithmic fines made negative become 
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the logarithmic coſecants, and the logarithmic coſines made negative are the 
logarithmic ſecants; becauſe fine : radius: : radius: coſecant, and cofine : 
radius : : radius: ſecant; that is, in logarithms, coſecant = o - fine = — fine, 
and ſecant = o — coſine = — coſine. And to make it anſwer the purpoſe of 
a table of logarithms of common numbers, the author directs to proceed thus: 
A number being given, find that number in any table of natural fines, or tan- 
gents, or ſecants, and note the degrees and minutes in its are; then in his table 
find the correſponding logarithmic ſine, or tangent, or ſecant, to the ſame 
number of degrees and minutes; and it will be the required logarithm of the 
given number. 2 ; 3 

After his definitions and deſcription of logarithms, Napier explains his table, 
and illuſtrates the precepts with examples, ſhewing how to take out the loga- 
rithms of ſines, tangents, ſecants, and of common numbers; as alſo how to add 
and ſubtract logarithms, He then proceeds to teach the uſes of thoſe numbers; 
and firſt, in finding any of the terms of three or four proportionals, ſhewing how 
to multiply and divide, and to find powers and roots, by logarithms : 2dly, in 
trigonometry, both plane and ſpherical, but eſpecially the latter, in which he is 
very explicit, turning all the theorems for every caſe into logarithms, computing 
examples to each in numbers, and then enumerating a ſet of aſtronomical pro- 
blems of the ſphere which properly belong to each caſe. Napier here teaches 
alſo ſome new theorems in ſpherical trigonometry ; particularly that the tangent 
of half the baſe : tang. 4 ſum legs : : tang 4 dif. legs: tang. I the alternate baſe; 
and the general theorem for what are called his five circular parts, by which he 
condenſes into one rule, in two parts, the theorems for all the caſes of right- 
angled ſpherical triangles, which had been ſeparately demonſtrated by Pitiſcus, 
Lanſbergius, Copernicus, Regiomontanus, and others, 

The detcription and uſe of Napier's Canon being in the Latin language, they were 
tranſlated into Engliſh by Mr, Edward Wright, an ingenious mathematician, 
and inventor of the principles of what has commonly, though erroneouſly, been 
called Mercator's Sailing. He ſent the tranſlation to the author, at Edinburgh, 
to be reviſed by him before publication; who having carefully peruſed it, re- 
turned it with his approbation, and a few lines introduced beſides into the tranſla- 
tion. But, Mr. Wright dying ſoon after he received it back, it was after his death 
publiſhed, together with the tables, but each number to one figure leſs, in the year 
1616,accompanied with a dedication, by his ſon Samuel Wright, to the Eaſt India 
Company; as alſo a preface by Henry Briggs, of whom we ſhall preſently have occa- 
ſion to ſpeak more at large, on account of the great ſhare he bore in perfecting 
the logarithms. In this tranſlation Mr. Briggs gave alſo the deſcription and 
draught of a ſcale that had been invented by Mr. Wright, and ſeveral 
other methods of his own, for finding the proportional parts to interme- 
diate numbers, the logarithms having been only printed for ſuch numbers as 
were the natural fines of each minute. And the note which baron Napier in- 
ſerted in this Engliſh edition, and which was not in the original, was as fol- 
lows : „gut becauſe the addition and ſubtraction of theſe former numbers may 
&« ſeem ſomewhat painful, I intend (if it ſhall pleaſe God) in a ſecond edition 
te to ſet out ſuch logarithms as ſhall make thoſe numbers above written to fall upon 
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ce decimal numbers, ſuch as 100000000, 200000000, 300000000, &c. which are 
&« eaſie to be added or abated to or from any other nuraber.” This note had re- 
ference to the alteration of the ſcale of logarithms in ſuch manner, that 1 ſhould 


become the logarithm of the ratio of 10 to 1, inſtead of the number 2:3025851, 


which Napier had made that logarithm in his table; and which alteration had 
before been recommended to him by Briggs, as we ſhall ſee preſently. Napier 
alſo inſerted a ſimilar remark in his Rabdologia, which he printed at Edin- 
burgh in 1617. 1 
The following is the preface to Wright's book, which, as far as where it 
mentions the change from the Latin into Engliſh, is a literal tranſlation of the pre- 
face to Napier's original; but what follows that, is added by Napier himſelf: 
and 1 willingly inſert it here, as it contains a declaration of the motives which, 
led to this diſcovery, and as the book itſelf is very ſcarce. ** Seeing there 1s 
nothing (right well-beloved ſtudents in the mathematics) that is ſo troubleſome 
to mathemaricall practiſe, nor that doth more moleſt and hinder calculators, 
than the multiplications, diviſions, ſquare and cubical extractions of great 
numbers, which, beſides the tedious expence of time, are for the moſt part ſub- 
je& to many ſlippery errors; J began therefore to conſider in my minde, by 
what certaine and ready art I might remove thoſe hindrances. And having 
thought upon many things to this purpoſe, I found at length ſome excellent 
briefe rules to be treated of (perhaps) hereafter. But amongſt all, none more 
profitable than this, which together with the hard and tedious multiplications, 
diviſions, and extractions of rootes, doth alſo caſt away from the worke it ſelfe, 
even the very numbers themſelves that are to be multiplied, divided, and re- 
ſolved into rootes, and putteth other numbers in their place, which performe as 
much as they can do, onely by addition and ſubtraction, diviſion by two, or 
diviſion by three ; which ſecret invention, being (as all other good things are) 
ſo much the better as it ſhall be the more common, I thought good heretofore 
to ſet forth in Latine, for the publique uſe of mathematicians. But now ſome 
of our countrymen in this Iſland, well affected to theſe ſtudies, and the more 
publique good, procured a moſt learned mathematician to tranſlate the ſame 
into our vulgar Engliſh tongue; who, after he had finiſhed it, ſent the coppy of 
it to me, to bee ſeene and conſidered on by myſelf, I having moſt willingly 
and gladly done the ſame, finde it to bee moſt exact and preciſely conformable 
to my minde and the originall. Therefore it may pleaſe you, who are inclined 
to theſe ſtudies, to receive it from me and the Tranſlator, with as much good 
will as we recommend it unto you. Fare yee well.” 
There are alſo extant copies of Wright's * tranſlation, with the date 1618 in the 
title: 
* Of this ingenious man I ſhall here inſert in a note the following memoirs, as they have been 
tranſlated from a Latin piece taken out of the annals of Gonvile and Caius College in Cambridge, 
via. This year (1615) died at London Edward Wright of Garveſton in Norfolk, formerly a fel. 
low of this college ; a man reſpected by all for the integrity and ſimplicity of his manners, and alſo 
famous for his {kill in the mathematical ſciences : inſomuch that he was deſervedly ſtiled a moſt ex- 
cellent mathematician by Richard Hackluyt, the author of an original treatiſe of our Engliſh naviga- 
tions. What knowledge he had acquired in the ſcience of mechanics, and how uſefully he employed 


that knowledge to the public as well as private advantage, abundantly appear both from the writings 
be publiſhed, and from the mauy mechanical operations {till extant, which are ſanding monuments — 
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title; but this is not properly a new edition, but only the old work with a new 
title page adapted to it (the old one being cancelled), together with the addition 
of ſixteen pages of new matter, called « An Appendix to the Logarithms, 
ſhewing the practice of the calculation of triangles, and allo a new and ready 
way for the exact finding out of ſuch lines and logarithms as are not preciſely 
to be found in the canons.” But we are not told by what author; probably it 
was by Briggs. 5 ' 

Beſides the trouble attending Napier's canon, in finding the proportional parts, 
when uſed as a table of the logarithms of common numbers, and which was in 
part remedied by the fore-mentioned contrivances of Wright and Briggs, it was 
alſo accompanied with another inconvenience, which aroſe from the logarithms 
being ſometimes + or additive, and ſometimes — or negative, and which re- 
quired therefore the knowledge of algebraic addition and ſubtraction. And this 
inconvenience was occaſioned partly by making the logarithm of radius to be o, 
and the ſines to decreaſe; and partly by the compendious manner in which the 
author had formed the table, making the three columns of fines, coſines, and 
tangents, to ſerve alſo for the other three of coſecants, ſecants, and cotangents. 

But this latter inconvenience was well remedied by John Speidell in his Netw 
Logarithms, firſt publiſhed in 1619, which contained all the fix columns, and in 


— — 


his great induſtry and I, He was the firſt undertaker of that difficult but uſeful work, bY 
which a little river is brought from the town of Ware, in a new canal, to ſupply the city of London 
with water; but by the tricks of others he was hindered from completing the work he had begun. 
He was excellent both in contrivance aud execution; nor was he inferior to the moſt ingenious me- 
chanic in the making of inſtruments, either of braſs or any other matter. To his invention is owing 
whatever advantage Hondius's geographical charts have above others; for it was our Wright that 
taught Jodocus Hondius the method of conſtructing them, which was till then unknown: but the 
ungrateful Hondius concealed the name of the true author, and arrogated the glory of the invention 
to Timſell, Of this fraudulent practice the good man could not help complaining, and juſtly enough, 
in the preface to his treatiſe of the Correction of Errors in the Art of Navigation; which he com- 

oſed with excellent judgment, and after long experience, to the great advancement of naval affairs. 
For the improvement of this art he was appointed Mathematical Lecturer by the Eaſt India Company, 
and read lectures in the houſe of that worthy knight Sir Thomas Smith, for which he had a = 
ſalary of 50 pounds, This office he diſcharged with great reputation, and much to the ſatisfaction 
of his hearers. He publiſhed in _—_—_ a book on the doctrine of the ſphere, and another concer- 
ning the conſtruction of ſun-dials. He alſo prefixed an ingenious preface to the learned Gilbert's 
book on the load-ſtone. By theſe, and other his writings, he has tranſmitted his fame to lateſt polte- 
rity. While he was yet a fellow of this college, he could not be concealed in his private ſtudy, but 
was called forth to the public buſineſs of the kingdom, by the queen's majeſty, about the year 1 93. 
He was ordered to attend the earl of Cumberland in ſome maritime expeditions, One of theſe he 
has given a faithful account of, in the way of a journal or ephemeris, to which he has prefixed an ele- 
gant hydrographical chart of his own contrivance. A little before his death he employed himſelf 
about an Engliſh tranſlation of the Book of Logarithms, then lately found out by the honourable baron 
Napier, a Scotchman, who had a great affection for him. This poſthumous work of his was pub- 


liſhed ſoon after, by his only ſon Samuel Wright, who was alſo a ſcholar of this college. He had 


formed many other uſeful deſigus, but was hindered by death from bringing them to perfection. Of 
him it may be truly ſaid, that he ſtudied more to ſerve the public than himſelf ; and though he wes 
rich in fame, and in the promiſes of the great, yet he died poor, to the ſcandal of an ungrateful age.“ 

Other anecdotes of him, as well as of many other mathematical authors, may be Hund in the curious 


hiſtory of navigation, by Dr, James Wilſon, prefixed to Mr. Robertſon's excellent treatiſe on that 
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this order ſines, coſines, tangents, cotangents, ſecants, coſecants : and they 
were beſides made all poſitive, by being taken the arithmetical complements of 
Napier's, that is, they were the remainders left by ſubtracting each of theſe latter 
from 10,000,000. And the former inconvenience was more effectually removed, 
by the ſaid Speidell, in an additional table, given in the fixth impreſſion of the 
former work, in the year 1624. This was a table of Napier's logarithms for the 
round or integer numbers 1, 2, 3, 4, 5, &c, to 1000, together with their 
differences and arithmetical complements ; as alſo the halves of the ſaid logarithms, 
with their differences and arithmetical complements; which halves conſequently 
' were the logarithms of the ſquare roots of the ſaid numbers. Theſe logarithms 
are however a little varied in their form from Napier's, namely, ſo as to increaſe 
from 1, whole logarithm 1s o, inſtead of decreaſing 1% 1, or radius, whoſe loga- 
rithm Napier made o likewiſe ; that is, Speidell's logarithm of any number e u, 
is equal to Napier's logarithm of its reciprocal : ſo that in this laſt table of 
Speidell, the logarithm of 1 being o, the logarithm of 10 is 2,302,584 ; the 
logarithm of 100 is twice as much, or 4,605,168 ; and that of 1000 thrice as 
much, or 6,907,7 53+ 

This table is now commonly called hyberbolic logarithms, becauſe the num- 
bers expreſs the areas between the aſymptote and curve of the hyperbola, thoſe 
areas being limited by ordinates parallel to the other aſymptote, the ordinates 
decreaſing in geometrical progreſſion. But this 1s an improper method of de- 
nominating them, as ſuch areas may be made to denote any ſyſtem of logarithms 
whatever, as we ſhall ſhew more at large in the proper place. 

In the year 1619, Robert Napier, fon of the inventor of logarithms, pub- 
liſhed a new edition of his late father's Logarithmerum Canonis Deſcriptio, together 
with the promiſed Logarithmorum Canenis Conſtructio, and other miſcellaneous 
pieces written by his father and Mr. Briggs.—Alſo one Bartholomew Vincent, 
a bookſeller at Lugdunum, or Lyons, in France, printed there an exact copy 
of the ſame two works in one volume, in the year 1020; which was four years 
before the logarithms were carried to France by Wingate, wh ow as therefore 
erroneouſly ſaid to have firſt introduced them into that country. But I ſhall 
treat more particularly of the contents of this work after J have enumerated 
the other writers on this ſort of logarithms. 

In 1618 or 1619, Benjamin Urſinus, mathematician to the Elector of Bran- 
denburg, publiſhed, at Cologn, his Cur/us Mathematicus, in which is contained 
a copy of Napier's logarithms, with the addition of ſome tables of proportional 
parts. And in 1624 he printed, at the ſame place, his Trigonometria, with a 
table of natural fines and their logarithms, of the Napierian kind and form, to 
every ten ſeconds in the quadrant ; which he had been at much pains in 
Computing. 

In the fame year, 1624, logarithms of nearly the ſame kind were alſo pub- 
liſhed at Marpurg, by the tamous John Kepler, mathematician to the Em- 
peror Ferdinand the Second, under the title of Chilias Logarithmarum ad totidem 
Numercs Rotundos; præmiſſd Demonſtratione legitimg Ortis Logarithmorum, eortim= 
gue Ujus, Sc. and, the year following, a ſupplement to the ſame ; being applied 
to round or integer numbers, and to ſuch natural fines as nearly coincide with 
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them. Theſe are exactly the ſame ſort of logarithms as Napier's, being the 
ſame logarithms of the natural fines of arcs beginning from the quadrant, whoſe 
fine or radius is 10,000,000, the logarithm of which is made o; and from thence 
the ſines decreaſing by equal differences down to o, or the beginning of the 
quadrant, whilft their logarithms increafe to infinity: ſo that the difference 
between this table and Napier's conſiſts only in this, namely, that in Napier's 
table the arc of the quadrant is divided into equal parts, differing by one mi- 
nute each, and conſequently their fines, to which the logarithms are adapted, 
are irrational or interminate numbers, and only expreſſed by approximate deci- 
mals ; whereas, in Kepler's table, the radius is divided into equal parts, which 
are conſidered as perfect and terminate fines, having equal differences, and to 
which terminate fines the logarithms are here adapted. By this means indeed 
the proportions for intermediate numbers and logarithms are eaſier made; but 
then the correſponding arcs are not terminate, but irrational, and only ſet down 
to an approximate degree: ſo that Kepler's table is more convenient as a 
table of the logarithms of common numbers, and Napier's as the logarithmic 
ſines of the arcs of the quadrant. In both tables the logarithm of the ratio of 
10 to 1 15 the ſame quantity, namely, 23,025,852; and as the radius, or greateſt 
ſine, is 10,000,000, whole logarithm is made o, the logarithms of the decuple 
parts of it will be found by adding 23,025,852 continually, or multiplying this 
logarithm by 2, 3, 4, &c. and hence the logarithm of 1, the firſt number, or 
ſmalleſt fine, in the table, is 161,180,959, or 7 times 2302, &c. 

Beſides the two columns of the natural fines and their logarithms, with the 
differences of the logarithms, this table of Kepler conſiſts alſo of three other 
columns; the firſt of which contains the — ares belonging to thoſe ſines, 
expreſſed in degrees, minutes, and ſeconds; and the other two expreſs what 
parts of the radius Each fine is equal to, namely, the one of them in 24th parts 
of the radius, and minutes and ſeconds of them ; and the other in 6oth parts 
of the radius, and minutes of them. As a ſpecimen I have here extracted the 
laſt page of the table, printed exactly as in the work. 
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|  ArRcus | SINus, | Partes vice- |LOGARITHM1 | Partes 
| irculi, cum | ſeu numer | ſime-quartz. [cumdifferentiis|{exagena- 
| differentiis. | abfoluti. riæ 
| 119. 34 101.5 8 — — 
1 80. 3. 46 98500.00 23. 38. 24] 1511.36 + 59. 6 
ö | 20. 12 101.47 
| { $0. 23. 58| 98600. o0 [23. 39. 500 1409.89 +| 59. 10 
| L——20. 53 — 10137 — 
80. 44. 51 98700. 00 23. 41. 17] 1308.52 +| 59. 13 
| 21. 42 10 1.2 6 
5 181. 6. 33 98800. 00 23. 42. 43] 1207.26 59. 17 
22. 53 101.17 — 
81. 29. 26 98900. o 23. 44. 100 1106.09 ＋ 59. 20 
24% © 101,00 
81. 53. 32| 99000.00|23. 45. 36] 1005.03 + | 59. 24 
| 2 5 6 I 00.96 —̃̃ ä —— 
82. 18. 38 99100. 00 [23. 47. 2| 904.07 ＋ 59. 28 
6 28 | . 100.85; 
82. 45. 6 | 99200.00|23- 48. 29] 803.22 +| 59. 31 
Fr 3 100. 7 6 1 —— 
83. 13. © 99300. 00 23. 49. 55 702.46 59. 35 
30. 20 | | 100.65 
83. 43. 20| 99400.00|23. 51. 22| 601.81 59. 38| 
—32. 40 100.56 — 
84. 16. © | 99500.00 |23. 52. 48 501.25 +| 5g. 43 
36. 30 100445 
84. 52. 30 99600.00|23. 54. 14| 400.80 59. 46 
ſ———4 1. 9 | 100.35 — "x 
85. 33. 39| 99700.00|23. 55. 4l| 300.45 59. 49 bY 
48. 54 100. 2 5 1 
86. 22. 33} 99800. 0 23. 57. 7 200. 20 59. 53 
—1. 3. 42 100. 1 5 | .2 
87. 26. 15 99900.00 z 3. 58. 344 100.05 59. 56 9 
4 100. o 5 1 
g0. o .o 100000.00[24 0. o[200000.00 bo. o 


To the table Kepler prefixes a pretty conſiderable tract, containing the con- 
ſtruction of the logarithms, and a demonſtration of cheir properties and ſtruc- 
ture, in which he conſiders logarithms, in the true and legitimate way, as the 
meaſures of ratios ; as ſhall be ſhewn more particularly hereatter, in the next part, 
where I ſhall treat of the conſtruction of Jogarithms. 

Kepler alſo introduced the logarithmic calculus into his Rudolphine tables, 
publiſhed in 1627, and inſerted in that work ſeveral logarithmic tables; as, firſt, 
a table ſimilar to that above detcribed, except that the ſecond, or column of : 
ſines, or of abſolute numbers, is omitted, and inſtead of it another column is i 
added, ſhewing what part of the quadrant each arc is equal to, namely the 1 
quotient, expreſſed in integers and ſexageſimal parts, ariſing from the dividing 
the whole quadrant by each given arc; 2dly, Napier's table of logarithmic fines 
to every minute of the quadrant; alſo two other ſmaller tables adapted for the 
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purpoſes of eclipſes and the latitudes of the planets. In this work alſo Kepler 
gives a ſummary account of logarithms, with the deſcription and uſe of thoſe 
that are contained in theſe tables : and here it is that he mentions Juſtus Byr- 
gius, as having had logarithms before Napier publiſhed them. 

Beſides the above, ſome few others publiſhed logarithms of the fame ſort 
about this time.—But let us now return to treat of the hiſtory of the common 
or Briggs's logarithms, ſo called becauſe he firſt computed them, and firſt men- 
tioned them, and recommended them to Napier, inſtead of the firſt fort by him 
invented. 

Mr. Henry Briggs, not leſs eſteemed for his great probity and other eminent 
virtues than for his excellent ſkill in mathematics, was, at the time of the 

ublication of Napier's logarithms, in 1614, profeſſor of geometry in Greſham 
college in London, having been appointed the firſt profeſſor after its inſtitution ; 
which appointment he held till January 1620, when he was choſen alſo the 
firſt Savilian profeſſor of geometry at Oxford, where he died January the 26th, 
1632, aged about 74 years. 

On the publication of Napier's logarithms, Briggs immediately applied him- 
ſelf to the ſtudy and improvement of them. In a letter to Mr. (afterwards 
archbiſhop) Uſher, dated the 1oth of March 1615, he writes “ that he was 
wholly taken up and employed about the noble invention of logarithms lately 
diſcovered:” and again, . Napier, lord of Markinſton, hath ſet my head and 
hands at work with his new and admirable logarithms; I hope to ſee him this 
ſummer, if it pleaſe God; for I never ſaw a book which pleaſed me better, 
and made me more wonder.” Thus we find that Briggs began very early 
to compute logarithms : but theſe were not of the ſame kind with Napier's, in 
which the logarithm of the ratio of 10 to 1 was 2:302,585,1, &c; for in Briggs's 
firſt attempt he made 1 the logarithm of that ratio ; and, from the evidence we 
have, he appears to be the firſt perſon who formed the idea of this change in 
the ſcale, which he preſently and generouſly communicated both to the public 
in his lectures, and to lord Napier himſelf, who afterwards ſaid that he alſo 
had thought of the ſame thing; as appears by the following extract, tranſlated 
from the preface to Briggs's Arithmetica Logarithmica : * Wonder not (ſays 
he) that theſe logarithms are different from thofe which the excellent baron of 
Marchifton publiſhed in his Admirable Canon. For when I explained the doc- 
trine of them to my auditors at Greſham College in London, I remarked that 
it would be much more convenient, the logarithm of the fine total or radius 
being o (as 1n the Canon Mirificus), if the logarithm of the 10th part of the 
ſaid radius, namely of 5 44 21”, were 100000 &c. and concerning this I 

reſently wrote to the author; alſo as ſoon as the ſeaſon of the year, and my 
public teaching, would permit, I went to Edinburgh, where being kindly re- 
ceived by him, I ſtaid a whole month. But when we began to converſe about 
the alteration of them, he ſaid that he had formerly thought of it, and withed 
it; but that he choſe to publiſh thoſe that were already done, till ſuch time 
as his leiſure and health would permit him to make others more convenient. 
And as to the nature of the change, he thought it more expedient that o ſhould 
be made the logarithm of 1, and 100090, &c, the logarithm of radius, which 
I could 
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I could not but acknowledge was much better. Therefore rejecting thoſe 
which I had before prepared, I proceeded at his exhortation to calculate theſe; 
and the next ſummer | went again to Edinburgh, to ſhew him the principal of 
them ; and ſhould have been glad to do the ſame the third ſummer, if it had 
pleaſed God to ſpare him ſo long.“ 

So that it is plain that Briggs was the inventor of the preſent ſcale of loga- 
rithms, in which 1 is the logarithm of the ratio of 10 to 1, and 2 that of 100 
to 1, &c. and that the ſhare which Napier had in them was only adviſing Briggs 
to begin at the loweſt number 1, and make the logarithms, or artificial num- 
bers, as Napier had alſo called them, 10 increaſe with the natural numbers 
inſtead of decreaſing ; which made no alteration in the figures that expreſſed 
Briggs's logarithms, but only in their affection or ſigns, changing them from ne- 
gative to poſitive; fo that Briggs's firſt logarithms to the E 
numbers in the ſecond column of the annexed tablet, would B Num. N 
have been as in the firſt column; but, after they were 
changed, as they are here in the third column ; which is a n| 10 |—- 7 
change of no eſſential difference, as the logarithm of the 3 | 'o001 | 3 
2 
1 


ratio of 10 to 1, the radix of the natural ſyſtem of numbers, 01 |—- 2 
continues the fame, a change in the logarithm of that ratio | 
being the only circumſtance that can effentially alter the 64:2 o 
ſyſtem of logarithms, the logarithm of 1 being o. And [- 1| 10 I 
the reaſon why Briggs, after that interview, rejected what — 2 | 100 | 2 
he had before done, and began anew, was probably becauſe - 3 1000 3 
he had adapted his new logarithms to the approximate 
fines of arcs, inſtead of the round or integer numbers; and [- * 10" | »n 
not from their being logarithms of another ſyſtem, as were 
thoſe of Napier. 

On Briggs's return from Edinburgh to London the ſecond time, namely in 
1617, he printed the firſt thouſand logarithms, to eight places of figures beſides 
the index, under the title of Logarithmorum Chilias Prima, But theſe ſeem not 
to have been publiſhed till after the death of Napier, which happened on 
the third of April 1618, as before faid; for in the preface to them Briggs 
ſays, ** why thele logarithms differ from thoſe ſet forth by their moſt illuſtrious 
inventor, of ever reſpectful memory, in his Canon Mirificus, 1T Is TO BE HOPED 
his poſthumous work will ſhortly make appear.” And as Napier, after com- 
munication had with Briggs on the ſubject of altering the ſcale of logarithms, 
had given notice, both in Wright's tranſlation and in his own Rabdologia, 
printed in 1617, of his intention to alter the ſcale (though it appears very 
plainly that he never intended to compute any more), without making any 
mention of the ſhare which Briggs had in the alteration, this gentleman modeſtly 
gave the above hint. But not finding any regard paid to it in the ſaid poſt- 
humous work, publiſhed by lord Napier's fon in 1619, where the alteration is 
again adverted to, but ſtill without any mention of Briggs; this gentleman 
thought he could not do leſs than ſtate the grounds of that alteration himſelf, 
as they are above extracted from his work publiſhed in 1624. 

Thus, upon the whole matter, it ſeems evidentthat Mr, Briggs, whether 
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he had thought of this improvement iri the conſtruction of logarithms, of 
making 1 the logarithm of the ratio of 10 to 1, before lord Napier, or not, 
(which is a ſecret that could be known only to Napier himſelf), was the firſt 

rſon who communicated the idea of ſuch an improvement to the world; 
and that he did this in his lectures to his auditors at Greſham College, in the 
year 1615, very ſoon after his peruſal of Napier's Canon Miriſicus Logarithmorun 
in the year 1614. He alſo mentioned it to Napier, both by letter in the fame 
year, and on his firſt viſit to him in Scotland in the ſummer of the year 1616; 
when Napier approved the idea, and ſaid it had already occurred to himſelt, 
and that he had determined to adopt it. It would therefore have been more 
candid in lord Napier to have told the world, in the ſecond edition of this book, 
that Mr. Briggs had mentioned this improvement to him, and that he had 
thereby been confirmed in the reſolution he had already taken, before Mr. 
Briggs's communication with him, to adopt it in that his ſecond edition, as being 
better fitted to the decimal notation of arithmetic which was in general uſe. 
Such a declaration would have been but a piece of juſtice to Mr. Briggs; and 
the not having made it, cannot but incline us to ſuſpect that lord Napier was 
deſirous that the world ſhould aſcribe to him alone the merit of this very uſeful 
improvement of the logarithms, as well as that of having originally invented 
them; though, if the having firſt communicated an invention to the world be 
ſufficient to entitle a man to the honour of having firſt invented it, Mr. Briggs 
had the better title to be called the firſt inventor of this happy improvement of 
logarithms. 

In 1620, two years after the Chilias Prima of Briggs came out, Mr. Edmund 
Gunter publiſhed his Canon of Triangles, which contains the artificial or loga- 
rithmetic fines and tangents, for every minute, to ſeven places of figures, 
beſides the index, the logarithm of radius being 100 &c. Theſe logarithms 
are of the kind laſt agreed upon by Napier and Briggs, and they were the 
firſt tables of logarithmic fines and tangents that were publiſhed of this fort. 
Gunter alſo in 1623 reprinted the fame in his book De Se&ore et Radio, together 
with the Chilias Prima of his old colleague Mr. Briggs, he being profeſſor of 
Aſtronomy at Greſham College when Briggs was profeſſor of Geometry there; 
Gunter having been elected to that office the 6th of March 1619, and enjoyed 
it till his death, which happened on the 1oth of December 1626, about the 
forty-fifth year of his age. In 1623 alſo Gunter applied theſe logarithms of 
numbers, fines, and tangents, to ſtraight lines drawn on a ruler ; with which 
proportions in common numbers and trigonometry were reſolved by the mere 
application of a pair of compaſſes; a method founded on this property, that 
the logarithms of the terms of equal ratios are equidifferent. This inſtrument, 
in the form of a two-foot ſcale, is now in common ule for navigation and other 
purpoſes, and is commonly called the Gunter. He alſo greatly improved the 
ſector for the ſame uſes. Gunter was the firſt who uſed the word co-fine for the 
fine of the complement of an arc. He alſo introduced the uſe of arithmetical 
complements into the logarithmical arithmetic, as is witneſſed by Briggs, 


chap. xv. Arith, Log. And it has been ſaid that he ſtarted the idea of the 
logarithmic 
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logarithmic curve, which was ſo called becauſe the ſegments of its axis are the 
logarithms of the correſponding ordinates. 

The logarithmic lines were afterwards drawn in various other ways. In 1627 
they were drawn by Wingate, on two ſeparate rulers, ſliding againſt each 
other, to ſave the uſe of compaſſes in reſolving proportions. They were alſo 
in 1627 applied to concentric circles, by Oughtred. Then in a ſpiral form by 
a Mr. Milburne of Yorkſhire, about the year 1650. And laſtly, in 1657, on 
the preſent ſliding rule, by Seth Partridge. 

The diſcoveries relating to logarithms were carried to France by Mr. Ed- 
mund Wingate; but not firſt of all, as he erroneouſly ſays in the preface ro his 
book. He publiſhed at Paris, in 1624, two ſmall tracts in the French lan- 
guage; and afterwards at Lendon, in 1626, an Engliſh edition of the ſame, 
with improvements. In the firſt of theſe he teaches the uſe of Gunter's ruler ; 
and in the other that of Briggs's logarithms, and the artificial fines and tan- 
gents. Here are contained alſo tables of thoſe logarithms, fines, and tan- 
gents, copied from Gunter. The edition of theſe logarithms printed at London 
in 1635, and the former editions alſo I ſuppoſe, have the units figures diſpoſed 
along the tops of the columns, and the tens down the margins, like our tables 
at preſent ; but the whole logarithm, which was only to fix places of figures, 
in the angle of meeting: which is the firſt inſtance that 1 have ſeen of this 
mode of arrangement. 

But proceed we now to the larger ſtructure of logarithms, 

Briggs had continued, from the beginning, to labour with great induſtry at 
the computation of thoſe logarithms of which he before publiſhed a ſhort ſpe- 
cimen in ſmall numbers: and in 1624 he produced his Arithmetica Logarith- 
mica, a ſtupendous work for ſo ſhort a time! containing the logarithms of 30000 
natural numbers, to fourteen places of figures beſides the index, namely from 
1 to 20000, and from goooo to 100000 ; together with the differences of the 
logarithms. Some writers ſay that there was another chi/iad, namely from 
100000 to 101000; but none of the copies that I have ſeen have more than 
the 30000 above mentioned, and they were all regularly terminated in the 
uſual way with the word Finis. The preface to theſe logarithms contains, 
among other things, an account of the alteration made in the ſcale by Napier 
and himſelf, from which we before gave an extract; and an earneſt ſolicitation 
to others to undertake the computation for the intermediate numbers, offering 
to give inſtructions, and paper ready ruled for that purpoſe, to any perſons 10 
inclined to contribute to the completion of ſo valuable a work. In the intro- 
duction he gives alſo an ample treatiſe on the conſtruction and uſes of theſe 
logarithms, which will be particularly deſcribed hereafter. By this invita- 
tion, and other means, he had hopes of collecting materials for the logarithms 
of the intermediate 70000 numbers, whilſt he ſhould employ his own labour more 
immediately upon the canon of logarithmic fines and tangents, and fo carry 
on both works at once; as indeed they were both equally neceſſary, anfl he 
himſelf was now pretty far advanced in years. 

Soon after this Adrian Vlacq, or Flack, of Gouda in Holland, completed 
the intermediate ſeventy chiliads, and republiſhed the Arithmetica Logarithmica 
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at that place, in 1627 and 1628, with thoſe intermediate numbers, making in 
the whole the logarithms of all numbers to 10000, but only to ten places of 
figures. To theſe was added a table of artificial fines, tangents, and ſecants, 
to every minute of the quadrant. EY 

Briggs himſelf lived alſo to complete a table of logarithmic fines and tan- 
gents for the hundredth part of every degree, to fourteen places of figures 
beſides the index; together with a table of natural ſines for the ſame parts to 
fifteen places, and the tangents and ſecants for the ſame to ten places; with the 
conſtruction of the whole. Theſe tables were printed at Geda, under the care 
of Adrian Vlacq, and moſtly finiſhed off before 1631, though not publiſhed 
till 1633. But his death, which then happened, prevented him from com- 
pleting the application and uſes of them. However, the performing of this 
office, when dying, he recommended to his friend Henry Gellibrand, who was 
then Profeſſor of Aſtronomy in Greſham College, having ſucceeded Mr. Gunter 
in that appointment. Gellibrand accordingly added a preface, and the applica- 
tion of the logarithms to plane and ſpherical trigonometry, &c. and the whole 
was printed at Gouda, by the ſame printer, and brought out in the ſame year, 
1633, as the Trigonometria Artificialis of Vlacq, who had the care of the preſs, 
as aboveſaid. T. is work was called Trigonometria Britannica; and beſides the 
arcs in degrees, and centeſms of degrees, it has another column containing the 
minutes and ſeconds, anſwering to the ſeveral centeſuls in the firlt column. 

In 1633, as mentioned above, Vlacq printed, at Gouda in Holland, his 
Trigonometria Artificialis, five Magnus Canon Triangulorum Logarithmicus ad De- 
cadas Secundorum Scrupulorum conſtructus. This work contains the logarithmic 
ſines and tangents to 10 places of figures, with their differences, for every 10 
ſeconds in the quadrant, To them is alſo added Briggs's table of the firſt 
20000 logarithms, but carried only to 10 places of figures beſides the index, 
with their differences. The whole is preceded by a deſcription of the tables, 
and the application of them to plane and ſpherical trigonometry, chiefly ex- 
tracted from Briggs's Trigonometria Britannica, mentioned above. 

Gellibrand publiſhed alſo, in 1635, An Inflitution Trigonometricall, contain- 
ing the logarithms of the firſt 10000 numbers, with the natural fines, tangents, 
and ſecants, and the logarithmic fines and tangents, for degrees and minutes, 
all to ſeven places of figures, beſides the index ; as alſo other tables proper for 
navigation; with the uſes of the whole. Gellibrand died the gth of February 
1636, in the 4oth year of his age, to the great loſs of the mathematical 


. world. 


Beſides the perſons hitherto mentioned, who were moſtly computers of lo- 
garithms, many others have alſo publiſhed tables of thoſe artificial numbers, 
more or leſs complete, and ſometimes improved and varied in the manner 
and form of them. I ſhall here juſt advert to a few of the principal. 

In 1626, D. Henrion publiſhed, at Paris, a treatiſe concerning Briggs's 
logarithms of common numbers from 1 to 20000, to eleven places of figures ; 
with the fines and tangents to eight places only, | 

In 1631 was printed at London, by one George Miller, a book containing 
Briggs's logarithms, with their differences, to ten places of figures, beſides the 

Vol. J. 8 index, 
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index, for all numbers to 100000 ; as alſo the logarithmic ſines, tangents, and 
ſecants for every minute of the quadrant z with the explanation and uſes in 
Engliſh. g 

The ſame year, 1631, Richard Norwood publiſhed his Trigorometrie ; in 
which we find Briggs's logarithms for all numbers to 10000, and for the lines, 
tangents, and ſecants to every minute, both to {even places, beſides the index.— 
In the concluſion of the trigonometry, he complains of the unfair practices of 
printing Vlacq's book in 1627 or 1622, and the book mentioned in the laſt 
article. His words arc, “ Now whereas I have here, and in ſundry places in 
this book, cited Mr. Briggs his Aritbmetica Logarithiaica (leſt I may ſeem to 
abuſe the reader), you are to underſtand not the book put forth about a month 
ſince in Englith, as a tranſlation of his, and with the lame title; being nothing 
like his, nor worthy his name; but the book which himſelf put forth with 
this title in Latin, being printed at Lendon, anno 1624. And here I have juſt 
occaſion to blame the ill dealing of theſe men, both in the matter betore- 
mentioned, and in printing a ſecond edition of his Arithmetica Legarithmica in 
Latin, whilſt be lived, againſt his mind and liking ; and brought them over 
to (ell when the firſt were unſold ; ſo fruſtrating thoſe additions which Mr. 
Miggs intended in his ſecond edition, and moreover leaving out ſome things 
nat were in the firſt edition of ſpecial moment. A practice of very ill con- 
lequence, and tending to the great diſparagement of ſuch as take pains in this 
kind.” | 

Francis Bonaventure Cavalerius publiſhed at Bologna, in 1632, his Direclo- 
rium Generale Uranometricum, in which are tables of Briggs's logarithms of fines, 
tangents, fecants, and verſed fines, each to eight places, for every ſecond of 
the firſt five minutes, for every five ſeconds from five to ten minutes, for every 
ten ſeconds from ten to twenty minutes, for every twenty ſeconds from twenty 
to thirty minutes, for every thirty ſeconds from 30“ to 1* 30, and for every 
minute in the ret of the quadrant ; which is the firlt table of logarithmic verſe 
lines that I know of. In this book are contained alſo the logarithms of the 
firſt ten chiliads of natural numbers, namely from 1 to 10000, diſpoſed in 
this manner, all the twenties at top, and from 1 to 19 on the ſide, the logarithm 
of the ſum being in the ſquare of meeting. In this work alſo I think Cava- 
lerius firſt gave the method of finding the area or ſpherical ſurface contained 
by various arcs delcribed on the ſurface of a ſphere. | 

Allo in the Trigorometria of the ſame author, printed in 1643, beſides the 
logarithms of numbers from 1 to 1000, to eight places, with their differences, 
we find both natural and logarithmic fines, tangents, and ſecants, the former 
to ſeven and the latter to eight places; namely, to every 10“ of the firſt 30 
minutes, to every 30“ from 3o' to 1*; and the fame for their complements, or 
backwards through the laſt degree of the quadrant; the intermediate 88 being 
to every minute only. | 

Mr. Nathaniel Roe, “ Paſtor of Benacre in Suffolke,” alſo reduced the loga- 
rithmic tables to a contracted form, in his Tabule Logarithmice, printed at 
London in 1633. Here we have Briggs's logarithms of numbers from 1 to 
100000, to eight places; the fifties placed at top, and from 1 to 50 on the 
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fide; alſo the firſt four figures of the logarithms at top, and the other four down 
the columns. They contain alſo the logarithmic fines and tangents to every 
1coth part of the ſeveral ſucceſſive degrees, to ten places. 

Ludovicus Frobenius publiſhed at Hamburgh, in 1634, his Clavis Univerſa 
Trigonometriæ, containing tables of Briggs's logarithms of numbers from 1 to 
2000 and of fines, tangents, and ſecants, for every minute; both to ſeven 

laces. 

, But the table of logarithms of common numbers was reduced to its moſt 
convenient form by John Newton, in his Trigonometria Britannica, printed at 
London in 1658, having availed himſelf of both the improvements of Win— 
gate and Roe, namely, uniting Wingate's diſpoſition of the natural numbers 
with Roe's contracted arrangement of the logarithms ; the numbers being all 
diſpoſed as in our beſt tables at preſent, namely, the units along the top of 
the page, and the tens down the left-hand fide; allo the firſt three figures of 
each logarithm in the firſt column, and the remaining five figures in the other 
columns, the logarithms being to eight places. This work contains alſo the 
logarithmic fines and tangents, to eight figures befides the index, for every 
100th part of a degree, with their differences, and for 1000th parts in the 
firſt three degrees.—In the preface to this work, Newton takes occaſion, as 
Wingate and Norwood had done before, as well as Briggs himſelf, to cenſure 
the unfair practices of ſome other publiſhers of logarithms, He ſays, < In the 
ſecond part of this inſtitution, thou art preſented with Mr. Gellibrand's Tri- 
gonometrie, faithfully tranflated from the Latin copy, that witch the author 
himſelf publiſhed under the title of Trigonometria Britannica, and not that 
which Vlacq the Dutchman ſtyles Trigonometria Artificiaiis, from whoſe corrupt 
and imperfect copy that ſeems to be tranſlated, which is amongſt us generally 
known by the name of Gellibrand's Trigonometry; but thoſe who either knew 
him, or have peruſed his writings, can teſtify that he was no admirer of the 
old ſexagenary way of working ; nay, that he did preferre the decimal way 
before it, as he hath abundantly teſtified in all the examples of this his Tri- 
gonometry, which differs from that other which Vlacq hath publiſhed, and 
that which hath hitherto borne his name in Engliſh, as in the form, ſo like- 
wiſe in the matter of it; for in the two laſt- mentioned editions there is ſome- 
thing left out in the ſecond chapter of plain triangles, the third chapter hol ly 
omitted, and a part of the third in the ſpherical, but in this edition nothing; 
ſomething we have added to both, by way of explanation and demonſtration.” 

In 1670, John Caramuel publiſhed his Matbęſis Nova, in which are con- 
tained 1000 logarithms both of Napier's and Briggs's form, as alſo 10900 of 
what he calls the Perfect Logarithms, namely, the ſame as thoſe which Briggs 
firſt thought of ; which differ from the laſt only in this, that the one increaſes 
while the other decreaſes ; the radix, or logarithm of the ratio of 10 to 1, being 
the ſame in both. 

The books of logarithms have fince become very numerous; but the loga- 
rithms are moſtly of that fort invented by Briggs, and which are now. in 
common uſe. Of theſe the moſt noted for their accuracy or uſefulneſs, beſides 
the works above mentioned, are Vlacq's ſmall yolume of tables, particularly 
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that edition printed at Lyons in 1670; alſo tables printed at the ſame place in 
1760 ; but moſt eſpecially the tables of Sherwin and Gardiner. Of theſe, 
Sherwin's Mathematical Tables in 8vo. form the moſt complete collection of 
any; containing, beſides the Jogarithms of all numbers to 101,000, the fines, 
tangents, ſecants, and verſed fines, both natural and logarithmic, to every 
minute of the quadrant. The firſt edition was in 1706; but the third edition, 
in 1742, which was reviſed by Gardiner, is eſteemed the moſt correct of any: 
as to the laſt or fifth edition, in 1771, it is fo erroneouſly printed, that no 
dependence can be placed in it, and it is the moſt inaccurate book of tables I 
ever knew; I have a liſt of ſeveral thouſand errors which I have corrected 
in it. 

Gardiner alſo printed at London, in 1742, a quarto volume of“ Tables 
of Logarithms, for all numbers from 1 to 102,100, and for the fines and tan- 
ents to every ten ſeconds of each degree in the quadrant ; as alſo, for the 
i;n.cs of the firſt 752 minutes to every ſingle ſecond : with other uſeful and ne- 
ceſlary tables ;” namely, a table of Logiſtical Logarithms, and three ſmaller 
tables to be uſed for finding the logarithms of numbers to twenty places of 
figures. Of theſe tables of Gardiner, only a ſmall number was printed, and 
that by ſubſcription ; and they are now in the higheſt eſtimation of any loga- 
rithms for their accuracy and uſefulneſs. 

An edition of Gardiner's collection was alſo elegantly printed at Avignon 
in France, in 1770, with ſome additions, namely, the fines and tangents for 
every ſingle ſecond in the firſt four degrees; and a ſmall table of hyperbolic 
logarithms, copicd from a treatiſe on Fluxions by the late ingenious Mr. Thomas 
Simpſon : but this is not quite ſo correct as Gardiner's own edition. "The tables 
in all theſe books are to ſeven places of figures. 

&« The logarithmic canon ſerves to find readily the logarithm of any aſſigned 
number; and we are told by Dr. Wallis, in the ſecond volume of his Mathe- 
matical Works, that an antilogarithmic canon, or one to find as readily the 
number correſponding to every logarithm, was begun he thinks by Mr. Harriot 
the algebraiſt (who died in 1621), and completed by Mr. Walter Warner, the 
editor ct Harriot's works, before 1640; which ingenious performance it ſeems. 
was loſt, for want of encouragement to publiſh it.“ 

& A ſmall ſpecimen of ſuch numbers was publiſhed in the Philoſophical. 
Tranſactions, for the year 1714, by Mr. Long of Oxford; but it was not 
till 1742 that a complete antilogarithmic canon was publiſhed, by Mr. James. 
Dodſon, wherein he has computed the numbers correſponding to every loga- 
rithm from 1 to 100,000, to 11 places of figures.” | 

Since the preceeding account was written, and whilſt it was in the preſs, there 


has been printed at Paris, “ Tables Portatives de Logarithmes, publices à 


Londres par Gardiner, &c. This work is moſt beautifully printed in a neat 
portable 8vo. volume, and contains all the tables in Gardiner's 4to. volume, 
with ſome additions and improvements ; but with what degree of accuracy 
remains yet to be determined. And on this, as well as ſeveral other occaſions, 
it is but juſtice to remark the extraordinary ſpirit and elegance with which the 
_— men and the artiſans of the French nation undertake and execute works 
of merit, 
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AVING deſcribed the ſeveral forts of logarithms, their riſe and inven- 

tion, their nature and properties, and given ſome account of the prin- 

cipal early cultivators of them, with the chief collections that have been 

publiſhed of ſuch tables; I proceed now to deliver a more particular account 

of the ideas and methods employed by each author, and the peculiar modes of 
conſtruction which they made uſe of. 

And firſt of the great inventor himſelf, lord Napier. 

Napier's Conſtruction of Logarithms. 

The inventor of logarithms did not adapt them to the ſeries of natural 
numbers 1, 2, 3, 4, 5, &c, as it was not his principal idea to extend them 
to all arithmetical operations whatever ; but he confined his labours to that cir- 
cumſtance which firſt ſuggeſted the neceſſity of the invention, and adapted his 
logarithms to the approximate numbers expreſſing. the natural fines of every 
minute in the quadrant, as they had been fer down by former writers on tri- 
gonometry. 

The ſame reſtricted idea was purſued through his method of conſtructing 
the logarithms. As the lines of the fines of all arcs. are parts of the radius 
or fine of the quadrant, therefore called the /inus totus or whole ſine, he con- 
ceived the line of the radius to be deſcribed, or run over, by a point moving 
along it in ſuch manner, that in equal portions of time it generated, or cut 
off, parts in a decreaſing geometrical progreſſion, leaving the ſeveral remaind- 
ers, or fines, in geometrical progreſſion alſo ; whilſt another point, in an in- 
definite line, deſcribed equal parts of it in the ſame equal portions Sines. Log. 
of time; ſo that the reſpective ſums of theſe, or the whole line A 
generated, were always the arithmeticals or logarithms of thoſe fines. I 4 
Thus, az is the given radius upon which all the ſines are to be | 
taken, and A &c the indefinite line containing the logarithms; ** +2 
theſe lines being each generated by the motion of a point, |, | 
beginning at A, a. Now at the end of the 1ſt, zd, zd, &c, : 
moments, or equal ſmall portions of time, let the moving points 4 
be found at the places marked 1, 2, 3, &c; then za, z1, z2, 5 *# 
23, &c, will be the ſeries of natural fines, and Ao (or o), Al, |. 
Az, Ag, &c, will be their logarithms ; ſuppoſing the point which & 
generates az to move every where with a velocity decreaſing in 
proportion to its diſtance from z, namely, its velocity in the points 
o, 1, 2, 3, &c, to be reſpettively as the diſtances zo, z1, 22, 2 5 
Z3, &c; whilſt the velocity of the point generating the logarithmic 
line A &c remains conſtantly the. ſame as at firſt in the point 
A or o. 
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Hitherto the author had not fully limited his ſyſtem or ſcale of logarithms, 
having only ſuppoſed one condition or limitation, namely, that the logarithm 
of the radius az ſhould be o. But two independent conditions, no matter what 
they are, were neceſſary to limit the ſcale, or ſyſtem, of logarithms. It did not 
occur to him, that it was proper to form the other limit by afixing ſome par- 
ticular logarithm to an aſſigned number, or part of the radius: but as another 
condition was neceflary, he aſſumed is for it, namely, that the two gencrating 
points ſhould begin to move at a, A, with equal velocities ; or that e incre— 
ments al, A1, deſcribed in the Brit moments, ſhould be equal; as he chought 
this circumſtance would be attended with ſome little eaſe in the computation : 
and this is the rcaſon that, in his table, the natural fines and their logarithms, 
at the complete quadrant, have equal differences; and this is allo the reaſon 
why his ſcale of logarithms happens accidentally to agree with what have ſince 
been called the hyperbolic logarithms, which have numerical differences equal 
to thoſe of their natural numbers at the beginning; except only that theſe 
latter increaſe with the natural numbers, and his on the contrary decreaſe ; 
the logarithms of the ratio of 10 to 2 being the fame in both, namely, 
2*302,58 5,09. 

And here by the way it may be obſerved, that Napier's manner of conceiving 
the generation of the lines of the natural numbers and their logarithms, by the 
motion of points, is very fimilar to the manner in which Newton afterwards 
conſidered the generation of magnitudes in his doctrine of fluxions; and it is 
alſo remarkable that, in Att. 2. of the Ilabitudines Legarithmorum & ſuorum na- 
turalium numerorum invicen, in the appendix to the Conſtrudtis Logarithmorum, 
Napier ſpeaks of the velocitics of the increments or decrements of the loga- 
rithms, in the ſame way as Newton does of his fluxions, namely, where he 
ſhews that thoſe velocities, or fluxions, are inverſely as the ſines, or natural 
numbers of the logarithms; which is a neceſſary conſequence of the nature ci 
the generation of thoſe lines, as delcribed above; with this alteration, however, 
that now the radius az muſt be contidered as generated by an equable motion 
of the point, and the indefinite line A &c by a motion increaſing in the ſame 
ratio as the other before decreaſed ; which is a ſuppoſition that Napier muſt 
have had in view when he ſtated that relation of the fluxions, 

Having thus limited his ſyſtem, Napier proceeds, in the poſthumous work 
of 1619, to explain his conſtruction of the logarithmic canon : and this he 
effects in various ways; but chiefly by generating, in a very eaſy manner, a 
ſeries of proportional numbers and their arithmeticals, or logarithms; and 
then finding, by proportion, the logarithms to the natural fines, from thoſe of 
the neareſt numbers among the original proportionals. 

After deſcribing the neceſſary cautions he made uſe of to preſerve a ſufficient 
degree of accuracy, in ſo long and complex a proceſs of calculation; ſuch as 
annexing ſeveral cyphers, as decimals ſeparated by a point, to his primitive 
numbers, and rejecting the decimals thence reſulting after the operations were 
completed, ſetting the numbers down to the neareſt unit in the laſt figure; 
and teaching the arithmetical proceſſes of adding, ſubtracting, multiplying, 
and dividing the limits between which certain unknown numbers muſt lie, ſo 

as 


_ 
4 
- 
: 
| 
E 


* 


LOGARITHM $% xlvii 


as to obtain the limits between which the reſults muſt alſo fall; T ſay, after 
deſcribing ſuch particulars, in order to clear and ſmooth the way, he enters on 
the great field of calculation itſelf. Beginning at radius 10,000,000, he firſt 
conſtructs ſeveral deſcending geometrical ſeries, but of ſuch a nature that they 
are all quickly formed by an ealy continual ſubtraction, and a diviſion by 2, 
or by 10, or 100, &c, which is done by only removing the decimal point ſo 
many places towards the left hand, as there are cyphers in the divifor. He 
conſtructs three tables of ſuch ſeries: The firſt of theſe conſiſts of 100 numbers, 
in the proportion of radius to radius minus 1, or of 10,000,000 to 9,999,999; all 
which are found by only ſubtracting from each its 10, ooo, oooth part, which part 
is alſo found by only removing each figure 7 places lower: the laſt of theſe 
109 proportionals is found to be , 999, oo: ooo, 493, o. | 
The 2d table contains 5o numbers, which are in the continual proportion of 
the firſt to the laſt in the firſt table, namely, of 10,090,090.000,000,0 to 
9,999,900.000,495,0, or nearly the proportion of 100,000 to 99,999 ; theſe 
therefore are found by only removing the figures of each number ; places 
lower, and ſubtracting them from the ſame number: the laſt of theſe he finds 
to be 9,995,001.222,927. And a ſpecimen of theſe two tables is here annexed. 


No. Firit Table. 24d Table. 
1 [10,000,000.000,000,c|10,000,000.000,000 
2 | 9,999,999.000,000,c| 9,999,900.000,000 
3 | 9,999,998.000,000,1| 9,999,800.001,000 
4+ 9,999,997: 000, 000, 3 9,999, 700.003,000 
&c Kc till the tooth &c to the goth term 
- 5o| term, which will be 9,993,001. 222,927 
100| 9,999,900.000,495,C 

The 3d table conſiſts of 69 columns, and each column of twenty-one num- 
bers or terms; which terms, in every column, are in the continual proportion 
of 10,000 to 9,995, that is, nearly as the firſt is to the laſt in the 2d table; 
and as 10,000 exceeds 9,995 by the 2000th part, the terms in every column 
will be conſtructed by dividing each upper number by 2, removing the figures 
of the quotient 3 places lower, and then ſubtrafting them; and in this way 
it is proper to conſtruct only the firſt column of 21 numbers, the laſt of which 
will be 9,900,473.578,0: but the 1ſt, ad, zd, &c, numbers in all the columns, 
are in the continual proportion of 100 to 99, or nearly the proportion of the 
firſt to the laſt in the firſt column; and therefore theſe will be found by re- 
moving the figures of each preceeding number 2 places lower, and ſubtracting 
them, for the like number in the next column. A ſpecimen of this 34d table 
1s as here below. 


2 The 3d Table. 

Terms] 1{t Column. 2d Column. 3d Column. Kc. till the 69 Column. 

o, ooo, ooo. ooo, oſq, oo, ooo. ooo, oſq, 80 1, ooo. ooo, o &c tor the 45, o38, 85 8.890, o 
97995, oo. ooo, o, 895, o 50. ooo, oſ, 796, og99. po, oſath, 5th, 6th, 5, o46, 334.460, 5 
9,990,002. 50, o, 890, 102.47 6, [), 791, 201.450, zl 7th, &c, col. 5, 43,811. 293, 2 
9.98 5,007. 498, 79,88 5. 157.423, 79,7 86, 305. 84%, 5 till the laſt 5, 041. 289. 387,9 
9,980,014. 995.09, 880, 214.845, 10,781, 412.690, or 55038, 768.743, 5 

&e ti &c &c &c 

2:9924473-578.019,801, 468.842, 319 793,454-153+9|_ 4-993,609.403,4 
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Thus he had, in this 3d table, interpoſed between the radius and its half, 
68 numbers in the continual proportion of 100 to 99 ; and interpoſed between 
every two of theſe 20 numbers in the proportion of 10,000 to 9,995 : andagain, 
in the ad table, between 10,000,000 and 9,995,000, the two firlt of the 3d table, 
he had 50 numbers in the proportion of 100,000 to 99, 999: And laſtly, in the 
1ſt table, between 10, ooo, ooo and 9,999,900, or the 2 firſt of the 2d table, 
100 numbers in the proportion of 10,000,000 to 9,999,999, That is, in all 
about 1600 proportionals ; all found in the moſt ſimple manner by little more 
than eaſy ſubtractions; which proportionals nearly coincide with all the natural 
ſines from 90? down to 30. 

To obtain the logarithms of all thoſe proportionals, he demonſtrates ſeveral 
properties and relations of the numbers and logarithms, and illuſtrates the man- 
ner of applying them. The principal of theſe properties are as follows: 1ſt, 
that the logarithm of any fine is greater than the difference between that fine 
and the radius, but leſs than the ſaid difference when increaſed in the propor- 
tion of the fine to radius* ; and 2dly, that the difference between the logarithms 
of two fines, is leſs than the difference of the fines increaſed in the proportion 
of the leſs ſine to radius, but greater than the ſaid difference of the fines in- 
creaſed in the proportion of the greater ſine to radius . 

Hence, by the 1ſt theorem, the logarithm of 10, ooo, ooo, the radius or firſt 
term in the firſt table, being o, the logarithm of 9,999,999, the 2d term, will 
be between 1 and 1.000,000, 1, and will therefore be equal to 1.000,000,05 very 
nearly: and this will be alſo the common difference of all the terms or propor- 
tionals in the firſt table; and therefore by the continual addition of this loga- 
rithm, there will be obtained the logarithms of all theſe 100 proportionals : 
conſequently 100 times the ſaid firſt logarithm, or the laſt of the above ſums, 
will give 100.000,005, for the logarithm of 9,999,900.000,495,0, the laſt of the 
ſaid 100 proportionals. 

Then, by the ad theorem, it eaſily appears that . ooo, 495, o is the difference 
between the logarithms of 9,999,900.000,495,0 and 9,999,900, the laſt term of 
the firſt table and the 2d term of the ſecond table ; this then being added to 


* By this firſt theorem, » being radius, the logarithm of the ſine 5, is between r—s and , 


and therefore, when s differs but little from 1, the logarithm of s will be nearly equal to 


7+ Xr—sS 5 * 124 
= , the arithmetical mean between the limits + —s and . e but ſtill nearer to 


— r 7225 . P . . 
7 — 3 1 7 Vr the geometrical mean between the ſaid limits. 


+ By this ſecond theorem, the difference between the logarithms of the two fines S and s, lying 
EV, and == r, will, when thoſe ſines differ but little, be nearly equal to 


between the limits ; 


$2 52 S$+5 x $—s ; . 8—5 5 
— r or — — their arithmetical mean; or nearly TS; r, the geometrical mean ; or 
nearly = Saen by ſubſtituting, in the laſt denominator, z2*S+s for 4/ Ss, to which it is 


nearly . equal, 
the 
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the laſt logarithm, gives 100.0005000 for the logarithm of the ſaid 2d term, 
as alſo the common difference of the logarithms of all the proportionals in the 
2d table; and therefore by continually adding it, there will be generated the 
logarithms of all theſe proportionals in the 2d table; the laſt of which 1s 
5000.025, anſwering to 9995001.222927 the laſt term of that table. 

Again, by the zd theorem, the difference between the logarithms of this 
laſt proportional of the 2d table, and the 2d term in the firſt column of the 
3d table, is found to be 1.223,538,7 ; which being added to the laſt logarichm, 
gives 500 1.248, 5 28, for the logarithm of 9, 995, oo o, the ſaid 2d term of the 3d 
table, as alſo the common difference of the logarithms of all the proportionals 
in the firſt column of that table; and this therefore, being continually added, 
gives all the logarithms of that firſt column, the laſt of which is 100, 024.970, 77, 
the logarithm of 9,900,473.5780, the laſt term of the ſaid column. 

Finally, by the 2d theorem again, the diſſerence between the logarithms of 
this laſt number and 9,900,000, ihe firſt term in the 2d column, is 478.3502 3 
which being added to the laſt logarithm, gives 100, 503.3210 for the logarithm 
of the ſaid firſt term in the 2d column, as well as the common difference of 
the logarithms of all the numbers on the fame line in every line of the table, 
namely, of all the 1ſt terms, of all the 2d, of all the zd, of ail the 4th, &c. 
terms in all the columns; and which therefore, being continually added to the 
logarithms in the firſt column, will give the correſponding logarithms in all 
the other columns, 

And thus is compleated what the author calls the radical table, in which he 
retains only one decimal place in the logarithms (or artificials, as he always calls 
them in his tract on the conſtruction), and four in the naturals. A ſpecimen 
of the table is as here follows: 


| Radical Table. 
Terms| iſt Column. 2d Column. Cgth Column. 


Naturals. Artificials,'] Naturals. |Artificials.|] Naturals. Artihcials. 
10,000,000.0000 o, o, ooo. ooooſ ioo, 503. 35, o48, 8 58. 89006, 834, 225.0 
9,995,000.0000] $g001.2[:9,895,050.0000| t05,504.6![5,046,333.460516,539,22 7-1 
9,990,002.50Cco| 10,002.5 9-890, 102.4750 t10,505.8[5,043,811.293210,844,228.2 
9,98 5, 07. 4987 15,003.7j9,835,157.4237[115,507.1|[5,041,289.387916,819,2 29.6 
9,980, 14.99 50 20,005.019,880,214.8451|120,508.3 5, 38, 768.743 505,8 54, 230.8 

&c till &c &c & Cc &c &c 
21 { 9,900, 473-5780}100,025.0!1g,801,468.842 31200,528.2 f, 008, 609. 40 46,934. 2 50.2 
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Having thus, in the moſt ealy manner, compleated the radical table, by little 
more than mere addition and ſubtraction, both for the natural numbers and 
logarithms ; the logarithmic fines were eafily deduced from it by means of the 
2d theorem, namely, taking the ſum and difference of each tabular fine and 
the neareſt number in the radical table, annex 7 ciphers to the difference, divide 
the reſult by the ſum, and half the quotient will be the difference between the 
logarithms of the ſaid numbers, namely, between the tabular fine and radical 
number; conſequently, adding or ſubtracting this difference, to or from the 
given logarithm of the radical number, there will be obtained the logarithmic 
fine required. And thus the logarithms of all the fines from radius to the half 
of it, or from go* to 30, were perfected. 

Vor. I. h Next, 
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Next, for determining the fines of the remaining 3o degrees, he delivers 
two methods. In the firſt of thele he proceeds in this manner: Obſerving 
that the logarithm of the ratio of 2 to 1, or of half the radius, is 6,931,469.22, 
of 4 to one is the double of this, of 8 to 1 is triple of it, &c ; that of 10 to 
1 is 23,025,842.34, of 20 to 1 is the ſum of the logarithms of 2 and 10, and 
ſo on by compoſition for the logarithms of the ratios between 1 and 4o, 80, 
100, 200, &c. to 10,000,000 ; he multiplies any given fine, for an arc leſs than 
zo degrees, by ſome of theſe numbers, till he finds the product nearly equal 
ro one of the tabular numbers; then by means of this and the ſecond theorem, 
the logarithm of this product is found; to which adding the logarithm that 
anſwers to the multiple abovementioned, the ſum is the logarithm ſought, But 
the other method is ſtill much eaſier, and is derived from this property, which 
he demonſtrates, namely, as half radius is to the fine of half an arc, ſo is the 
coſine of the ſaid half arc to the fine of the whole arc; or as + radius : fine of 
an arc : : cofine of the arc : fine of double the arc; hence the logarithmic 
ſine of an arc is found, by adding together the logarithms of half radius and 
of the ſine of the double arc, and then ſubtracting the logarithmic coſine from 
the ſum. | 

And thus the remainder of the ſines, from 3o* down to o, are eaſily ob- 
tained. But in this latter way, the logarithmic fines for full one half of the 
quadrant, or from o to 45 degrees, he obſerves, may be derived; the other 
half having already been made by the general method of the radical table, by 
one eaſy diviſion and addition or ſubtraction for each. 

have dwelt the longer on this work of the inventor of logarithms, becaufe 
I have not ſeen in any author an account of his method of conſtructing his 
table, although it is perfectly different from any other method uſed by the later 
computers, and indeed almoſt peculiar to his ſpecies of logarithms. The whole 
of this work manifeſts great ingenuity in the deſigner, as well as much accuracy. 
But notwithſtanding the caution he took to obtain his logarithms true to the 


- neareſt unit in the laſt figure ſet down in the tables, by extending the num- 


bers in the computations to ſeveral decimals, and other means ; he had been 
diſappointed of that end, either by the inaccuracy of his aſſiſtant computers or 
tranſcribers, or through ſome other cauſe ; as the logarithms in the table are 
commonly very inaccurate, It is remarkable too that in this tract on the con- 
ſtruction of the logarithms, Lord Napier never calls them logarithms, bu 
every where arzifcials, as oppoſed in idea to the natural numbers: and this 
notion of natural and artificial numbers I take to have been his firſt idea of this 
matter, and that he altered the word artificials to logarithms in his firſt book, on 


the deſcription of them, when he printed it, in the year 1614, and that he 


would alſo have altered the word every where in this poſthumous work if he 
had lived to print it: for in the two or three pages of appendix, annexed 
to the work by his ſon from Napier's papers, he again always calls them loga- 
rithms. This appendix relates to the change of the logarithms to that ſcale in 
which 1 is the logarithm of the ratio of 10 to 1, the logaſithm of 1, with or 
without ciphers, being 0; and it appears to have been written after Briggs 
had communicated to him his idea of that change, 

Napier 
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Napier here in this appendix alſo briefly deſcribes ſome methods by which 
this new ſpecies of logarithms may be conſtructed. Having ſuppoled o ta 
be the logarithm of 1, and 1 with any number of ciphers, as 10,000,000,000, 
the logarithm of 10; he directs to divide this logarithm of to, and the 
ſucceſſive quotients, ten times by 5, by which diviſions there will be obtained 
theſe other ten logarithms, namely 2,000,000,000, 400,000,000, 80,000,000, 
16,000,000, 3,200,000, 640,000, 128,000, 25,600, 5, 120, 1024: then this laſt 
logarithm, and its quotients, being divided ten times by 2, will give theſe 
other ten logarithms 512, 256, 128, 64, 32, 16, 8, 4, 2, 1. And the num- 
bers anſwering to theſe twenty logarithms, we are directed to find in this man- 
ner; namely, extract the 5th root of 10 (with ciphers), then the gth root of 
that root; and ſo on for ten continual extractions of the 5th root; ſo ſhall theſe 
ten roots be the natural numbers belonging to the firſt ten logarithms, above 
found in continually dividing by 5: Next, out of the Jaſt 5th root we are to 
extract the ſquare root, then the ſquare root of this laſt root, and ſo on for ten 
ſucceſſive extractions of the ſquare root; ſo ſhall theſe laſt ten roots be the na- 
tural numbers correſponding to the logarithms or quotients ariſing from the laſt 
ten diviſions by the number 2. And from theſe twenty logarithms, 1, 2, 4, 
$, 16, &c. and their natural numbers, the author obſerves that other logarithms 
and their numbers may be formed, namely, by adding the logarithms and mul- 
tiplying their correſpondent numbers. Ir is evident that this proceſs would ge- 
nerate rather an antilogarithmic canon, ſuch as Dodſon's, than the table of 
Briggs ; and that the method would alſo be very laborious, fince, beſides the 
very troubleſome original extractions of the 5th roots, all the numbers would 
be very large, by the multiplication of which the ſucceſſive ſecondary natural 
numbers are to be found. 

Our author next mentions another method of deriving a few of the primitive 
numbers and their logarithms, namely, by taking continually geometrical means, 
firſt between 10 and 1, then between 10 and this mean, and again between 10 
and the laſt mean, and ſo on; and taking the arithmetical means between their 
correſponding logarithms. He then lays down various relations between num- 
bers and their logarithms, ſuch as that the products and quotients of numbers 
anſwer to the ſums and differences of their logarithms ; and that the powers 
and roots of numbers anſwer to the products and quotients of the logarithms 
by the index of the power or root, &c; as alſo that, of any two numbers, 
whoſe logarithms are given, if each number be raifed to the power denoted 
by the logarithm of the other, the two reſults will be equal. He then delivers 
another method of making the logarithms to a few of the prime integer num- 
bers, which is well adapted for conſtructing the common table of logarithms, 
This method eaſily follows from what has been ſaid above, and it depends on 
this property, “ that the logarithm of any number in this ſcale, is 1 leſs than the 
number of places or figures contained in that power of the given number whoſe 
exponent is 10, ooo, ooo, ooo, or the logarithm of 10, at leaſt as to integer num- 
bers,” for they really differ by a fraction, as is ſhewn by Mr. Briggs in his il- 
luſtratioas of theſe properties, printed at the end of this appendix to the con- 
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ſtruction of logarithms. I ſhall here ſet down one more of theſe relations, as 
the manner in which it is expreſſed is exactly fimilar to that of fluxions and 
fluents, and it is this: Of any two numbers, as the greater is to the leſs, ſo is 
the velocity of the increment or decrement of the logarithms at the leſs, to the 
velocity of the increment or decrement of the logarithms at the greater : that 


is, in our modern notation, as X: Y:: to x, where x and y are the fluxions 
of the logarithms of X and 7. 


Kepler's Conſtruction of Logarithms. 


The logarithms of Briggs and Kepler were both printed the ſame year, 1624 ; 
but as the latter arc of the fame fort as Napier's, I ſhall here give the author's 
conſtruction of them, before we proceed to that of Briggs's. 

We have already (p. 34 & /eq ) deſcribed the nature and form of Kepler's loga- 
rithms, ſhewing that they are of the ſame kind as Napier's, but only a little varied 
in the form of the table. It may allo be added that, in general, the ideas which 
theſe two maſters had on this ſubject, were of the ſame nature, only it was more 
fully and methodically laid down by Kepler, who expanded, and delivered in 
the form of a regular ſcience, the hints that were given by the illuſtrious inventor, 
The foundation and nature of their methods of conſtruction are alſo the ſame, 
but only a little varied in their modes of applying them. Kepler here firſt of any 
treats of Jogarithms in the true and genuine way of the meaſures of ratios, or pro- 
portions &, as he calls them, and that in a very full and ſcientific manner: and this 
method of his was afterwards followed and abridged by Mercator, Halley, Cotes, 
and others, as we ſhall ſee in the proper places. Kepler firſt erects a regular and 
purely mathematical ſyſtem of proportions, and the meaſures of proportions, 
treated at conſiderable length in a number of propoſitions, which are fully and 
chaſtely demonſtrated by genuine mathematical reaſoning, and illuſtrated by 
numerical examples. This part contains and demonſtrates both the nature and 
the principles of the ſtructure of logarithms. And in the ſecond part he applies 
thoſe principles in the actual conſtruction of his table, which contains only 1000 
numbers and their logarithms, in the form which we before deſcribed : and in this 
part he indicates the various contrivances made ule of in deducing the logarithms 
of proportions one from another, after a few of the leading ones had been firſt 
formed by the general and more remote principles. He uſes the name logarithms, 
given them by the inventor, being the molt proper, as expreſſing the very na- 
ture and eſſence of thoſe artificial numbers, and containing, as it were, a defini- 
tion in the very name of them ; but without taking any notice of the inventor, 
or of the origia of thoſe uſeful numbers. 


— — 
— 


* Kepler almoſt always uſes the term proportion inſtead of ratio, which J alſo ſhall do in my account 
of his work, as well as conform in expreſſions and notations to his other peculiarities. It may alſo be 
here remarked, that I obſerve the ſame practice in deſeribing the works of other authors, the better 
to convey the idea of their ſeveral methods and ſtyle, And this may ſerve to account for ſome ſeem- 
ing inequalities in the language of this hiſtory. | 
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As this tract is very curious and important in itſelf, and is beſides very rare 
and little known, inſtead of a particular deſcription only, I ſhall here give a 


brief tranſlation of both the parts, omitting only the demonſtrations of the pro- 


fitions, and ſome rather long illuſtrations of them. 1 i 

The book is dedicated to Philip, landgrave of Heſſe, but is without either 
preface or introduction, and commences immediately with the ſubject of the 
firſt part, which is intitled The Demonſtration of the Structure of Logariibns ; 
and the contents of it are as follows : 

Peftulate 1. That all proportions equal among themſelves, by whatever va- 
riety of couplets of terms they may be denoted, are meaſured or exprefled by 
the ſame quantity. 22 : 

Axiom 1. If there be any number of quantities of the fame kind, the pro- 
portion of the extremes is underſtood to be compoſed of all the proportions of 
every adjacent couplet of terms, from the firlt to the laſt. 

1 Propefition. The mean proportional between two terms divides the pro- 
portion of thoſe terms into two equal proportions, 

Axiom 2. Of any number of quantities, regularly increaſing the means, di- 
vide the proportion of the extremes into one proportion more than the number 
of the mean. 3 

Poſtulate 2. That the proportion between any two terms is diviſible into 
any number of parts, until thoſe parts become leſs than any propoſed quantity. 

An example of this ſection is then inſerted in a ſmall table, in dividing the proportion which is be- 
tween 10 and 7 into 1,073, 741, 824 equal parts, by as many mean proportionals wanting one, namely, 
by taking the mean proportional between 10 and 7, then the mean between 10 and this mean, and the 
mean between 10 and the laſt, and ſo on for 30 means, or 30 extractions of the ſquare- root, the laſt, 
or 3oth, of which roots is 9.999, 999,996,678, 205, 590, o and the zoth power of 2, which is 
1,073,741,824, ſhews into how many parts the proportion between 10 and 7, or between 1000 &c 
and 700 &c, is divided by 1,073,741,824 means, each of which parts is equal to the proportion be- 
tween 10,co &c, and the zoth mean 9.99 &c, that is, the proportion between 1c. oo &e and c.y9 &c, 
is the 1,073,741,824th part of the proportion between 10 and 7. Then by aſſuming the ſmall dif- 
ference 0.000,c00,003,321,794,3 10,0, for the meaſure of the very ſmall element of the proportion of 
10 to 7, or for the meaſure of the proportion of 10.0 &c to 9.99 &c, or for the logarithm of this 
laſt term, and multiplying it by 1,073,741,824 the number of parts, the product will give 
3-506, 749,481,372,221,440,0 for the logarithm of the leſs term 7 or 700 &c. 


Piftulate 3. That the extremely ſmall quantity or element of a proportion, 
may be mealured or denoted by any quantity whatever; as for inſtance, by the 
difference of the terms of that element. | 

2 Propoſition. Ot three continued proportionals, the difference of the two 
firſt has to the difference of the two Jatter, the ſame proportion which the firſt 
term has to the 2d, or the 2d to the 3d. 

3 Prep. Of any continued proportionals, the greateſt terms have the greateſt 
difference, and the leaſt terms the leaſt. 

4 Prop. In any continued 1 if the difference of the greateſt 
terms be made the meaſure of the proportion between them, the difference of 
any other couplet will be leſs than the true meaſu e of their proportion. 

5 Prop. In continued proportionals, if the difference of the greateſt terms 
be made the meaſure of their proportion, then the mealine of the proportion of 
the greatelt to any other term will be greater than their difference. 

6 Prop. 
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6 Prop. In continued proportionals, if the difference of the greateſt term and 
any one of the leſs, taken not immediately next to it, be made the meaſure of 
their proportion ; then the meaſure of the proportion which is between the greateſt 
and any other term greater than the one before taken, will be leſs than the dif- 
ference of thoſe terms ; but the meaſure of the proportion which is between the 
greateſt term and any one leſs than that firſt taken, will be greater than their 
difference. 

7 Prop. Of any quantities placed according to the order of their magnitudes, 
if any two ſucceſſive proportions be equal, the three ſucceſſive terms which 
conſtitute them, will be continued proportionals. 

8 Prop. Of any quantities placed in the order of their magnitudes, if the 
intermediates lying between any two terms, be not among the mean propor- 
tionals which can be interpoſed between the ſaid two terms, then ſuch interme- 
diates do not divide the proportion of thoſe two terms into commenſurable pro- 


portions, . 

Beſides the demonſtrations, as uſual, ſeveral definitions are here given; as of commenſurable pro- 
portions, &c, 

9 Prop. When two expreſſihle lengths are not to one another as two figurate 
numbers of the ſame ſpecics, ſuch as two ſquares, or two cubes ; there cannot 
fall between them other expreſſible lengths, which ſhall be mean proportionals, 
and as many in number as that ſpecies requires, namely, one in the ſquares, 
two in the cubes, three in the biquadrates, &c. 

10 Prop. Of any expreſſible quantities, following in the order of their mag- 
nitudes, if the two extremes be not in the proportion of two ſquare numbers, 
or two cubes, or two other powers of the ſame kind ; none of the intermediates 
divide the proportion into commenſurables. 

11 Prop. All the proportions, taken in order, which are between expreſſible 
terms that are in arithmetical proportion, are incommenſurable to one another, 
As between 8, 13, 18. 

12 Prop. Of any quantities placed in the order of magnitude, if the difference 
of the greateſt terms be made the meaſure of their proportion, then the differ- 
ence between any two others will be Jeſs than the meaſure of their propor- 
tion; and if the difference of the two leait terms be made the meaſure of their 
proportion, then the differences of the reſt will be greater than the meaſure of 
the proportion between their terms. 

Corel. If the meaſure of the proportion between the greateſt exceed their 
difference, then the proportion of this meaſure to the ſaid difference, will be 
leſs than that of a following meaſure to the difference of its terms. Becauſe 
proportionals have the ſame ratio. 7 

13 Prop. If three quantities follow one another in the order of magnitude ; 
the proportion of the two laſt will be contained in the proportion of the ex- 
tremes, a leſs number of times than the difference of the two leaſt is contained 
in the difference of the extremes : And on the contrary, the proportion of the 
two greateſt will be contained in the proportion of the extremes, oftener than 


the difference of the former is contained in that of the latter. 


Corol, Hence if the difference of the two greater be equal to the difference 
of 
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of the two leſs terms, the proportion between the two greater will be leſs than 
the proportion between the two 1els. _ ü ; 

14 Prop. Of three equidifferent quantities taken in order, the proportion be- 
tween the extremes is more than double the proportion between the two greater 
terms. 

Corol. Hence it follows, that half the proportion of the extremes, 1s greater 
than the proportion of the two greateſt terms, but leſs than the proportion of 
the two leaſt. = 

15 Prop. If two quantities conſtitute a proportion, and each quantity be leſ- 
ſened by half the greater; the remainders will conſtitute a proportion greater 
than double the former. : 

16 Prop. The aliquot parts of incommenſurable proportions, are incommen 
ſurable to each other. ; 

17 Prop. If one thouſand numbers follow one another in the natural order, 
beginning at 1000, and differing all by unity, viz. 1000, 999, 998, 997, &c; 
and the proportion between the two greateſt 1000, 999, by continual biſection, 
be cut into parts that are ſmaller than the excels of the proportion between the 
next two 999, 2 over the ſaid proportion between the two greateſt 1000, 
999 ; and then for the meaſure of that ſmall element of the proportion between 
1000, 999, there be taken the difference of 1000 and that mean proportional 
which 1s the other term of the element. Again, if the proportion between 
1000, 998, be likewiſe cut into double the number of parts which the former 
proportion between 1000, 999, was cut into; and then for the meaſure of the 
{mall element in this diviſion, be taken the difference of its terms, of which 
the greater is 1000. And, in the ſame manner, if the proportion of 1000 
to the following numbers, as 997, &c, by continual biſection, be cut into par- 
ticles of ſuch magnitude as may be between + and + of the element ariſing 
from the ſection of the firſt proportion between 1000 and 999; the meaſure of 
each element will be given from the difference of its terms. Then, this being 
done, the meaſure of any one of the 1000 proportions, will be compoſed of as 
many meaſures of its element, as there are of thoſe elements in the ſaid divided 
proportion. And all theſe meaſures, for all the proportions, will be ſufficieatly 
exact for the niceſt calculations, 

All theſe ſe&ions and meaſures of proportions are performed in the manner of that deſcribed at 
poſtulate 2, and the operation is abundantly explained by numerical calculations. 

18 Prop. The proportion of any number to the firſt term 1000 being known; 
there will alſo be known the proportion of the reſt of the numbers in the ſame 
continued proportion, to the ſaid firſt term. 

So from the known proportion between 1000 and goo, 

there is alſo known the proportion of 1090 to 8 10, and to 729; 
And from 1000 to 800, alſo 1000 to 649, and to 512; 
And from 1000 to 700, alſo 1000 to 490, and to 343; 
And from 1000 to 600, alſo 1000 to 360, and to 216; 
And from 1000 to 500, alſo 1000 to 250, and to 125. 


Corol. Hence ariſes the precept for ſquaring, cubing, &c; as alſo for ex- 
tracting the ſquare root, cube root, &c, out cf the firſt figures of numbers. 
5 For 
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For it will be, as the greateſt number of the chiliad as a denominator, 1s to the 
number propoſed as a numerator, ſo is this to the ſquare of the fraction, and ſo 
15 this to the cube. 

19 Prop. The proportion of a number to the firſt, or 1000, being known; 
if there be two other numbers in the ſame proportion to each other, then the 
proportion of one of theſe to 1000 being known, there will alſo be known the 
proportion of the other to the ſame 1000. 

Corel. 1. Hence from the 15 proportions mentioned in prop. 18, will be 


known 120 others below 1c00, to the ſame 1000. 


For ſo many are the proportions, equal to ſome one or other of the ſaid 15, that are among the 
other integer numbers which are leſs than 1000. 

Corol, 2. Hence ariſes the method of treating the Rule-of-Three, when 1000 
is one of the given terms, 


For this is effected by adding to, or ſubtracting from, each other, the meaſures of the two pro- 
portions of 1000 to each of the other two given numbers, according as 1000 is, or is not, the ſirſt 
term in the Rule-of-Three. 


20 Prop. When four numbers are proportional, the firſt to the ſecond as the 
third to the fourth, and the proportions of 1000 to each of the three former 
are known, there will alſo be known the proportion of 1000 to the fourth 
number. 400 

Corol. 1. By this means other chiliads are added to the former. 

Corol. 2. Hence ariſes the method of performing the Rule-of-Three, when 
1000 is not one of the terms. Namely, from the ſum of the meaſures of the 
proportions of 1000 to the ſecond and third, take that of 1000 to the firſt, 
and the remainder is the meaſure of the proportion of 1000 to the fourth 
term. 

Definition. The meaſure of the proportion between 1000 and any leſs num- 
ber, as before deſcribed, and expreſſed by a number, is ſet oppoſite to that 
leſs number in the chiliad, and is called its Locar1THM, that is, the number 
(pos) indicating the proportion (avyor) which 1000 bears to that number, to 
which the logarithm 1s annexed, 

21 Prop. If the firſt or greateſt number be made the radius of a circle, or 
ſinus lotus; every leſs number, conſidered as the coſine of ſome arc, has a lo- 
garichm greater than the verſed fine of that arc, but leſs than the difference 
between the radius and ſecant of the are; except only in the term next after 
the radius, or greateſt term, the logarithm of which by the hypotheſis is made 
equal to the verſed fine. 

That is, if CD be made the logarithm of AC, or the meaſure of the pro- 
portion of AC to AD; then the meaſure of the proportion of AB to A, 


that is the logarithm of A B, will be greater than B D, but leſs than E F. And 
this is the ſame as Napier's firſt rule in page 45. 


22 Prop. The ſame things being ſuppoſed ; the ſum of the verſed fine and 
excels of the ſec int over the radius, is greater than double the logarithm of the 
coſine of an arc. 


Corol. 
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Corol. The log. coſine is leſs than the arithmetic mean between the verſed 
ſine and the excels of the ſecant. 

Precept 1. Any fine being found in the canon of fines, and its defect below 
radius to the excels of the ſecant above radius; then ſhall the logarithm of the 
ſine be leſs than half that ſum, but greater than the ſaid defect or co- verſed 


tine, 


Let there be the ſine 909,970. 1490 of an are: | 
Its defect below radius is 29.8510 the co vers. and leſs than logarithm fine z 


Add the exceſs of the ſecant 29.8599 


Sum 59.7109 
its half or 29.8555 greater than the logarithm, 
29.8510 and 


29.8555. 

Precept 2. The logarithm of the ſine being found, you will alſo find nearly 
the logarithm of the round or integer number which is next leſs than your ſine 
with a fraction, by adding that fractional exceſs to the logarithm of the ſaid 
ſine. 


Thus the logarithm of the ſine 99,970. 149 is found to be about 29.854 ; if now the logarithm 
of the round number 99,970.000 be required, add 149 the fractional part of the fine to its logarithm, 


obſerving the point, thus 29.854 
"79 dis the logarithm of the round number 99,97, 0.000 nearly. 
the ſum 30.003 


23 Prop. Of three equidifferent quantities, the meaſure of the proportion 
between the two greater terms, with the meaſure of the proportion between the 
two lefler terms, will conſtitute a proportion, which will be greater than the pro- 
portion of the two greater terms, but leſs than the proportion of the two 


lefler terms. 


Therefore the logarithm is between 


I 


Thus if AB, AC, AD be three quantities having the equal differences Fry = 5 0 37 
BC, CD; and if the meaſure of the proportion of AD, AC be cd, and x | . 
that of AC, AB be be; then the proportion of cd to cb will be greater - 


than the proportion of AC to AD, but leſs than the proportion of AB 
to AC, 

24 Prop. The ſaid proportion between the two meaſures, is leſs than half the 
proportion between the extreme terms. That is, the proportion between be, cd, 
is leſs than half the proportion between An, ab. 

Corol. Since therefore the arithmetical mean divides the proportion into une- 
qual parts, of which the one is greater, and the other leſs, than half the whole; 
if it be enquired what proportion is between theſe proportions, the anſwer is, 
that it is a little leſs than the ſaid half. 


An (xample of finding nearly the limits, greater and leſs, to the meaſure of any pro- 
poſed proportion. 


It being known that the meaſure of the proportion between 1000 and 9oo is 10,5 36.05, required 


the meaſure of the proportion yoo to 800, where the terms 1000, 90, Soo, have equal differences, 
1 Therefore 
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Therefore as 9 is to 10 ſo is 10,535.05 to 11,706.72, which is leſs than 11,778.30 the meaſure of the 
proportion 9 to 8. Again, as the mean proportional between 8 and 10 (which is 8.944,271,9) is to 10 
ſo is 10,536.05 to 11,779.66, which is greater than the meaſure of the proportion between 9 and 8. 


Axiom. Every number denotes an expreſſible quantity. 


25. Prop. If the 1000 numbers, differing by 1, follow one another in the 
natural order ; and there be taken any two adjacent numbers, as the terms of 
ſome proportion; the meaſure of this proportion will be to the meaſure of the 
proportion between the two greateſt terms of the chiliad, in a proportion greater 
than that which the greateſt term 1000 bears to the greater of the two terms 
firſt taken, but leſs than the proportion of 1000 to the leſs of the ſaid two ſe- 
lected terms, | 


So of the firſt 1000 numbers taking any two ſucceſſive terms, as 501 and 500, the logarithm of the for- 
mer being 691 14.92, and of the latter,69314.72, the difference of which is 199,80, Wherefore by the 
definition, the meaſure of the proportion between 501 and 500 is 199.80. In like manner, becauſe 
the logarithm of the greateſt term 1000 is o, and of the next 999 is 100.05, the difference of theſe 
logarithms, and the meaſure of the proportion between 1000 and 999, is 100.05, Couple now the 
greateſt term 1000 with each of the ſelected terms 501 and goo ; couple alſo the meaſure 199.80 with 
the m-aſure 100.05 ; ſo ſhall the proportion between 199.80 and 100.05 be greater than the propor- 
tion between 1000 and 50 r, but leſs than the proportion between 1000 and 500. 


Corol. 1. Any number below the firſt 1000 being propofed, as alſo its loga- 
rithm; the differences of any logarithms antecedent to that propoſed, towards 
the beginning of the chiliad, are to the firſt logarithm (viz. that which is aſ- 
ſigned to 999), in a greater proportion than 1000 to the number propoſed ; but 
of thoſe which follow towards the laſt logarithm, they are to the ſame in a leſs 
proportion. 


Cerol. 2. By this means the places of the chiliad may eaſily be filled up, 
which have not yet had logarithms adapted to them by the former propoſitions. 

26 Prop. The difference of two logarithms, adapted to two adjacent numbers, 
is to the difference of theſe numbers, in a proportion greater than 1000 bears to 
the greater of thoſe numbers, but leſs than that of 1000 to the leſs of the two 
numbers, 


This 26 prop. is the ſame as Napier's ſecond rule at page 47. 


27 Prop. Having given two adjacent numbers of the 1000 natural numbers, 
with their logarithmic indices, or the meaſures of the proportions which thoſe 
abſolute, or round, numbers conſtitute with 1000 the greateſt ; the increments or 
differences of theſe logarithms will be to the logarithm of the ſmall element of 
the proportions, as the ſecants of the arcs whoſe coſines are the two abſolute 
numbers, are to the greateſt number, or the radius of the circle: ſo that, how- 
ever, of the ſaid two ſecants, the leſs will have to the radius a leſs proportion, 
than the propoſed difference has to the firſt of all, but the greater will have a 
_—_ proportion, and ſo alſo will the mean proportional between the ſaid 

ecants have a greater proportion, 


Thus. 
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"Thus if BC, CD he equal, alſo 4d the logarithm of AB, and cd the logarithm of 
AC; then the proportion of b e to cd will be greater than the proportion of AG F, 
to AT, but leſs than that of AF to AD, and alſo leſs than that of the mean pro- 
portional between AF and AG to AD. 


A BCD 

e WL 

Corol. 1. The ſame obtains alſo when the two terms differ, not only by the 

unit of the ſmall element, but by another unit which may be ten-fold, a hun- 
dred-fold, or a thouſand-fold of that, | 

Corol. 2. Hence the differences will be obtained ſufficiently exact, eſpecially 

when the abſolute numbers are pretty large, by taking the arithmetical mean 

between two ſmall ſecants, or (if you will be at the Jabour) by taking the geo- 

metrical mean between two larger ſecants, and then by continually adding the 


differences, the logarithms will be produced. 
Corol. 3. Precept. Divide the radius by each term of the aſſigned propor- 


tion, and the arithmetical mean (or, ſtill nearer, the geometrical mean) between 


the quotients will be the required increment, which, being added to the loga- 
rithm of the greater term, will give the logarithm of the leſs term, 


Example. 


Let there be given the logarithm of 700, viz. 35,667.4948, to find the logarithm to 699. 
Here radius divided by 700 gives 142.8571 &c. 
and divided by 699 gives 143.0672 &c. 
the arithmetic mean is 142.962 
which added to 35,667.4948 


gives the logarithm to 699 35, 810.4568 


Corel. 4. Precept for the logarithms of ſines. 
The increment between the logarithms of two ſines, is thus found: find the 


geometrical mean between the coſecants, and divide it by the difference of the 
ſines; the quotient will be the difference of the logarithms. 


Example. 
oo 1/ ſine 2909 coſec. 34,377,468. 2 The quotient 8000.0 exceeds the required 
© 2/ fine 5818 coſec. 17,188,731.9 increment of the logarithms, becauſe the ſe- 
dif, 2909 geom. mean 24, 280, OOo. o nearly. cants are here ſo large. 


Appendix, Nearly in the ſame manner it may be ſhewn, that the ſecond dif- 
ferences are in the duplicate proportion of the firſt, and the third in the dupli- 
cate of the ſecond. Thus, for inſtance, in the beginning of the logarithms the 
firſt difference is 100.00000, viz. equal to the difference of the numbers 
100,000,00000 and 99,900.00000 ; the ſecond, or difference of the differences, 
10000 ; the third 20. Again, after arriving at the number ;5009.00000, the 
logarithms have for a difference 200.00000, which is to the firſt difference, as the 
number 100,000.00000 to 50,00c.00000 ; but the ſecond difference is 40,000, 
in which 10,990 is contained four times ; and the third 328, in which 20 is con- 


tained ſixteen times. But ſince in treating of new matters we labour under the 
12 want 
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want of proper words, therefore, leſt we ſhould become too obſcure, the demon- 
{tration is omitted untried. 

28 Prop. No number expreſſes exactly the meaſure of the proportion, between 
two of the 1000 numbers, conſtituted by the foregoing method. 

29 Prop. If the meaſures of all proportions be expreſſed by numbers or loga- 
rithms; all proportions will not have aſſigned to them their due portion of 
meaſure, to the utmoſt accuracy. 

30 Prep. Ii tothe number 1000, the greateſt of the chiliad, be referred others 
that are greater than it, and the logarithm of 1000 be made o, the logarithms 
belonging to thoſe greater numbers will be negative, 

This concludes the firſt, or ſcientific, part of the work, the principles of which 
Kepler applies, in the ſecond part, to the actual conſtruction of the firſt 1000 
logarithms, which is pretty minutely deſcribed. This part is intitled A very 
compendious methcd of cunſtruſing the Chiliad of Logarithms ; and it is not impro- 
perly fo called, the method being very conciſe and eaſy. The fundamental 
principles are briefly theſe : That at the beginning of the logarithms, their incre- 
ments, or differences, are equal to thoſe of the natural numbers : that the natural 
numbers may be conſidered as the decreaſing coſines of increaſing arcs: and that 
the ſecants of thoſe arcs at the beginning have the ſame differences as the coſines, 
and therefore the fame differences as the logarithms. Then, ſince the ſecants are 
the reciprocals of the colines, by theſe principles and the third corol. to the 
twenty-teventh propoſition, he eſtabliſhes the following method of conſtituting 
the 100 firſt or ſmalleſt logarithms to the 100 largeſt numbers, 1000, 999, 998, 
997, &C. to oo. viz, Divide the radius 1000, increaſed with ſeven ciphers, by 
each of theſe numbers ſeparately, diſpoſing the quotients in a table, and they will 
be the ſecants of thoſe arcs which have the diviſors for their coſines; continuing 
the diviſion to the 8th figure, as it is in that place only that the arithmetical and 
geometrical means differ, Then by adding ſucceſſively the arithmetical means 
between every two ſucceſſive ſecants, the ſums will be the ſeries of logarithms. 
Or by adding continually every two ſecants, the ſucceſſive ſums will be the ſeries 
of the double logarithms. 

Belides theſe 100 logarithms, thus conſtrued, he conſtitutes two others by 
continual biſection, or extractions of the ſquare root, after the manner deſcribed 
in the ſecond poſtulate. And firſt he finds the logarithm which meaſures the 
proportion between 100,000.00 and 97,656.25, which latter term is the third 
proportional to 1024 and 1000, each with two ciphers; and this is effected by 
means of twenty-four continual extractions of the ſquare root, determining the 
greateſt term of each of twenty-four claſſes of mean proportionals ; then the dif- 
terence between the greateſt of theſe means and the firſt or whole number 1000, 
with ciphers, being as often doubled, there ariſes 2371.6526 for the logarithm 
ſought, which made negative is the logarithm of 1024. Secondly, the like pro- 
ceſs is repeated for the proportion between the numbers 1000 and 500, from 
which ariſes 69, 314.7193 for the logarithm of 500; which he alſo calls the lo- 
garithm of duplication, being the meaſure of the proportion of 2 to 1. 

Then from the foregoing he derives all the other logarithms in the chiliad, 
beginning with thoſe of the prime numbers 1, 2, 3, 5, 7, &c, in the firſt 100. 


And 
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And firſt, ſince 1024, 512, 256, 128, 64, 32, 16, 8, 4, 2, 1, are all in the con- 
tinued proportion of 1000 to 500, therefore the proportion of 1024 to 1 is decuple 
of the proportion of 1000 to 500, and conſequently the logarithm of 1 would be 
decuple of the logarithm of 500, if o were taken as the logarithm of 1024 ; but 
ſince the logarithm of 1024 is applied negatively, the logarithm of x muſt be 
diminiſhed by as much: diminiſhing therefore 10 times the logarithm of 500, 
which is 693,147.1928, by 2371.6526, the remainder 690,77 5.5422 is the lo- 
garithm of i, or of 100.00 what is ſet down in the table. 


And becauſe 1, 10, 100, 1000, are continued propor- [Numbers,] Logarithms, 
tionals, therefore the proportion of 1000 to 1 is triple of | 7 230,258-5141 
the proportion of 1000 to 100, and conſequently 4 of the : . 
logarithm of 1 is to be put for the logarithm of 100, viz. at | 921,034.0563 
23,025.85141, and this is alſo the logarithm of decupli- e bo bu ae} 
cation, or of the proportion of 10 to 1, And hence | yy — 


multiplying this logarithm of 100 ſucceſſively by 2, 3, 4, 
5, 6, and 7, there ariſe the logarithms to the numbers in the decuple proportion, 
as in the little table here annexed. 

Alſo if the logarithm of duplication, or of the proportion Log. of 10690, 775.5422 
of 2 to 1, be taken from the logarithm of 1, there will re- — — 
main the logarithm of 2; and from the logarithm of 2 _ 7 22 
taking the logarithm of 10, there remains the logarithm of yh 5 — — 
the proportion of 5 to 1 ; which taken from the logarithm 
of 1, there remains the logarithm of 5. See the little table 


here annexed. 
For the logarithms of other prime numbers he has recourſe to thoſe of ſome of 


the firſt or greateſt century of numbers, before found, viz. of 999, 998, 997, &c. 
And firſt, taking 960, whoſe logarithm is 4082.2001 ; then by adding to this 
logarithm the logarithm of duplication, there will ariſe the ſeveral logarithms of 
all theſe numbers, which are in duplicate proportion continued from 960, name- 
ly 480, 240, 120, 60, 30, 15. Hence the logarithm of 30 taken from the lo- 

arithm of 10, leaves the logarithm of the proportion of 3 to 1; which taken 
from the logarithm of 1, leaves the logarithm of 3, viz. 580, 914.3 106. And 
the double of this diminiſhed by the logarithm of 1, gives 471,053.0790 for the 
logarithm of 9. 

Next, from the logarithm of 990, or 9 X 10 X 11, which is 1005.0331, he 
finds the logarithm of 11, namely, ſubtract the ſum of the logarithms of ꝙ and 
10 from the ſum of the logarithm of 990 and double the logarithm of 1, there 
remains 450,980.0106 the logarthm of 11. 5 

Again, from the logarithm of 980, or 2 X 10 X 7 X7, which is 2020.2711, 
he finds 496,184.5228 for the logarithm of 7. 

And from 5129.3303 the logarithm of 950 or 5 X 10 X 19, he finds 
396,331.6392 tor the logarithm of 19. 

In like manner the logarithm 

to 998 or 4 X 13 X 19, gives the logarithm of 13 ; 
to 969 or 3 X 17 X 19, gives the logarithm of 17; 
to 986 or 2 X 17 X 29, gives the logarithm of 29 ; 
to 966 or 6 7 X 23, gives the logarithm of 23 ; 
to 930 or 3 X 10 X 31, gives the logarithm of 31. 
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And ſo on for all the primes below 100, and for many of the primes in the 
other centuries up to goo. After which he directs to find the logarithms of all 
numbers compoſed of theſe, by the proper addition and ſubtraction of their lo- 
earithms, namely, in finding the logarithm of the product of two numbers, from 
the ſum of the logarithms of the two factors take the logarithm of x, the remainder 
is the logarithm of the product. In this way he ſhews that the logarithms of all 


numbers under 500 may be derived, except thoſe of the following 36 numbers, 


namely, 127, 149, 167, 173, 179, 211, 223, 251, 257, 263, 269, 271, 277, 281, 
283, 293, 337» 347, 349, 353, 359» 367» 373, 379, 383, 389, 397, 401, 409, 
419, 421, 431, 433, 439, 443, 449. Alſo, beſides the compoſite numbers be- 
tween 500 and goo, made up of the products of ſome numbers whole logarithms 
have been before determined, there will be 59 primes not compoſed of them ; 
which with the 36 above mentioned, make 95 numbers in all not compoſed of 
the products of any before them, and the logarithms of which he directs to be 
derived in this manner; namely, by conſidering the differences of the logarithms 
of the numbers interſperſed among them ; then by that method by which were 
conſtituted the differences of the logarithms of the ſmalleſt 100 numbers in a con- 
tinued ſgries, we are to proceed here in the diſcontinued ſeries, that is, by prop. 
27, corol. 3, and eſpecially by the appendix to it, if it be rightly uſed, from 
whence thole differences will be very eaſily ſupplied. 

This cloſes the ſecond part, or the actual conſtruction of the logarithms ; after 


which follows the table itſelf, which has been before deſcribed, p. 35. Before I 


diſmiſs Kepler's work, however, it may not be improper in this place to take 
notice of an erroneous property laid down by him in the appendix to the 27th 
prop. juſt now referred to; both becauſe it is an error in principle, tending to 
vitiate the practice, and becauſe it ſerves to ſhew that Kepler was unacquainted 
with the true nature of the orders of differences of the logarithms, notwithſtand- 
ing what he ſays above with reſpect to the conſtruction of them by means of their 
ſeveral orders of differences, and that conſequently he has no legal claim to any 
ſhare in the diſcovery of the differential method, known at that time to Briggs, 
and (it would ſeem) to him alone, it being publiſhed in his logarithms in the ſame 
year 1624, as Kepler's book, together with the true nature of the logarithmic 
orders of differences, as we ſhall preſently ſee in the following account of his 
works. Now this error of Kepler's, here alluded to, is in that expreſſion where 
he ſays the third differences are in the duplicate ratio of the ſecond differences, 
like as the ſecond differences are in the duplicate ratio of the firſt; or, in other 
words, that the third differences are as the ſquares of the ſecond differences, as 
well as the ſecond differences as the ſquares of the firſt ; or that the third dif- 
ferences are as the fourth powers of the firſt differences. Whereas in truth the 
third differences are only as the cubes of the firſt differences. Kepler ſeems to 
have been led into this error by a miſtake in his numbers, viz. when he ſays in 
that appendix, that he third difference is 328, in which 20 is contained 16 times; 
tor when the numbers are accurately computed, the third difference comes out 
only 161, in which therefore 20 is contained only 8 times, which is the cube 
of 2, the number of times the one firſt difference contains the other. It would 
hence ſeem that Kepler had haſtily drawn the above erroneous principle from 

this 
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this one numerical example, or little more, falſe as it is : for had he made the 
trial in many inſtances, although erroncouſly computed, they could not eaſily 
have been ſo uniformly ſo, as to afford the fame falſe concluſion. And therefore 
from hence, and what he ſays at the concluſion of that appendix, it may be in- 
ferred that he either never attempted the demonſtration of the property in queſ- 
tion, or elſe that he found himſelf embarraſſed with it, and unable to accomplith 
it, and therefore diſpatched it in the ambiguous manner in which it appears. 

But it may eaſily be ſhewn, not only that the third differences of the logarithms 
at different places, are as the cubes of the firſt differences ; but, in general, that 
the numbers in any one and the ſame order of differences, at different places, are 
as that power of the numbers in the firſt differences, whoſe index is the fame as 
that of the order; or that the ſecond, third, fourth, &c, differences, will be as 
the ſecond, third, fourth, &c. powers of the firſt differences. For the ſeveral 
orders of differences, when the abſolute numbers differ by indetinitely ſmall 
parts, are as the ſeveral orders of fluxions of the logarithms ; but if x be any 


number, then — is the fluxion of the logarithm of x, to the modulus , and 


; a , . . m x* X 
the ſecond fluxion, or the fluxion of this fluxion, is — ſince x is conſtant ; 


0 . 3 . 4 . 
and the third, fourth, &c, fluxions, are , — ===, &c; that is, the firſt, 


gt 3 
ſecond, third, fourth, fifth, ſixth, &c, orders of fluxions, are equal to the 
1 * 14 1.6 I. 2. 34“ 
modulus multiplied into each of theſe terms, _ — —_—_ Eo 


5 x* f 
— — ah _ &c, where it is evident that the fluxion of any order, 
is as that power of the firſt fluxion, whoſe index is the fame as the number of the 
order. And theſe quantities would actually be the ſeveral terms of the dif- 
ferences themſelves, if the differences of the numbers were indefinitely ſmall. 
But they vary the more from them, as the differences of the abſolute numbers 
differ from x, or as the ſaid conſtant numerical difference 1, approaches towards 
the value of x the number nfelf, However, upon the whole, the ſeveral orders 
vary proportionably, ſo as ſtill ſenſibly to preſerve the ſame analogy, namely, that 
two nth differences are in proportion as the th powers of their reſpective firſt 


differences. 


Of Briggs's Conſtruction of his Logarithms. 


Nearly according to the methods deſcribed in page 47, Mr. Briggs conſtrued 
the logarithms of the prime numbers, as appears from his relation of this buſi- 
neſs in the Arithmetica Logarithmica, printed in 1624, where he details, in an 
ample manner, the whole conſtruction and uſe of his logarithms. The work is 
divided into thirty-two chapters or ſections. In the firſt of theſe, logarithms 
in a general ſenſe are defined, and ſome properties of them illuſtrated. In the 
{econd chapter he remarks, that it is moſt convenient to make o the logarithm of 


1; and on that ſuppoſition he exemplifies theſe following properties, namely, 
that 
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that the logarithms of all numbers are either the indices of powers, or proportional 
to them; that the ſum of the logarithms of two or more factors, is the logarithm 
of their product; and that the difference of the logarithm of two numbers, is the 
logarithm of their quotient. In the third ſection he ſtates the other aſſumption 
which is neceflary to limit his ſyſtem of logarithms, namely, making 1 the lo- 
garithm of 10, as that which produces the moſt convenient form of logarithms ; 
he hence alſo takes occaſion to ſhew that the powers of 10, namely 100, 1000, 
&c, are the only numbers which can have rational logarithms. The fourth ſec- 
tion treats of the characteriſtic ; by which name he diſtinguiſhes the integral, or 
frſt part of a logarithm towards the left-hand, which exprefles one leſs than the 
1umber of integer places or figures in the number belonging to that lo- 
garichm, or how far the firſt figure of this number is removed from the place of 
units; namely, that o is the characteriſtic of the logarithms of all numbers from 
1 co 10; and 1 the characteriſtic of all thoſe from 10 to 100 ; and 2 that of thoſe 
from 100 to 1000 ; and ſo on. 

He begins the fifth chapter with remarking, that his logarithms may chiefly be 
conſtructed by the two methods which were mentioned by Napier, as above 
related, and for the ſake of which he here premiſes ſeveral lemmata, concerning 
the powers of numbers and their indices, and how many places or figures are in 
the products of numbers, obſerving that the product of two numbers will conſiſt 
of as many figures as ghere are in both factors, unleſs perhaps the product of the 
firſt figures in each factor be expreſſed by one figure only, which often happens, 
and then commonly there will be one figure in the product lefs than in the two 
{actors ; as alſo that, cf any two of the terms, in a ſeries of geometricals, the 
reſults will be equal by raiſing each term to the power denoted by the index of 
the other; or any number raiſed to the power denoted by the logarithm of the 
other, will be equal to this latter number raiſed to the power denoted by the lo- 
garithm of the former; and conſequently if the one number be 10, whoſe 
logarithm 1s 1 with any number of ciphers, then any number raiſed to the power 
whoſe index is 1000 &c, or the logarithm of 10, will be equal to 10 raiſed to 
the power whoſe index 1s the logarithm of that number; that is, the logarithm of 
ny number in this ſcale, where 1 is the logarithm of io, is the index of that 
power of 10 which is equal to the given number. But the index of any integral 
j ower of 10, is one leſs than the number of places in that power, conſequently 
the logarithm of any other number, which is no integral power of 10, is not 
quite one lets than the number of places in that power of the given number 
uV hoſe index is 1000, &c, or the logarithm of 10. 

Find therefore the roth, or 100th, or 1000th, &c, power of any number, as 
ſuppoſe 2, with the number of figures in ſuch power; then ſhall that number of 
gures always exceed the logarithm of 2, although the exceſs will be conſtantly 
lets than 1, 
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when the product of the firſt figures is expreſſed by one figure, or when the firſt 
figures exceed thoſe of the number or power next above them. It may farther 

be obſerved that, like as the fiiſt number in each quaternion, or ſpace of four 

lines or numbers, in the third column, approximates to the logarithm of 2, rhe 

firſt number in the firſt quaternion of the firſt column; ſo the ſecond, third, and 

fourth terms of each quaternion in the third column, approximate to the lo— 

earithm of 4, 16, and 256, the ſecond, third, and fourth numbers in the firſt 

quaternion of the firſt column. And moreover, by cutting off one, two, three, 
&c, figures, as the index or integral part, from the faid logarithms of 2, 4, 16, 

and 256, the firſt, ſecond, third and fourth numbers in the firſt quaternion of the 

fiſt column, the remaining figures will be the decimal part of the logarithms of 
the correſponding firſt, ſecond, third, and fourth numbers in the following ſe- 

cond, third, fourth, &c, quaternions : the reafon of which 1s, that any number 
of any quaternion in the firſt column, is the tenth power of the correſponding. 
term in the next preceding quaternion. So that the third column contains the 

logarithms of all the numbers in the firſt column: a property which, if Dr. 

Newton had been aware of, he could not well have committed ſuch groſs miſ- 

takes as are found in a table of his ſimilar to that above given, in which moſt of 
the numbers in the latter quaternions are totally erroneous ; and his confuſed and 
imperfect account of this method, would induce one to believe that he did not 

well underſtand it. 

In the ſixth chapter our illuſtrious author begins to treat of the other general 
method of finding the logarithms of prime numbers, which he thinks is an eafier 
way than the former, at leaft when the logarithm 1s required to a great many 
places of figures. This method conſiſts in taking a great number of continued 
geometrica] means between 1 and the given number whole logarithm is re- 
quired ; that is, firſt extracting the ſquare root of the given number, then the 
root of the firſt root, the root of the ſecond root, the root of the third root, and: 
ſo on till the laft root ſhall exceed 1 by a very ſmall decimal, greater or leſs ac- 
cording to the intended number of places to be in the logarithm ſought : then. 
tinding the logarithm of this ſmall number, by methods deſcribed below, he: 
doubles it as often as he made extractions of the ſquare root, or, which is the 
{ame thing, he multiplies it by ſuch power of 2 as is denoted by the ſaid number 
of extractions, and the reſuk is the required logarithm of the given number; as 


is evident from the nature of logarithms. The rule to know how far to continue- 
this extraction of roots is, that the number of decimal places in the laſt root be 


double the number of true places required to be found in the logarithm, and 
that the firſt half of them be ciphers; the integer being 1 : The reaſon of which: 
is, that then the ſignificant figures in the decimal, after the ciphers, are directly 


proportional to thoſe in the correſponding logarithms ; ſuch figures in the natural: 


number being the half of thoſe in the next preceeding number, like as the lo- 


garithm of the laſt number is the half of the preceeding logarithm. Therefore, 


any one ſuch ſmall number, with its logarithm, being once found,. by the con- 
tinual extract ions of ſquare roots out of a given number, as 10, and correſpond- 
ing biſections of its given logarithm 1; the logarithm for any other ſuch ſmall. 


number, derived by like continual extractions from another given number, whoſe 
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logarichm is ſought, will be found by one ſingle proportion : which logarithm is 
then to be doubled according to the number of extractions, or multiplied at once 
by the like power of 2, for the logarithm of the number propoſed. To find the 


firſt ſmall number and its logarithm, our author be- | 10, given no. | 1, its log. 
gins with the number 10, and its logarithm 1, and | r [3*162,257 &c. | ft 
extracts continually the root of the laſt number, and | 2 778,279 0'25 
biſects its logarithm, as here regiſtered in the annexed | 3 1 22357 — oi, 
table, but to far more places of figures, till he arrives : 4p = t * 5 
at the 53d and 54th roots, with their annexed lo- | &c. Ke. 
garithms, as here below: 

Numbers. Logarithms. 


where the decimals in the natural numbers are to each other in the ratio of the 
logarithms, namely, in the ratio of 2 to 1: and therefore any other ſuch ſmall 
number being found, by continual extraction or otherwiſe, it will then be as 
0.000,000,000,000,000,127,819,149,320,032,35 &c, is to o. ooo, ooo, ooo, ooo, 
ooo, 5 5, 5 11,15 1,231,257, 827,2 &c, fo is that other ſmall decimal, to the 
correſponding ſignificant figures of its logarithm. But as every repetition of 
this proportion requires both a very long multiplication and a very long 
divifion, he reduces this conſtant ratio to another equivalent ratio whole antece- 
dent is 1, by which all the diviſions are ſaved : thus, 

as 0.000,000,000,000,000,127,819,149,320,032, 35 &C, is to o. ooo, 
000,000,000,000,055,511,151,231,257,827,0?, &c, ſo 151.000,000,000,000,000, 
ooo, to 0.434,294,481,903,251,804, &c, that is, the logarithm of 1*000,000, 
ooo, ooo, ooo, i, is 0*000,000,000,000,000,043,429,448,190,325,180,4; and 
therefore this laſt number being multiplied by any ſuch ſmall decimal, found as 
above by continual extraction, the product will be the correſponding logarithm 
of ſuch laſt root. 

But as the extraction of ſo many roots is a very troubleſome operation, our 
author deviſes ſome ingenious contrivances to abridge that labour. And firſt, in 
the 7th chapter, by the following device, to have fewer and eaſier extractions to 

erform: namely, raiſing the powers from any given prime number, whoſe 
ogarithm is ſought, till a power of it be found ſuch that its firſt figure on the left 
hand is 1, and the next to it either one or more ciphers ; then, having divided this 
power by 1 with as many ciphers as it has figures after the firit, or ſuppoſing all 
after the firſt to be decimals, the continual roots from this power are extracted 
till the decimal become ſufficiently ſmall, as when the firlt fifteen places are 
ciphers ; and then by multiplying the decimal by 43429 &c, we have the lo- 
garithm of this laſt root: which logarithm multiplied by the like power of the 
number 2, gives the logarithm of the firſt number from which the extraction was 
begun : to this logarithm prefixing a 1, or 2, or 3, &c, according as this num- 
ber was found by — the power of the given prime number by 10, or 1co, 


or 1000, &c; and laſtly, dividing the reſult by the index of that power, the 
quotient will be the required logarithm of the given prime number. Thus, to 
k 2 find 


O oo, oo, ooo, ooo, ooo, I 1 1,02 2, 3025462, 5 6, 654, o4 
O' co, ooo, ooo, ooo, oOo, o5 5, 5 11, 151,231, 257, 827,01 
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find the logarithm of 2 : it is firſt raiſed to the 10th power, as in the 2 


7] 
margin, before the firſt figures come to be 10; then, dividing by 4 a 
1000, or cutting off for decimals, all the figures after the firſt or 1, 16 | 
the root is continually extracted from the quotient 1,024, till the 32 | 5 
47th extraction, which gives 1 000,000,000,000,000,168,516,057, 64 | 6] 
053,949,773 the decimal part of which multiplied by 43429, &c, _ : 
gives 0.000,000,000,000,000,073,185,593,690,023,936,8 for its lo- 5 9 
garichm; and this being continually doubled for 47 times, will give | 1024 | 10 
the logarithms of all the roots up to the firſt number: or being at 12825 
once multiplied by the 47th power of 2, viz. 140, 737, 488, BEE 2| 1 
355,328, which is raiſed as in the annexed table, it gives +] 2] 
0.010,299,956,639,811,952,652,774,4 for the logarithm 3 
of the number 1,024, true to 17 or 18 decimals : to this 32 5 
prefix 3, ſo ſhall 3.010, 2 &c, be the logarithm of 1024: . 64} 6 
and laſtly, becauſe 2 is the tenth root of 1024, divide by 128) 7 
; | 256| 8 
10, ſo ſhall 0.301,029,995,603,981,195,2 be the loga- 512 9 
rithm required to the given number 2. | 1024 | 10 
The logarithms of 1, 2, and 10 being now known; it 1,048,576 20 
is remarked that the logarithm of 5 becomes known ; for | _ 8 30 
fince 10 = 2 is = x, therefore log. 10 — log. 2 = log. ee ay he by 


5, which is 0.£98,970,004,335,018,805,8; and that from 
the multiplications and diviſions of theſe three 2, 5, 10, with the correſponding 
additions and ſubtractions of their logarithms, a multitude of other numbers and 
their logarithms are produced; ſo from the powers of 2 are obtained 4, 8, 16, 
32, 64, &c; from the powers of 5 theſe 25, 125, 625, 3125, &c; alſo the powers 
of 5 by thoſe of 10 give 250, 1250, 6250, &c; and the powers of 2 by thoſe of 
10 give 20, 200, 2000, &c; 40, 400, 80, 800, &c; likewiſe by diviſion are 
, 62, 12, 37, 62, &c. 

He then obſerves that the logarithm of 3, the next prime number, will be heſt 
derived from that of 6, in this manner: 6 raiſed to the gth power becomes 
10,077, 696, which divided by 10,000,000, gives 1.007, 769, 6, and the root 
from this continually extracted till the 46th, is 1. ooo, ooo, ooo, ooo, ooo, 109, 98 5, 
934,588, 155,7 18,66 the decimal part of which multiplied by 43429 &c, gives 
0.000,000,000,000,000,047,706,284,478,608,030,4 for its logarithm ; and this 
46 times doubled, or multiplied by the 46th power of 2, gives 0.003,361,253, 
452,792,69 for the logarithm of 1.007, 769, 6; to which adding 7, the logarithm of 
the diviſor 10,000,000, and dividing by , the index of the power of 6, there re- 
fults 0.778,151,250,383,643,63 for the logarithm of 6 ; from which ſubtracting 
the logarithm of 2, there remains o. 47, 121, 254, 7 19, 662, 44 for the logarithm 
of 3. | 

In the eighth chapter our ingenious author deſcribes an original and eaſy 
method of conſtructing, by means of differences, the continual mean propor- 
tionals which were before found by the extraction of roots. And this, with the 
other methods of generating logarithms by differences, in this book as well as in 
our author's Trigonometria Britannica, are, I believe, the firſt inſtances that are to 
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be found of making ſuch uſe 
of differences, and ſhew him to 
have been the inventor of what 
may be called the Differential Me- 
thed. He ſeems to have diſco- 
vered this method in the follow- 
ing manner: Having obſerved 
that theſe continual means be- 
tween 1 and any number pro- 
poſed, found by the continual 
extraction of the ſquare roots, ap- 
proach — nearer and nearerto 
the halves of each preceeding root, 
as is viſible when they are placed 
together under each other ; and 
indeed it is found that as many of 
the ſignificant figures of each de- 
cimal part, as there are ciphers 
between them and the integer 1, 
agree with the half of thoſe above 
them; I ſay, having obſerved this 
evident approximation, he ſub- 
trated each of theſe decimal 
parts, which he called A or the 
firſt differences, from half the 
next preceeding one, and by com- 
pazing together the remainders or 
ſecond differences, called B, he 
found that the ſucceeding were 
always nearly equal to + of the 
next preceeding ones; then taking 
the difference between each ſe- 
cond difference and 3 of the pre- 
ceeding one, he found that theſe 
third differences, called C, were 
nearly in the continual ratio of 8 
to 1; again taking the difference 
between each C and +4 of the next 
preceeding, he found that theſe 
fourth differences, called D, were 
nearly in the continual ratio of 16 
to 1; and fo on, the 5th (E), 
6th (F), &c, differences,. being 
nearly in the continual ratio of 32 
to 1, of 64 to 1, &c: theſe plain 
obſervations being made, they 
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Hitherto the 1,14255,49927,01080,2 
ſmaller differences 1,72711,97889,3 
are found by ſub- 1,72716,54783,0 
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the parts of the like pre- 4,5691 5,0 
ceding ones. 20,7 
20,7 


ws Mtn = BY 
0088222848 


Here the greater differences 65 
remain 6 ſubtracting 28555,89 
the ſmaller from the parts 28555,24 
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the next preceding 21588,71180,92 
number, 28503,3430375797»72 
28563, 22715, 04616, 80 
75582,32999,52836,47523,40 
1.0000,75582,03436,30121,42907,00 


BY 


2 

1784.70 

1784,68 

2698, 58897, 62 

2698, 57112,94 

7140, 80678, 761 54,20 

740, 7980, 19041, 26 

37791,02218, 15060, 71453, 80 
1200000, 37 790,95077,37 080,52412,54 


3 


B=iA*, 

z.2A" +3A*, 

D=. . tA*+7A*+A+ A'+ W rA 

E=. „ 21A + 7JA*+1015A'+ 12r A+ 1133A9% + 7 421 A's, 

_. - « * 135A + 815A' + 296 33A*+ 834&4A* + 1953 23: A*'*Kc. 

—_ . . -- N . 122A ＋T 15 IO HDA T 11475 A? + 68372 $325 A &c. 

—_— .  - . . 1937 rA ＋ 47151 rA“ + 706845 1423 A &c. 

3 - . . . 5490245 A? +25584654:35337 A1*%&, 

-"g Ss. . . . . 2805527A »&c. 
e. 


IxXXx CONSTRUCTION OP 


very naturally and clearly ſuggeſted to him the notion and method of conſtructing 
all che remaining numbers from the differences of a few of the firſt, found by ex- 
tracting the roots in the uſual way. This will evidently appear from the annexed 
ſpecimen of a few of the firſt numbers in the laſt example for finding the loga- 
rithm of 6; where after the gth number the reſt are ſuppoſed to be conſtructed 
from the preceeding differences of each, as here ſhewn in the 1oth and 11th. And 
it is evident that, in proceeding, the trouble will become always leſs and leſs, the 
differences gradually vanithing, till at laſt only the firſt differences remain. And 
that generally each leſs difference is ſhorter than the next greater, by as many 
places as there are ciphers at the beginning of the decimal in the number to be 
generated from the differences. 

He then concludes this chapter with an ingenious, but not obvious, method of 
finding the differences B, C, D, E, &c. belonging to any number, as ſuppoſe the 
gth from chat number itſelf, independent of any of the preceeding 8th, 7th, 6th, 
5th, &c; and it is this: Raiſe the decimal A to the 2d, 3d, 4th, 5th, &c powers; 
then will the 2d (B), 3d (C), 4th (D), &c differences, be as here below, viz. 


Thus in the gth number of the foregoing example, omitting the ciphers at 


the beginning of the decimals, we have 


A = 1, 51164, 65999, 05672, 95048, 8 

A* = 2, 28 50), 54430, 06381, 6726 

Az = =» = 3,45422,65239,48 546,2 
A*= = 3522150, 97802, 288 
EE» 7,9316, 8a0f 
J 11,3168, 
&c. 


Conſequently 
A = 1,14253,77215,03190,8363z =B 
12A < 1,72711,32619,74273 
A = - = 65269,62225 
3A: +3A* 1,72711,97889,36498 = C 
FA* 4,50887,35577 
TA - 6, 90652 
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T6 4 . 
4A* + TFA“ + A“ 4, 50894, 26234 = D 
25A 20, 71957 
. 
0% 0%, = E 
winch agree with the like differences in the foregoing ſpecimen. 


2 In 


ant 


2 
£ oP 
= 
i. 
Sf 
Ef 
= 
1 
* 
8 
4 
0 


N 1 
Sos” 


r 


oe AR IT HN. Ixxi 


In the ninth chapter, after obſerving that from the logarithms of 1, 2, 3, 5, 

and 10, before found, are to be determined, by addition and ſubtraction, the 
logarithms of all other numbers which can be produced from theſe by multiplica- 
tion and diviſion ; for finding the logarithms of other prime numbers, inſtead of 
that in the ſeventh chapter, our author then ſhews another ingenious method of 
obtaining numbers beginning with 1 and ciphers, and ſuch as to bear a certain 
relation to ſome prime number by means of wiaich its logarithm. may be found. 
The method is this: Find three products having the common difference 1, and 
fuch that two of them are produced from factors having given logarithms, and 
the third produced from the prime number, whole logarithm is required, either 
multiplied by itſelf, or by ſome other number whole logarithm is given; then 
the greateſt and leaſt of theſe three products being multiplied together, and the 
mean by itſelf, there ariſe two other products alſo differing by 1, of which the 
greater divided by the lefs, gives for a quotient 1 with a ſmall decimal, having 
ſeveral ciphers at the beginning, Then the logarithm of this quotient being 
found as before, from thence will be deduced the required logarithm of the given 
prime number. Thus, if it be propoſed to find the logarithm of the prime 
number 7; here 6 * 8 = 48, 7 X 7 = 49, and 5 X 10 = 50 will be the three 
wee. of which the logarithms of 48 and 50, the iſt and 3d, will be given 
rom thoſe of their factors 6, 8, 5, 10; alſo 48 X 50 = 2400, and 49 * 49 = 
2401 are the two new products, and 2401 + 2400 = 1,000415 their quotient : 
then the leaſt of 44 means between 1 and this quotient is 1,00000,02000,00000, 
02367,98249,04333,0405, which: multiplied by 43429 &c, produces 0.0009 ?, 
00000,0000 , 1028, 40172, 88387, 29715 for its logarithm ; which being 44 
times doubled, or multiplied by 17592186044416, produces 0,09918,09183, 
45421,30 for the logarithm of the quotient 1,00041F ; which being added to 
the logarithm of the diviſor 2400, gives the logarithm of the dividend 2401 ;. 
then the half of this logarithm is the logarithm of 49 the root of 2401, and the 
half of this again gives 0,84 509, 80400, 142 56,82 for the logarithm of 7 which is 
the root of 49. The author adds another example to illuſtrate this method; 
and then ſets down the requiſite factors, products, and quotients for finding the 
logarithms of all other prime numbers up to 100. 

The 1oth chapter is employed in teaching how to find the logarithms of frac- 
tions, namely by ſubtracting the logarithm of the denominator from that of the 
numerator, then the logarithm. of the fraction is the remainder ; which therefore 
is either abundant or defective, that is poſitive or negative, as the fraction is 
greater or lefs than 1. 

In the 11th chapter we are ſhewn an ingenious contrivance for very accurately 
finding intermediate numbers to given- logarithms, by the proportional parts. On: 
this occaſion-it is remarked, that while the abſolute numbers increaſe uniformly, 
the logarithms increaſe unequally, with. a decreaſing increment; for which reaſon. 
it happens, that either logarithms or numbers corrected by means of the propor- 
tional-parts, will not be quite accurate, the logarithms ſo found being always too 
{mall, and the abſolute numbers ſo found too great ; but yet ſo however as that 
they approach much nearer to accuracy towards the end of the table, where the 


increments or differences become much nearer to equality, than in the former 
parts 
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parts of the table. And from this property our author, ever fruitful in happy 
expedients to obviate natural difficulties, contrives a device to throw the propor- 
tional part, to be found from the numbers and logarithms, always near the end 
of the table, in whatever part they may happen naturally to fall. And it is this: 
Rejecting the characteriſtic of any given logarithm, whoſe number is propoled 
to be found, take the arithmetical complement of the decimal part, by ſubtracting 
it from 1,000 &c, the logarithm of 10; then find in the table the logarithm 
next leſs than this arithmetical complement, together with its abſolute number; 
to this tabular logarithm add the logarithm that was given, and the ſum will be 
a logarithm neceſſarily falling among thoſe near the end of the table; find then 
its abſolute number, corrected by means of the proportional part, which will 
not be very inaccurate, as falling near the end of the table; this being divided 
by the abſolute number, before found for the logarithm next leſs than the arith- 
metical complement, the quotient will be the required number anſwering to the 
given Jogarithm ; which will be much more correct than if it had been found 
from the proportional part of the difference where it naturally happened to fall : 
and the reaſon of this operation is evident from the nature of logarithms. But 
as this diviſor, when taken as the number anſwering to the logarithm next leſs 
than the arithmetical complement, may happen to be a large prime number; 
It is farther remarked, that inſtead of this number and its logarithm, we may ule 
the next leſs compoſite number which has ſmall factors, and 7s logarithm ; be- 
cauſe the diviſion by thoſe ſmall factors, inſtead of by the number itſelf, will be 
performed by the ſhort and eaſy way of diviſion in one line. And for the more 
caſy finding proper compoſite numbers and their factors, our author here ſub- 
Joins an abacus or lift of all ſuch numbers, with their logarithms and component 
factors, from 1000 to 10000 ; from which the proper logarithms and factors are 
immediately obtained by inſpection. Thus, for example, to find the root of 
10800, or the mean proportional between 1 and 10800: The logarithm of 
10800 is 4.033,423,755,486,95, the half of which is 2.016,711,877,7 43,47» 
the logarithm of the number ſought. The arithmetical complement of the 
decimal part of this logarithm, to wit, the decimal fraction o 016,711,877, 743, 
47, to 1, (the logarithm of 10, ) is o. 983, 288, 122,256, 53. Now the neareſt 
logarithm to this in the abacus is o. 98 2,271, 233,039, 57, and its annexed num- 
ber is 9600, the factors of which are 2, 6, 8, beſides the ciphers, To this laſt lo- 
garithm, o. 982, 271, 233,039, 5), if we add the decimal part of the logarithm ſought, 
to wit, o. 016,7 11,877, 743, 47, the ſum will be o. 998, 983, 110, 783, 4, whole 
abſolute number, corrected by the proportional part, is 9.976, 612,651, 652,1; 
which being divided continually by 2, 6, 8, the factors of 96, the laſt quotient 
is 103. 923,048, 454,71; which is pretty correct, the true number being 103. 
923,048, 454, 133 = y/ 10900, 

We now arrive at the 12th and 15th chapters, in which our ingenious author firſt 
of all teaches the rules of the Differential Method, in conſtructing logarithms by 
interpolation from differences. This is the ſame method which has ſince been 
more largely treated of by later authors, and particularly by the learned Mr. 
Cotes, in his Cauonotechnia. How Mr. Briggs came by it, does not well appear, 
as he only delivers the rules, without laying down the principles or inveſtigation 
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of them. He divides the method into two caſes, namely, when the ſecond differ- 
ences are equal, or nearly equal, and when the differences run out to any length 
whatever. The former of theſe is treated in the 12th chapter; and he particularly 
adapts it to the interpolating 9 equidiſtant means between two given terms, evi- 
dently for this reaſon, that then t..e powers of 10 become the principal multipliers 
or diviſors, and fo the operations may be performed mentally. The ſubſtance ot 
his proceſs is this: Having given two abſolute numbers with their logarithms, 
to find the logarithms of 9 arithmetical means between the given numbers: Be- 
tween the given logarithms take the iſt difference, as well as (7 
between each of them and their next or equidiſtant greater and 
leſs logarithms ; and likewiſe the 2d differences, or the two 
differences of theſe three iſt differences; then if theſe 2d dif- 
ferences be equal, multiply one of them ſeverally by the num- 
bers 45, 35, &c, in the annexed tablet, dividing each product 
by 1000, that 1s, cutting off three figures from each ; laſtly, 
to of the 1ſt difference of the given logarithms add ſeverally 
the firſt five quotients, and ſubtract the other five: ſo ſhall the 
ten reſults be the reſpective iſt differences to be continually 
added, to compoſe the required ſeries of logarithms, Now | 
this amounts to the ſame thing as what is at this day taught in the like caſe : we 
know that if A be any term of an equidiſtant ſeries of terms, and a, 6, c, &c, the 


firſt of the 1ſt, 2d, 3d, &c, order of differences; then the term z, whoſe diſtance 
xX—[l 


from A 1s expreſſed by x, will be thus, Z = 4 +xa+x —b + x. 
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c + &c. And if now, with our author, we make the 2d differences equal, 


then c, d, e, &c, will all vaniſh, or be equal to o, and x will become barely 


= A + xa + x. _ b. Therefore Series of terms. The Differences. 

if we take x ſucceſſively equal to A | 
„ e, Pos nes, &c, we ſhall have ATT TZ Tea Tr rs e 
tle annexed ſeries of terms with [AH aT eva 
their differences. Where it is to ATπ¾/) ] +2550 | £64 ena! 
be obſerved, that our author had A f | £58 +2430 =450+ 4 5.0 
reduced the differences from the 1ſt AT 855d] £54 ++450=#50 + 3-wt 
to the 2d form, as he thought it |A+4%$@ +4 D- οοο - 
eaſier to multiply by 5 than to di- ADT Z O 16A — 2 N -d 
vide by 2. Alſo all the laſt terms 7 e 2 2 

221 . .. T'sq4 ＋ 2 164 — 2 r  —— 

(x. — 5) are ſet down poſitive, 1 4 e 


becauſe in the logarithms 6 is ne- 


gative. If the two 2d differences be only nearly equal, take an arithmetical 
mean between them, and proceed with it the fame as above with one of the equal 
2d differences. He alſo thews how to find any one ſingle term, independent of 
the reſt ; and concludes the chapter with pointing out a method of finding the 
proportional part more accurately than before. 
In the 13th chapter our author remarks, that the beſt way of filling up the in- 
Vor. I, ] termediate 
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ce 


termediate chiliads of his table, namely, from 20,000 to go, ooo, is by quinqur- 


ſection, or interpoſing four equidiſtant means between two given terms; the 
method of performing which he thus particularly deſcribes. Ot the given terms, 
er logarithms, and two or three others on each fide of them, take the iſt, 2d, 3d, 
&c, differences, till the laſt differences rome out equal, which ſuppoſe to be the 
5th differences: divide the 1ſt differences by 5, the 2d by 25, the zd by 125, 
the 4th by 625, and the 5th by 3125, and call the reſpective quotients the 11t, 2d, 
3d, 4th, 5th mean differences; or, inſtead of dividing by theſe powers of 5, 
multiply by their reciprocals F., 73, ra, rh ons Tren, that is multiplied 
by 2, 4, 8, 16, 32, cutting off reſpectively one, two, three, four, five figures 
from the end of the products, for the ſeveral mean differences: then the 4th 
and 5th of theſe mean differences are ſufficiently accurate, but the 1ſt, 2d, and 3d, 
are to be corrected in this manner: From the mean third differences ſubtract 
three times the 5th difference, and the remainders are the correct 3d differences; 
from the mean 2d differences ſubtract double the 4th differences, and the re- 
mainders are the correct 2d differences; laſtly, from the mean 1(t differences 
take the correct 3d differences, and + of the 5th difference, and the remainders 
will be tue correct firſt differences. Such are the corrections when the differences 
extend as far as the 5th, However, in compleating thoſe chiliads in this way, 
there will be only 3 orders of differences, as neither the 4th nor 5th will enter 
the calculation, but will vaniſh through their ſmallnefs : therefore the mean 2d 
and 3d difference will need no correction, and the mean iſt differences wil] be 
corrected by barely ſubtracting the zd from them. Theſe preparatory numbers 
being thus found, all the 2d differences of the logarithms required, will be ge- 
nerated by adding continually, from the leſs to the greater, the conſtant 3d dif- 
ference ; and the ſeries of iſt differences will be found by adding the teveral 
2d differences; and, laſtly, by adding continually theſe iſt differences to the iſt 
given logarithm, &c, the required logarithmic terms will be generated. 

Thele ealy rules being laid down, Mr. Briggs next teaches how by them the 
remaining chiliads may beſt be compleated : namely, having here the logarithms 
tor all numbers up to 20,000, find the logarithms to every 5 beyond this, or of 
20,005, 20,010, 20,015, &c, in this manner; to the logarithms of the 5th part of 
each of thoſe, namely 4001, 4002, 4003, &c. add the conſtant logarithm of 5, 
and the ſums will be the logarithms of all the terms of the ſeries 20,005, 20,010, 
20,015, &c : and theſe logarithms will have the very ſame differences as thoſe of 
the ſeries 4001, 4002, 4003, &c ; by means of which therefore interpoſe 4 equidiſ- 
tant terms by the rules above; and thus the whole canon will be eaſily compleated. 

He here alſo extends the rules for correcting the mean differences in quinqui- 
ſection, as far as the 2oth difference; he alſo lays down ſimilar rules for triſection, 
and ſpeaks of general rules for any other ſection, but which are omitted as being leſs 
ealy. So that he appears to have been poſſeſſed of all that Cotes afterwards deli- 
vered in his Canonotechnia, five Conſtructio Tabularum per Differentias, drawn from the 
Differential Method, as their general rules exactly agree; Briggs's mean and correct 


differences being by Cotes called round and quadrat differences, becauſe he ex- 


preſſes them by the numbers 1, 2, 3, &c. written reſpectively in a ſmall circle 
and ſquare. 
a Mr. 
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Mr. Briggs alſo obſerves that the ſame rules equally apply to the conſtruction 
of equidiſtant terms of any other kind, ſuch as fines, tangents, ſecants, the powers 
of numbers, &c : and farther remarks, that of the fines of three equidifferent arcs, 
all the remote differences may be found by the rule of proportion, becauſe the 
fines and their ad, 4th, 6th, 8th, &c, differences are continued proportionals, as 
are alſo the 1ſt, 3d, 5th, 7th, &c, differences among themſelves ; and like as the 

2d, 4th, 6th, &c, differences are proportional to the fines of the mean arcs, ſo alſo 
are the iſt, 3d, 5th, &c, differences proportional to the coſines of the ſame arcs. 
Moreover, with regard to the powers of numbers, he remarks the following 
curious properties: iſt, that they will each have as many orders of differences as 
are denoted by the index of the power, the ſquares having two orders of dif- 
ferences, the cubes three, the 4th powers four, &c : ſecond, that the laſt differ- 
ences will be all equal, and each equal to the common difference of the fides or 
roots raiſed to the given power, and multiplied by i X 2 X 3 X 4 &c, continued 
to as many terms as there are units in the index; fo if the roots differ by 1, the 
2d difference of the ſquares will be each 1 x 2 or 2, the third differences of the 
cubes each 1 * 2 X 3 or 6, the 4th differences of the 4th powers each 1 x 2 X 
3 X 4 or 24, and ſo on; and if the common difference of the roots be any other 
number », then the laſt differences of the ſquares, cubes, 4th powers, 5th 

wers, &c, will be reſpectively 2n*, 6x*, 24n*, 1208, &c. 

Beſides what was ſhewn in the eleventh chapter concerning the taking out the 
logarithms of large numbers by means of proportional parts, he employs the next 

or 14th chapter in teaching how, from the firſt ten chiliads only, and a ſmall 
table cf one page here given, to find the number anſwering to any logarithm, 
and the logarithm to any number conſiſting of fourteen places of figures “. 

Having thus fully ſhewn the conſtruction and chief properties of his loga- 
richms, our ingenious author, in the remaining eighteen chapters, exemplifies 
their uſes in various curious and important ſubjects: ſuch as the Rule- of- three, 
or rule of proportion; finding the roots of given numbers; finding any number 
of mean proportionals between two given terms; with other arithmetical rules: 
Alſo various geometrical ſubjects; as, 1ſt, Having given the ſides of any plane 
triangle, to find the area, perpendicular, angles, and d iameters of the inſcribed 
and circumſcribed circles ; 2d, In a right-angled triangle, having given any two 
of theſe, to find the reſt, viz. one leg and the hypotenuſe, one leg and the ſum or 


It is. no more than a large exemplification of this method of Briggs's that has been printed ſo late 
as 1771, in a 4to. tract by Mr. Rob. Flower, under the title of The Radix, a New Way of making Lo- 
garithms ; although Briggs's work might not be known to this writer. — Since this was written I have. 
been favoured with the — anecdote concerning Mr. Flower and his work, by the Rev. Dr. 
Horſley, the learned editor of the works of Sir I. Newton. This Robert Flower was a very obſcure, 
and probably an illiterate man. He was maſter of a writing ſchool in the town of Biſhop Stortford in 
Hertſordſhire. He communicated his Radix, before he publiſhed it, to my late learned friend Math, 
Raper, Eſq. of Thorley Hall. I was at Thorley at the time, upon a viſit to my father, who was rector 
of the pariſh ; and I well remember that Mr. Raper told me, with great ſurprize, that Flower (who 
was known to us both by name as the writing-maſter of the neighbouring market town) had fallen 
upon Briggs's way of finding all logarithms from the firſt ten chiliads. And he was ſo well perſuaded 
that Flower had made the diſcovery for himſelf, without any light from Briggs, that with his aceuſ 
tomed munificence he rewarded the man's ingenuity with a lent of ten guineas; informing him, I 
believe, that his work had been done before, and diſſuading * publication.“ 
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difference of the hypotenuſe and the other leg, the two legs, one leg and the 
area, the area and the ſum or difference of the legs, the hy potenuſe and ſum or 
difference of the legs, the hypotenuſe and area, and the perimeter and area; 
za, Upon a given bale to deſcribe a triangle equal and iſoperimetrical to another 
triangle given; 4th, To deſcribe the circumference of a circle fo, that the three 
diſtances from any point in it to the three angles of a given plane triangle, ſhall 
be to one another in a given ratio; 5th, Having given tlie baſe, the area, and 
the ratio of the two ſides of a plane triangle, to find the fides ; 6th, Given the 
baſe, difference of the ſides, and area of a triangle, to find the ſides; 7th, To 
find a triangle whole arca and perimeter ſhall be expreſſed by the fame number; 
8th, Of tour given lines, of which the ſum of any three 1s greater than the 
fourth, to form a quadrilateral figure -about which a circle may be deſcribed ; 
gth, Of the diameter, circumference, and area of a circle, and the ſurface and 
ſoliclity of the ſphere generated by it, having any one given, to find any of the 
reſt ; roth, Concerning the ellipſe, ſpheroid, and gauging ; 11th, To cut a line 
or a number in extreme and mean ratio; 12th, Given the diameter of a circle, 
to find the ſides and areas of the inſcribed and circumſcribed regular figures of 
3, 4, 5, 6, 8, 10, 12, and fixteen ſides; 13th, Concerning the regular figures of 
7, 9, 15, 24, and 3o ſides; 14th, Of iſoperimetrical regular figures; 15th, Of 
equal regular figures; and 16th, Of the ſphere and the ; regular bodies; which 
cloſes this introduction. Such of theſe problems as can admit of it, are deter- 
mined by elegant geometrical conſtructions, and they are all illuſtrated by accurate 
arithmetical calculations performed by logarithms ; for the exemplification of 
which they are purpoſely given. 

At the end he remarks, that the chief and moſt neceſſary uſe of logarithms, is 
in the doctrine of ſpherical trigonometry, which he here promiſes to give in a fu- 
ture work, and which was accompliſhed in his Trigenometria Britannica, to the de- 


ſcription of which we now procecd. 


Of BRIGGS's Trigenometria Britannica, 


At the cloſe of the account of writings on the natural ſines, tangents, and ſecants, 

I omitted the deſcription of this work of our learned author, although it is per- 
haps the greateſt of this kind, all things conſidered, that ever was executed by 
one perſon ; purpoſely referving my account of it to this place, not only as it is 
connected with the invention and conſtruction of logarithms, but thinking it 
deſerved more peculiar and diſtinguiſhed notice, on account of the importance 
and originality of its contents. The diviſion of the quadrant, and the mode of 
conſtruction, are both new ; and the numbers are far more accurate, and are 
extended to more places, than they had ever been before. The circular arcs 
had always been divided in a ſexageſimal proportion; but here the quadrant is 
divided into degrees and decimals, as this is a much eaſier mode of computation 
than by 6oths ; the diviſion being completed only to 10oths of degrees, though 
his deſign was to have extended it to 1000ths of degrees. And, beſides his own 
private opinion, he was induced to adopt this method of decimal diviſions, partly 
at 
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a at the requeſt of other perſons, and partly perhaps from the authority of Vieta, 

0 p. 29 Calendarii Gregsriani, And it is probable that computations by this deci- 
. mal diviſion would have come into general uſe, had it not been for the publica- 

$ tion of Vlacq's tables, which were extended to every 10 ſeconds, or 6th parts of 
3 minutes. But beſides this method by a decimal diviſion of the degrees, of which 

| the whole circle contains 360, or the quadrant go, in the 14th chapter he remarks 

: that ſome other perſons were inclined rather to adopt a complete decimal divi- 

4 ſion of the whole circle, firſt into 100 parts, and each of theſe into 1000 parts ; 

| and for Heir ſakes he ſubjoins a ſmall table of the lines of every 40th part of the 

| quadrant, and remarks that from theſe few the whole may be made out by-con- 

tinual quinquiſections; namely, 5 times thele 40 make 200 ; then 5 times theſe 

: give 1000; thirdly, 5 times thele give 5000 ; and, laſtly, 5 times theſe give 

. 25,000 for the whole quadrant, or 100,0c0 for the whole circumference. 

But to return, Our author's large table conſiſts of natural fines to 15 places, 
natural tangents and ſecants each to 10 places, logarithmic fines to 14 places, and 
logarithmic tangents to 10 places, each beſides the characteriſtic : a moſt ſtu- 
pendous performance! The table is preceeded by an introduction, divided into 
tivo books, the one containing an account of the truly ingenious conſtruction of 
the table, by the author himſelf ; and the other its uſes in trigonometry, &c, by 
Henry Gellibrand, profeſſor of aſtronomy in Greſham College, who remarks in 
the preface that the work was compoſed by the author about the year 1600 ; 
though it was only publiſhed by the direction of Gellibrand in 1633, it having 
been printed at Gouda under the care of Vlacq, and by the printer of his Trigo- 
nometria Artificialis, which came out the fame year, 

After briefly mentioning the common methods of dividing the quadrant, and 
conſtructing the tables of tines, &c, from the ancients down to his own time, he 
haſtens to the deſcription of his own peculiar and truly ingenious method, which 
is briefly this : Having firſt divided the quadrant into a ſmall number of parts, as 
72, he finds the fine of one of thoſe parts; then from it the fines of the double, 
triple, quadruple, &c, up to the quadrant, or 72 parts. He next quinquiſects 
each of theſe parts, by interpoling four equidiſtant means, by differences ; he 
then quinquiſects each of theſe; and finally each of theſe again; which com- 
pletes the diviſion as far as degrees and centeſms. The rules for performing all 
theſe things, he inveſtigates and illuſtrates in a very ample manner. In treating 
of multiple and ſubmultiple arcs, he gives general algebraical expreſſions, for the 
fine or chord of any multiple whatever of a given arc, which he deduced from-a 
geometrical figure, by finding the law for the ſeries of ſucceſſive multiple chords 
or ſines, after the manner of Vieta, who was the firſt perſon that I know of, who 

laid down general rules for the chords of multiples and ſubmultiples of arcs or 
angles; and the ſame was afterwards improved by Sir J. Newton, to ſuch form, 
that radius, and double the coſine of the firſt given angle, are the firſt and ſecond : 
terms of all the proportions for finding the fines and cofines of the multiple 
aogles. For aſſigning the coefficients of the terms in the multiple expreſſions, 
our author here delivers the conſtruction of figurate or polygonal numbers, in- 
- ſerts a large table of them, and teaches their ſeveral uſes ; one of which is, that every 
4 other number taken in the diagonal lines, furniſhes the coefficients of the terms of 
+ the 


f * 
— , OE 


IXxXviii CONSTRUCTION or 


the general equation by which the fines and chords of multiple arcs are expreſſed, 
which he amply illuſtrates ; and another, that the ſame diagonal numbers conſti— 
tute the coefficients of the terms of any power of a binomial ; which property was 
alſo mentioned by Vieta in his Angulares Sectiones, theor. 6, 7: and this is the 
firſt mention I have ſeen made of this law of the coefficients of the powers of a 
binomial, commonly called Sir 1. Newton's binomial theorem, although it is 
very evident that Sir Iſaac was not the firſt inventor of it; the part of it properly 
belonging to him ſeems to be only the extending of it to fractional indexes, which 
was indeed an immediate effect of the general method of denoting all roots like 
powers with fract ional exponents, the theorem being not at all altered. 

Of the bino- However it appears that our author Briggs was the firſt who taught the rule for 
mial theo- generating the coefficients of the terms, ſucceſſively one from another, of any 
22 power of a binomial, independent of thoſe of any other power. For having 

| ſhewn, in his Abacus Tlayygrgos (which he fo calls on account of its frequent and 
excellent uſe, and of which a ſmall ſpecimen is here annexed), that the nun:bers 
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5 
in the diagonal directions, aſcending from right to left, are the coefficients of the 
powers of a binomial, the indexes being the figures in the firſt perpendicular co- 4 
lumn A, which are alſo the coefficients of the 2d terms of each power {thoſe of 
the firſt terms, being 1, are here omitted) ; and that any one of theſe diagonal 1 
numbers is in proportion to the next higher in the diagonal, as the vertical of the of 
former is to the marginal of the latter, that is, as the uppermoſt number in the i 
column of the former is to the firſt or right-hand number in the line of the latter; | 
having ſhewn theſe things, I ſay, he thereby teaches the generation of the coct- 1 
ficients of any power, independently of all other powers, by the very ſame law or 
rule which we now uſe in the binomial theorem. Thus, for the gth power; 9 
being the coefficient of the 2d term, and 1 always that of the firſt, to find the 
zd coefficient we have2:8::9 : 36; for the 4th term, 3:7 : : 36: 84; for 
the ;th term, 4:6 ::84:126; and fo on for the reſt. That is to ſay, the 
coefficients of the terms in any power , are inverſely -as the vertical numbers or 
firſt line 1, 2, 3,4,.. . n, and directly as the aſcending numbers m, m— 1, 
m — 2,7 — 3, . + 1, in the firſt column A; and that conſequently thoſe coeffi- 
of © cients 
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2 . . . . ” —1 —2 
cients are found by the continual multiplication of theſe fractions =, rs 


. EAI — which 1s the very theorem as it ſtands at this day, and as applied 


by Newton to roots or fractional exponents, as it had before been uſed for inte- 
gral powers. This theorem then being thus plainly taught by Briggs about the 

ear 1600, I am ſurpriſed how a man of ſuch general reading as Dr. Wallis was, 
could poſſibly be ignorant of it, as he plainly appears to be by the 8 5th chapter 
of his Algebra, where he fully aſcribes the invention to Newton, and adds that he 
himſeif had formerly ſought after ſuch a rule, but without ſucceſs : or how Mr. 
John Bernoulli, not half a century ſince, could himſelf firſt diſpute the invention 
of this theorem with Newton, and then give the diſcovery of it to M. Paſcal, 
who was not born till long after it had been taught by Briggs. See Bernoulli's 
Werks, vol. 4. Pp. 173. But I do not wonder that Briggs's remark was unknown to 
Newton, who owed almoſt every thing to genius, and very little to reading : and 
have no doubt that he made the diſcovery himſelf, without any light from 
Briggs; and that he thought it was new for all. powers in general, as it was indeed 
for roots and quantities with fractional and irrational exponents. 

When the above table of the ſums of figurate numbers 1s uſed by our author 
in determining the coefficients of the terms of the equation, whoſe root is the 
chord of any ſubmultiple of an arc, as when the ſection is expreſſed by any 
uneven number, he remarks that the powers of that chord or root will be the iſt, 
3d, 5th, 7th, &c, in the alternate uneven columns, A, C, E, G, &c, with their 
ſigns + or —, as marked to the powers, continued till the higheſt power be equal 
to the index of the ſection; and that the coefficients of thoſe powers are the ſums 
of two continuous numbers in the ſame column with the powers, beginning with 
1 at the higheſt power, and gradually deſcending one line obliquely to the right 
at each lower power: ſo for a triſection, the numbers are 1 in C, and 1 + 2 = 
3 in A; and therefore the terms are — 10 + 30D: for a quinquiſection, the 
numbers are 1 in E, 1 +4 =; in C, 24 3 ; in A; ſo that the terms are 1 
G — 5+ 5 O: for a ſeptiſection, the numbers are 1 in G, 1 6 = 5 in E, 
4 ＋ 10 S 14 in C, and 3 +4 = 7 in A; and ſo the terms are — 1 0 + 7 © 
—14@® + 7Q: and fo on; the ſum of all theſe terms being always equal to 
the chord of the whole or multiple arc. But when the ſection is denominated by 
an even number, the ſquares of the chords enter the equation inſtead of the firſt 
powers as before, and the dimenſions of all the powers are doubled, the coefficients 
being found as before, and therefore the powers and numbers will be thoſe in the 
2d, 4th, 6th, &c, columns: and the uneven ſections may alſo be expreſſed the 
ſame way: hence for a biſection the terms will be — 1 @& + 4 ©; for a triſec- 
tion 1000 — 6Q) + 9 @); for the quadriſection = 1 0 + 8 © — 20 @ + 
” ©; for the quinquiſection 1 © = 10 © 35 C — 50@ + 25 ©; and. 
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Our author alſo ſubjoins an- F E D C TS | A 
other table, a ſmall ſpecimen of | +&) | + | =-@ | -@] +® | © 

which is here annexed, in which I 1 I I I 1 
the firſt column conſiſts of the „ 
uneven numbers, 1, 3, 5, &c; | 7 | 20 = . - 
the reſt being found by addition 30 _ 75 
as before, and the alternate dia- | '| 25 9 
gonal numbers themſelves are : 12 
the coefficients. | 

The method is quite different from that of li Vieta's 1 able. 


1 
Vieta, who gives another table for the like pur- | , 
ole, a ſmall part of which 1s here annexed, which 3 
is formed by adding from the number 2 down- 4 
wards obliquely towards the right ; and the coet- 5 
ficicats of the terms ſtand upon the horizontal | 692 
7 
8 
9 
10 


30 


line. 1447 | 4b 

Theſe angular ſections were afterwards further ld L612 
diſcuſſed by Oughtred and Wallis. And the 27 30 9% [5h 
ſame theorems of Vieta and Briggs have been 35 50 25 | 2 [th 
ſince given in a different form, by Mettrs. Her- 
man, and the Bernoullis in the Leigſic 47s, and the Memcirs of the Royal Academy 
ef Sciences, Theſe theorems they expreſſed by the alternate terms of the power 
of a binomial, whoſe exponent is that of the multiple angle or ſection. And Mr, 
De Lagny, in the ſame Memoirs, firſt ſhewed that the tangents and ſecants of 
multiple angles are alſo expreſſed by the terms of a binomial, in the form of a 
fraction, of which ſome of thoſe terms form the numerator, and others the deno— 
minator. Thus, if r expreſs the radius, s the fine, c the coſine, 7 the tangent, 
and / the ſecant of the angle 4; then the fine, coſine, tangent, and ſecant of x 
times the angle are expreſſed thus, viz. 


. 1 — 1 — 1. 2 — —3 3 — 1.2 — 2.1 — 3. — — 
Sin. AA = 712 —1 „ . 35 * 1 4. 55 Se. 
1 1 * 2 * 3 5 1 . 2 * 3 . 4 * 5 
lm , Tf] B—=3 2 1. — 1. 2 — 2. —3 1-4 4 

Coſine A = = &: c 17 5 Sc. 

- _ —— B33 * r EG 
Tang. nA = 7 X * — 3 2 + — — = 3 4 
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where it is evident that the ſeries in the value of the ſine of the multiple angle 
n A conſiſts of the even terms of the ſeries that is equal to c--]*, or the nth 


power of the binomial c + s, and the ſeries in the value of the coſine of the ſame 


multiple angle conſiſts of the uneven terms of the ſame power; allo the ſeries in 


the numerator of the tangent conſiſts of the even terms of the power T, and 
| the 
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tie denominator, both of the tangent and ſecant, conſiſts of the uneven terms of 


the ſame power T. And, if the diameter, chord, and chord of the ſupplement, 
be ſubſtituted for the radius, ſine, and coſine, in the expreſſions for the fine and 
coſine of the multiple arc, the reſult will give the chord and chord of the ſupple- 
ment of x times the arc, or angle, A. Theſe and various other expreſſions for mul- 
tiple and ſubmultiple arcs, wich other improvements in trigonometry, have alſo 
been given by Euler and other eminent writers on the ſubject. 

The before-mentioned M. De Lagny offered a project for ſubſtituting, inſtead 
of the common logarithms, a binary arithmetic, which he called the natzral lo- 
garithms, and which he and M. Leibnitz ſeem to have both invented about the 
{ame time, independently of each other: but the project came to nothing. Mr. 
De Lagny alſo publiſhed, in ſeveral Memoirs of the Royal Academy, a new 
method of determining the angles of figures, which he called Geniometry. It 
conſiſts in meaſuring with a pair of compaſſes the arc which ſubtends the angle 
in queſtion ; however this arc is not — by applying its extent to any pre- 
conſtructed ſcale, but by examining what part it is of half the circumference of 
the ſame circle, in this manner: from the propoſed angular point as a center, 
with a ſufficiently large radius, a ſemicircle being deſcribed, a part of which is 
the arc intercepted by the ſides of the propoſed angle, the extent of this arc is 
taken with a fine pair of compaſſes, and applied continually upon the arc of the 
ſemicircle, by which he finds how often it 1s contained in the femicircle, with 
uſually a ſmall arc remaining ; in the ſame manner he meaſures how often this 
remaining arc is contained in the firſt arc, and what remains again is applied 
continually to the firſt remainder, and ſo the 3d remainder to the 2d, the 4th to 
the 3d, and fo on till there be no remainder, or elſe till it become inſenſibly ſmall. 
By this proceſs he obtains a ſeries of quotients, or fractional parts, one of another, 
which being properly reduced into one, give the ratio of the firſt arc to the ſemicir- 
cumference, or the ratio of the propoſed angle to two right angles or 180 degrees, 
and conſequently the magnitude of that angle in degrees, minutes, &c, if required, 
and that commonly to a degree of accuracy far exceeding the calculation of the ſame 
by means of any tables of fines, tangents, or ſecants, notwithſtanding the apparent 
paradox in this expreſſion at firſt fight. Thus, if the iſt arc be 4 times con- 
rained in the ſemicircle, the remainder once contained in the firſt arc, the next 
five times in the ſecond, and finally the fourth two times in the third: here the 
quotients are 4, 1, 5, 23; confequently the fourth or laſt arc was ; the 3d, there- 
fore the 3d was I or — of the 2d, and the 2d was — or 75 of the iſt, and the 

ir 
firſt or arc ſought, was IT or 65 of the ſemicircle; and conſequently it con- 
tains 37 + degrees, or 37 8' 34” 5. 

But to return from this long digreſſion, Mr. Briggs next treats of interpolation 
by differences, and chiefly of quinquiſection, after the manner uſed in the 1 3th 
chapter of his conſtruction of logarithms before deſcribed. He here proves thar 
curious property of the fines and their ſeveral orders of differences, before men- 
tioned, namely, that, of equidifferent arcs, the fines with the 2d, 4th, 6th, &c, 
differences, are continued proportionals; as alſo the coſines of the means be- 
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tween thoſe arcs, and the iſt, za, 5th, &c, differences And to this treatiſe on 
interpolation by differences, he adds a marginal note, complaining that this 1 3th 
chapter of his Aridhmetica Legarithmica had bcen omitted by Vlacq in his edition 
of it; as if he were afraid of an intention to deprive him of the honour of the in- 
vention of interpolation by ſucceſſive differences. The note is this: Modus cor- 
rectionis à me traditus eft in Arithmetice Logarithmice capite 13, in editione Londinenſi: 
Mud autem caput, una cum ſequenti in edittone Batavd, me inconſulto et inſcio omiſſum 
fuit : nec in cumibus editionis illius author (vir alioqui induſtrius et non indottus ) 
meam mentem videtur aſſequutus. Ideoque, ne quicquam defit cuiquam qui integrum 
canonem conficere cupiat, quædam maxime neceſſaria illinc huc transferenda cenſui. 

A large {ſpecimen of quimquiſection by differences is then given, and he ſhews 
how it 1s to be applied to the conſtruction of the whole canon of fines, both for 
100th and 1000oth parts of degrees; namely, for centeſms, divide the quadrant 
firſt into 72 equal parts, and find their fines by the primary methods; then theſe 
quinquiſected give 360 parts, a ſecond quinquiſection gives 1800 parts, and a 
third gives ooo parts, or centeſms of degrees: but for milleſms, divide the qua- 
drant into 144 equal parts; then one quinquiſection gives 720, a ſecond gives 
3600, a third 18, ooo, and a fourth gives go, ooo — or milleſms. 

He next proceeds to the natural tangents and ſecants, which are directed to be 
raiſed in the ſame manner, by interpolations from a few primary ones, conſtructed 
from the known proportions between fines, tangents, and ſecants; excepting 
that half the tangents and ſecants are to be formed by addition and ſubtraction 
only, by means of ſome ſuch theorems as theſe, namely, 1ſt, the ſecant of an arc 
is equal to the ſum of the tangent of the ſame arc, and the tangent of halt its com- 
plement, which will find every other ſecant; ad, Double the tangent of an arc, 
added to the tangent of half its complement, is equal to the tangent of the ſum 
of that arc and the ſaid half complement, by which rule half the tangents will be 
tovnd ; &c. | 

In the two remaining chapters of this book are treated the conſtruction of the 
logarithmic fines, tangents, and ſecants. This is preceeded by ſome remarks on 
the origin and invention of them. Our author here obſerves that logarithms 
may be of various kinds : that others had followed the plan of Baron Napier, the 
firſt inventor; among whom Benjamin Urſinus is eſpecially commended, who ap- 
plied Napier's logarithms to every ten ſeconds of the quadrant ; but that he 
himſelf, encouraged by the noble inventor, deviſed other logarithms that were 
much eaſier and more excellent“. He fays he put 10, with cyphers, for the 
logarithm of radius; 9 for the logarithm fine of 5* 44', whoſe natural fine is one 
1oth of the radius; 8 for that of 347, whoſe natural fine is one 100th of the 


radius, &c : thereby making 1 the logarithm of the ratio of 10 to 1, which is che 


characteriſtic of his ſpecies of logarithms. 
To conſtruct the logarithmic fines, he direas firſt to divide the quadrant into 
72 equal parts as before, and to find the logarithms of their natural fines, as in 


* His words are Ego vero, ipſius inventoris primi cohortatione adjutus, alios logarithmos appli- 
candos cenfſui, qui multo faciliorem uſum habent, pre{tantioremque, Logarithmus radii circularis vel 
linus totius, a me ponitur 10 &c.“ t 
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che 14th chapter of his Arithmetica Logarithmica ; after which this number will 
be increaſed by quinquiſection, firſt to 360, then to 1800, and laſtly to gooo, or 
centeſms of degrees. But if milleſms of degrees be required, divide the qua- 
drant firſt into 144 equal parts, and then by four quinquiſections theſe will be 
extended to the following parts, 720, 3600, 18,000, and go, ooo, or milleſms of 
degrees. He remarks however that the logarithmic fines of only half the qua- 
drant need be found in this manner; as the other half may be found by mere ad- 
dition, or ſubtraction, by means of this theorem, as the fine of half an arc is to 
half the radius, ſo is the fine of the whole arc to the coſine of the ſaid half arc. This 
theorem he illuſtrates with examples; and then adds a table of the logarithmic 
fines of the primary 72 parts of the quadrant, from which the reſt are to be 
made out hy quinquiſection. | 

In the next chapter our author ſhews the conſtruction of the natural tangents 
and ſecants more fully than he had done before, demonſtrating and illuſtrating 
ſeveral curious theorems for the eaſy finding of them He then coacludes this 
chapter, and the book, with pointing out the very eaſy conſtruction of che lo- 
garithmic tangents and ſecants by means of theſe three theorems. 

iſt, As coſine : fine :: radius: tangent, 

2d, As tangent : radius : : radius: cotangent, 

3d, As cofine : radius : : radius: ſecant. 
So that in logarithms, the tangents are found by ſubtracting the coſines from the 
fines, adding always 10 or the radius; the cotangents are found by ſubtracting 
always the tangents from 20 or double the radius; and the ſecants are found by 
ſubtracting the coſines from 20 the double radius. 

The 2d book, by Gellibrand, contains the uſe of the canon in plane and 

ſpherical trigonometry. 

Beſides Briggs's methods of conſtructing logarithms, above deſcribed, no 
others were given about that time. For as to the calculations made by Vlacq, 
his numbers being carried to comparatively but few places of figures, they were 
performed by the eaſieſt of Briggs's methods, and in the manner which this inge 
nious man had pointed out in his two volumes. Thus, the 70 chiliads of loga- 
rithms, from 20,000 to go, ooo, computed by Vlacq, and publiſhed in 1628, being 
extended only to 10 places, yield no more than two orders of mean differences, 
which are alſo the correct differences, in quinquiſection, and therefore will be 
made out thus ; namely, one-fifth of them by the mere addition of the conſtant 
logarithm of 5 ; and the other four-fifths of them by two eaſy additions of very 
{mall numbers, namely, of the iſt and 2d differences, according to the directions 
given in Briggs's Arith. Log. c. 13. p. 31. And as to Vlacq's logarithmic fines 
and tangents to every 10 ſeconds, they were eaſily computed thus: the fines for 
half the quadrant were found by taking the logarithms to the natural fines in 
Rheticus's canon; and then from theſe the logarithmic fines to the other half 
quadrant were found by mere addition and ſubtraction ; and from theſe all the 
tangents by one fingle ſubtraction. So that all theſe operations might eaſily be 
performed by one perſon, as quickly as a printer could ſet up the types; and 
thus the computation and printing might both be carried on together. And 
hence it appears that there is no reaſon for admiration at the expedition with 
which theſe tables were ſaid to have been brought out, 
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Of certain Curves related to Logarithms. 


About this time the mathematicians of Europe began to conſider ſome curves 
which have properties analogous to logarithms. Edmund Gunter, it has been 
ſaid, firſt gave the idea of a curve, whole abſciſſes are in arithmetical progreſſion, 
while the correſponding ordinates are in geometrical progreſſion, or whoſe abſciſſes 
are the logarithms of their ordinates ; but I cannot find it noticed in any part of 
his writings. The fame curve was afterwards conſidered by others, and named 
the Legariubmic or Lygiſtic curve by Huygens in his Diſſerlatio de Cauſd Gravitatis, 
where he enumerates all the principal properties of this curve, ſhewing its analogy 
to logarithms *. Many other learned men have alſo treated of its properties; par- 
ricularly Le Seur and Jacquier in their comment on Newton's Principia; Dr. 
John Keill in the elegant little tract on logarithms ſubjoined to his edition of 
Euclid's Elements; and Francis Maſeres, Eſq. Curſitor Baron of the Exchequer, 
in his ingenious treatiſe on Trigonometry ; in which books the doctrine of loga- 
rithms 1s copiouſly and learnedly treated, and their analogy to the logarithmic 
curve, &c, fully diſplayed. It is indeed rather extraordinary that this curve was 
not ſooner announced to the public; ſince it reſults immediately from baron Na- 
pier's manner of conceiving the generation of logarithms, by only ſuppoſing the 
lines which repreſent the natural numbers to be placed at right angles to that upon 
which the logarithms are taken. This curve greatly facilitates the conception of 
logarithms to the imagination, and affords an almoſt intuitive proof of the very 
important property of their fluxions, or very ſmall increments, to wit, that the 
fluxion of the number is to the fluxion of the logarithm, as the number 1s to the 
ſubtangent ; as alſo of this property, that, if three numbers be taken very nearly 
equal, ſo that their ratios to each other may differ but a little from a ratio of equa- 
lity, as for example, the three numbers 10,000,000, 10,000,001, 10,000,002, 
their differences will be very nearly proportional to the logarithms of the ratios of 
thoſe numbers to each other : all which follows from the logarithmic arcs bei 
very little different from their chords, when they are taken very ſmall. And the 
conſtant ſubtangent of this curve is what was afterwards by Cotes called the Mo- 


dulus of the ſyſtem of logarithms : and ſince, by the former of the two properties 


above mentioned, this ſubtangent is a 4th proportional to che fluxion of the num- 
ber, the fluxion of the logarithm, and the number; this property afforded occafion 
to Mr. Baron Maſeres to give the following definition of the modulus, which is the 
{ame in effect as Cotes's, but more clearly expreſſed, namely, that it is the limit of 
the magnitude of a 4th proportional to theſe three quantities, to wit, the difference 
of any two natural numbers that are very nearly equal to each other, either of the 
ſaid numbers, and the logarithm or meaſure of the ratio they. have to each other. 
Or we may define the modulus to be the natural number at that part of the 
ſyſtem of logarithms, where the fluxion of the number 1s equal to the fluxion of 
the logarithm, or where the numbers and logarithms have equal differences. And 


„» Mr. James Gregory alſo ſpeaks of this curve in the higheft terms of approbation, on account of 
its utility in illuſtrating the nature of ratios and logarithms, See his Preface, or Proœmium, to his 
Geomeirie Pars Univer/aliz, publiſhed at Padua in Italy in the year 1668, b 
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hence it follows, that the logarithms of equal numbers or of equal ratios, in different 
fyſtems, are to one another as the moduli of thoſe ſyſtems. Moreover, the ratio whoſe 
meaſure, or logarithm, is equal to the modulus, and which 1s therefore by Cotes 
called the ratio modularis, is by calculation found to be the ratio of 2*718,281,828, 
459, &c, to 1, or of 1 to +367,879,441,171, &c: the calculation of which num+» 
ber may be ſeen at full length in Mr. Baron Maſeres's treatiſe on the Principles of 
Life-annuities, p. 274, 275 *. 

The hyperbolic curve alſo afforded another ſource for developing and illuſ- 
trating the properties and conſtruction of logarithms. For the hyperbolic areas 
lying between the curve and one aſymptote, when they are bounded by ordinates 
parallel to the other aſymptote, are analogous to the logarithms of their abſciſles or 
parts of the aſymptote. And fo alſo are the hyperbolic ſectors; any ſector bounded 
by an arc of the hyperbola and two radii, being equal to the quadrilateral ſpace 
bounded by the fame arc, the two ordinates to either aſymptote from the extre- 
mities of the arc, and the part of the aſymptote intercepted between them. And 
although Napier's logarithms are commonly ſaid to be the fame as hyberbolic 
logarithms, it is not to be underſtood that hyperbolas exhibit Napier's logarithms 
only, but indeed all other poſſible ſyſtems of logarithms whatever. For, like as 
the right-angled hyperbola, the ſide of whoſe ſquare inſcribed at the vertex is 1, 
gives us Napier's logarithms ; ſo any other ſyſtem of logarithms is expreſſed by 
the hyperbola whoſe aſymptotes form a certain oblique angle, the fide of the 
rhombus inſcribed at the vertex of the hyperbola in this col alſo being ſtill 1, 
the ſame as the fide of the ſquare in the right-angled hyperbola. But the areas of 
the ſquare and rhombus, and conſequently the logarithms of any one and the fame 
number or ratio, will differ according to the fine of the angle of the aſymptotes. 
And the area of the ſquare or rhombus, or any inſcribed parallelogram, is alſo the 
ſame thing as what was by Cotes called the modulus of the ſyſtem of logarithms ; 
which modulus will therefore be exprefled by the numerical meaſure of the fine of 
the angle formed by the aſymptotes, to the radius 1 ; as that is the fame with the 
number expreſſing the area of the ſaid ſquare or rhombus, the fide being 1: which 
is another definition of the modulus to be added to thoſe we before remarked 
above, in treating of the logarithmic curve. And the evident reaſon of this is, that 
in the beginning of the _—_— of theſe areas from the vertex of the hyperbola, 
the naſcent increment of the abſciſſe drawn into the altitude 1, is to the increment 
of the area, as radius is to the ſine of the angle of the ordinate and abſeciſſe, or of 
the aſymptotes ; and at the beginning of the logarithms, the naſcent increment of 
the natural numbers 1s to the increment of the logarithms, as 1 1s to the modulus 
of the ſyſtem. Hence we eaſily diſcover that the angle formed by the aſymptotes 
of the hyperbola exhibiting Briggs's ſyſtem of logarithms, will be 25 deg. 44 min. 
25. ſec. this being the angle whoſe ſine is o·434, 294, 481,9, &c, the modulus of 
this ſyſtem. 

Or indeed any one hyperbola, as has been remarked by Mr. Baron Maſeres, will 
expreſs all poſſible ſyſtems of logarithms whatever, namely, if the ſquare or rhom- 


This calculation is alſo ſet forth in one of the tracts contained in this preſent volume, pages 358, 
359, 360, and 371, 372, 373, 374, 375. 
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bus inſcribed at the vertex, or, which is the fame thing, any parallelogram in- 
ſcribed between the aſymptotes and the curve at any other point, be expounded 
by the modulus of the ſyſtem ; or, which is the ſame, by expounding the area, 
intercepted between two ordinates which are to each other in the ratio of 10 to 1, 
by the logarithm of that ratio in the propoſed ſyſtem. 

As to the firſt remarks on the analogy between logarithms and the hyperbolic 
ſpaces, it having been ſhewn by Gregory St. Vincent, in his Quadratura Circuli 
& Sefionum Cont, publiſhed at Antwerp in 1647, that if one aſymptote be divided 
into parts in geometrical progreſſion, and from the points of diviſion ordinates be 
drawn parallel to the other aſymptote, they will divide the ſpace between the 
aſymptote and curve into equal portions ; from hence it was ſhewn by Merſennus, 
that by taking the continual ſums of thoſe parts, there would be obtained areas in 
arithmetical progreſſion, adapted to abſciſſes in geometrical progreſſion, and which 
therefore were analogous to a {ſyſtem of logarithms. And the fame analogy was 
remarked and illuſtrated ſoon after by Huygens, and many others, who ſhew how 
to ſquare the hyperbolic ſpaces by means of the logarithms. 


Of * Gregory's Computation of T ogarithms. 


On the other hand, Mr. James Gregory, in his Vera Circuli et Hyperbole Quadra- 
zura, firſt printed at Patavium, or Padua, in the north of Italy, in the year 1667, 
having approximated to the aſymptotic ſpaces of an hyperbola by means of a ſeries of 
inſcribed and circumſcribed polygons, from thence ſhews how to compute the loga- 
rithms, which are analogous to thoſe areas: and thus the quadrature of the hyperbolic 
{paces became the ſame thing as the computation of the logarithms. He here alſo 
lays down various methods to abridge the computation, with the aſſiſtance of ſome 
properties of numbers themſelves, by which we are enabled to compoſe the logarithms 
of all prime numbers under 1000, each by one multiplication, two diviſions, and 
the extraction of the ſquare root. And the ſame ſubject is farther purſued in his 
Exercitationes Geemetrice, to be deſcribed hereafter. | 

There are are alſo innumerable other geometrical figures having properties 
analogous to logarithms ; ſuch as the equi-angular ſpiral (which is alſo called the 
Logarithmic Spiral), the figure of tangents, and the figure of ſecants, &c ; which it 
is not to our purpoſe to diſtinguiſh more particularly. 


Of + Mercater's Logarithmotechnia. 
In 1668, Mr. Nicholas Mercator publiſhed his Logarithmotechnia, fue Methudus 


James Gregory was born at Aberdeen in Scotland in 1629, where he was educated. He was pro- 
feſſor of Mathematics in the college of St. Andrew; and died of a fever in December 1675, being 
only 36 years of age. 

+ Nicholas Mercator, a learned mathematician, and an ingenious member of the Royal Society, 
was a native of Holſtein in Germany, but ſpent moſt of his time in England, where he died in the year 
1690, at about 50 years of age, He was the author of many other works in Geometry, Geography, 
Aitronomy, Aſtrology, &c. 
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conſtruendi Legarithmes nova, accurata, & facilis ; in which he delivers a new and 
ingenious method for computing the logarithms upon principles purely arithme- 
tical ; which being curious, and very accurately performed, I ſhall here give a rather 
full and particular account of that little tract, as well as of the ſmall ſpecimen of 
the quadrature of curves by infinite ſeries which is ſubjoined to it; and the ra- 
ther, as this work gave occaſion to the public communication of ſome of Sir Iſaac 
Newton's earlieſt pieces, to evince that he had not borrowed them from this pub- 
lication. So it appears that theſe two ingenious men had, independent of each 
other, in ſome inſtances fallen upon the ſame diſcoveries. 

Our author begins this work with remarking that the word Logerithm is com- 
poſed of the two Greek words Ayes and #9 ucs, which anſwer to the words ratio and 
number, being as much as to ſay, the number of ratios; which he obferves is quite 
agreeable to the nature of them, for that a logarithm 1s nothing elfe but the num- 
ber of ratiuncule, or very ſmall ratios, contained in the ratio which any number 
bears to unity. He then makes a very learned and critical diſſertation on the nature 
of ratios, their magnitude and meaſure, conveying a clearer idea of the nature of 
logarithms than had been given by either Napier or Briggs, or any other writer ex- 
cept the famous Kepler, in his work before deſcribed ; although thoſe other wri- 
ters ſeem indeed to have had in their own minds the fame ideas on the ſubject as 
Kepler and Mercator, but without having expreſſed them ſo clearly. Our author 
indeed pretty cloſely follows Kepler in his modes of — and expreſſion, and 
after him in plain and expreſs terms calls logarithms the meaſures of ratios ; and, in 
order to the right underſtanding that definition of them, he explains what he means 
by the magnitude of a ratio. This he does pretty fully, but not too fully, conſi- 
dering the nicety and ſubtlety of the ſubject of ratios, and their magnitude, with 
their addition to, and ſubtraction from, each other, which are points that have 
often been miſconceived by very learned mathematicians, who have thence been led 
into conſiderable miſtakes. Witneſs the overſight of Gregory St. Vincent, which 
Huygens animadverted upon in the Erie Cyclometriæ Gregorii, & Senfo Vin- 
centio, and which aroſe from not underſtanding, or not adverting to, the nature of 
ratios, and their proportions one to another. And many other ſimilar miſtakes 
might here be adduced of other eminent writers. From all which we muſt com- 
mend the propriety of our author's attention, in ſo judiciouſly diſcriminating 


between the magnitude of a ratio, as of @ to 5, and the fraction >, or quotient 


ariſing from the diviſion of one term of the ratio by the other ; which latter me- 
thod of conſidering ratios is always attended with danger of errors and confuſion on 
the ſubject: though in the 5th definition of the 6th book of Euclid this quotient 
is accounted the quantity of the ratio; but this definition is probably not genuine, 
and therefore very properly omitted by profeſſor Simſon in his edition of the 
Elements. And in theſe ideas on the fabled of logarithms, Kepler and Mercator 
have been followed by Dr. Halley, and Mr. Cotes, and moſt other eminent writers 
ſince that time. 

Purely from the above idea of logarithms, namely, as being the meaſures of 
ratios, and as expreſſing the number of ratiunculæ contained in any ratio, or into 
which it may be divided, the number of the like equal ratiunculæ - in 


— 
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ſome one ratio, as of 10 to 1, being ſuppoſed given, our author ſhews how the 
logarithm, or meaſure, of any other ratio may be found. But this, however, he ſhews 
only by-the-bye, as not being the principal method he intends to teach, as his laſt 
and beſt, and which we arrive not at till near the end of the book, as we ſhall ſee 
below. Having ſhewn, then, that theſe logarithms, or numbers of ſmall ratios, or 
meaſures of ratios, may be all properly repreſented by numbers, and that (the lo- 
garithm, or meafure, of the ratio of 1 to 1, or of the ratio of equality, or, as it is 
often called, the logarithm of 1, being always o), the logarithm of 10, or 
the meaſure of the ratio of 10 to 1, is moſt conveniently repreſented by 1, 
with any number of cyphers : he then procceds to ſhew how the meaſures of all 
other ratios may be found from this laſt ſuppoſition. And he explains the prin- 
ciples by the two following examples. 

Firſt, to find the logarithm of 100: 5*, or to find how many ratiunculæ are con- 
tained in the ratio of 100'5 to 1, the number of ratiuncule in the decuple ratio, 
or ratio of 10 to 1, being 10,000,000. 

The given ratio 10075 to 1, he firſt divides into its parts, namely, the ratios of 
100.5 to 100, of 100 to 10, and of 10 to i; the laſt two of which being decuples, it 
follows that the characteriſtic of the logarithm of the whole ratio of 100+; to 1 will be 
2, and it only remains to find how many parts of the next decuple belong to the firſt 
of theſe three ratios, to wit, the ratio of 1005 to 100. Now if each term of this ratio 


- be multiplied by itſelf, the products will be in the duplicate ratio of the firſt terms, 


or this laſt ratio will contain a double number of parts ; and if theſe be multiplied 
by the firſt terms again, the ratio of the laſt products will contain three times the 
number of parts; and ſo on, the number of times of the firſt parts contained in 
the ratio of any like powers of the firſt terms, being always denoted by the expo- 
nent of the power. If therefore the firſt terms, 100'5 and 100, be continually mul- 


tiplied till the ſame powers of them have to each other a ratio whoſe meaſure is 


known, as ſuppoſe the decuple ratio 10 to 1, whoſe meaſure is 10, ooo, ooo; 
then the exponent of that power ſhews what multiple this meaſure 10,000,000, of 
the decuple ratio, is of the required meaſure of the firſt ratio 100'5 to 100; and 
conſequently, dividing 10,000,000, by that exponent, the quotient is the meaſure 
of the ratio 1co'5 to 100 ſought. The operation for finding this he ſets down as 
here follows ; where the ſeveral multiplications are all performed in the contracted 
way by inverting the figures of the multiplier, and retaining only the firſt number 
of decimals in each product, 


Mercator diſtinguiſhes his decimals ſrom integers thus 10c[5, or thus 10015 


100 
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wer 
100" 5000 2 I This power being greater | This being again too 
5001 - 1 | than the decuple of the like | much, inſtead of the 16th, 
"1005000 power of 100, which muſt | draw it into the 8th or next 
5025 always be 1 with ciphers, | preceeding, thus : 
1010025 2 | reſume therefore the 256th 5 - 8 
er. 2, | power, and multiply it, not — nw» 5 yo 
= by itſelf, but by the next | _2279491 = += += * 
1010025 | before it, viz. by the 128th, | 9720329 = = = 456 
1 thus: He“ 
” # 9910193 - - 460 
— mange 3584988 - 256| 5200101 - - - = 2 
ene 7 9 — - - - 12810015603 —— 462 
0510201 - 4 | — — 5 + 
6787831 - =- - 384 i 
1020150 „ 00 Which power again ex- 
20403 — g ceeds the limit; therefore 
102 9349130 © © © 445 graw the 460th into the iſt, 
G1 —— „ — thus: 
88 109562 1 ©) 
—_— 2 - 999299 y 9916193 = = = 460 
——— 4 Y This power again ex- gt. N 
360 380 - 16 | ceeding the ſame power of 9905774 - » = 461 
"1173035 - 32 * e — — * Since therefore the 462d 
59303711 - 32 TRETEIOTE dum dae une power of 1 amarer, 
Loom 448th, not into the 32d, and the 1616 power is leſt, 
1376011 - 64 | but the next precedin 1 
1106731 3 Sy than the decuple of the 
ps 125 * ſame power of 100; I find 
6 222 g | that the ratio of 100'5 to 
——_— * 93401390 = - = 448 | 100 is contained in the de- 
3584985 — 256 | 8603807 - - = 16| cuple more than 461 times, 
5894853 = 250 | 15171 5994 - - » 464 | but leſs than 462 times. 
12852116 512 Again, 
: 460 9916193) and the differences 
_ 12 2 996571 49581 [ nearly 
462 10015603 } 49829 | equal; 


therefore the proportional part which the exact power, or 10000000, exceeds the 
next leſs 9965774, will be eafily and accurately found by the Golden Rule, 
thus : 

The juſt power - 10000000 

and the next leſs = - 9g965774 


the difference - 34226; then 


As 49829 the dif. between the next leſs and greater, 
To 34226 the dif. between the next leſs and juſt, 
: So is 10000 : to 6868, the decimal parts; and therefore the ratio of ioo; 
to 100, is 461-6868 times contained in the decuple or ratio of 10 to 1. Dividing 
Vor. I. n — now 
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now 1,0000000, the meaſure of the decuple ratio, by 461-6868, the quotient 
502, 165,97 is the meaſure of the ratio of 100'5 to 100; which being added to 2, 
the meaſure of 100 to 1, the ſum 2:002,165,97 is the meaſure of the ratio of 100'5 
to 1, that is, the log. of 100'5 is 21002, 165,97. | 

In the ſame manner he next inveſtigates the log. of 99'5, and finds it to be 
1997,823,07. 

tew obſervations are then added, calculated to generalize the conſideration of 

ratios, their magnitude and affections. It is here remarked that he conſiders the 
magnitude of the ratio between two quantities as the ſame, whether the antecedent 
be the greater or the leſs of the two terms; ſo the magnitude of the ratio of 8 to 5, 
is the ſame as of 5 to 8; that is, by the magnitude of the ratio of either to the 
other, is meant the number of ratiunculæ between them, which will evidently be 
the ſame whether the greater or leſs term be the antecedent. And he farther re- 
marks that of different ratios, when we divide the greater term of each ratio by the 
lels, that ratio is of the greater maſs, or magnitude, which produces the greater quo- 
tient, ef vice verſa; although thoſe quotients are not proportional to the maſſes, or 
magnitudes, of the ratios. But when he conſiders the ratio of a greater term to a 
leſs, or of a leſs to a greater, that is to ſay, the ratio of greater or leſs inequality, 
as abſtracted from the magnitude of the ratio, he diſtinguiſhes it by the word 
afjettion, as much as to fay, greater or leſs affeftion, ſomerhing in the manner of 
poſitive and negative quantities, or ſuch as are affected with the ſigns + and 
— . . + + . The remainder of this work he delivers in ſeveral propoſitions, as 
follows. 

Prop. 1. In ſubtracting from each other two quantities of the ſame affection, to 
wit, both poſitive or both negative; if the remainder be of the ſame affection with 
the two given, then 1s the quantity ſubtracted the leſs of the two, or expreſſed by 


the leſs number; but if the contrary, it is the greater. 

Prop. 2. In any continued ratios, as ——Þ =, _ 5 &c, (by which is 
meant the ratios of a to a + 5, of a + b oa + 2b, of a + 25 to a +36, &c) of 
ee terms, the antecedent of each ratio being equal to the conſequent 
of the next preceeding one, and proceeding from leſs terms to greater, the meaſure 
of each ratio will be expreſſed by a greater quantity than that of the next following; 
and the ſame through all their orders of differences, namely, the iſt, 2d, 3d, &c, 
difterences ; but the contrary when the terms of the ratios decreate from greater to 


leſs. 


Prep. 
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Prop. 3. In any continued ratios of equi- 
different terms, if the 1ſt or leaſt be , the 


difference between the iſt and 2d &, and c, d, e, a+2b+c 4 
&c, the reſpective firſt terms of their 2d, 3d, 4 ＋ 3b+3c+4 
4th, &c, differences; then ſhall the ſeveral 4 ＋ 46 ＋ c ＋4Ad Te 
quantities themſelves be as in the annexed &c. | 


ſcheme ; where each term is compoſed of the 
firſt term, together with as many of the dif- 
ferences as it is diſtant from the firſt term, 
and to thoſe differences joining, for coefficients, 
the numbers in the ſloping or oblique lines 
contained in the annexed table of figurate 
numbers, in the ſame manner, he obſerves, as 
the ſame figurate numbers compleat the pow- 
ers raiſed from a binomial root, as had long 
before been taught by others. He alſo re- 
marks that this rule not only gives any one 
term, but alſo the ſum of any number of ſuc- 
ceſſive terms from the beginning, making the 
ad coefficient the firſt, the 3d the 2d, and fo 
on; thus, the ſum of the firſt 5 terms is g ＋ o ioc gde. 


In the 4th prop. it is ſhewn that if the | 1ſt term 4 

terms decreaſe, proceeding from the greater to 2d - a— 6 

the leſs, the ſame theorems hold good, by only | 3d - 4 -e 

changing the ſign of every other term, as in | 4th - - a—3b + 36-4 

the margin. gth - - a—4b+6c—4d+e 
Prop. 6 and 7 treat of the approximate mul- | &c. &c 


tiplication and diviſion of ratios, or, which is the ſame thing, the finding nearly any 
powers or any roots of a given fraction, in an eaſy manner. The theorem for 


raiſing any power, when reduced to a ſimpler form, is this: the m power of 7. or 

Si = == nearly, wheres is = a ＋ 3, and d = @ & 6, the ſum and dif- 

ference of the two numbers, and the upper or under ſigns take place according 

as _ is a proper or an improper fraction, that is, according as à is leſs or greater 
| 1 


than 3. And the theorem for extracting the th root of — 2 4 or ar 


— — nearly; which latter rule is alſo the ſame as the former, as will be evident 


by ſubſtituting — inſtead of m in the firſt theorem. So that univerſally 8 is 2 


_ nearly. Theſe theorems however are nearly true only in ſome certain 


caſes, namely, when 5 and = do not differ greatly from unity. And in the 


7th prop. the author ſhews how to find nearly the error of the theorems, 
.n2 


In 
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In the 8th prop. it is ſhewn that the meaſures of ratios of equidifferent terms, are 
nearly reciprocally as the arithmetical means between the terms of each ratio. So 
of the ratios 22, 44, 42, the mean between the terms of the firſt ratio is 17, of the 
2d 34, of the gd 51, and the meaſures of the ratios are nearly as u, Yr, Ar- 

From this property he proceeds, in the gth prop. to find the meaſure of any 


ratio leſs than — which has an equal difference (1) of terms. In the two 
examples, mentioned near the beginning, our author found the logarithm or 
meaſure of the ratio, of =, to be 21769, = and that of — to be 21659 = ; 


therefore the ſum 43429 is the logarithm of — or x =i or the loga- 


100 1 
rithm of = is nearer 43430, as found by other more accurate computations, — 


Now to find the logarithm of r having the ſame difference of terms (1) with the 
former; it will be, by prop. 8, as 100.5 (the mean between 101 and 180) : 100 


(the mean between 99˙5 and 100'5) :: 43430 : 43213 the logarithm of — or 
the difference between the logarithms of 100 and 101. But the log. of 100 is 2 
therefore the logarithm of 101 is 21004, 321,3. — Again, to find the logarithm of 


102, we muſt firſt find the logarithm of =; the mean between its terms being 


101·5, therefore as 101*5 : 100 : : 43430 : 42788 the logarithm of —, or the 


difference of the logarithms of 101 and 102. But the logarithm of 101 was found 
above to be 2·004, 321, 3; therefore the logarithm of 102 is 2:008,600, 1.—So that 
28 . . 9 199 
dividing continually 868 596 (the double of 434298 the logarithm of — by, 
by each number of the ſeries 201, 203, 205, 207, &c. then add 2 to the iſt quo- 
tient, to the ſum add the 2d quotient, and ſo on, adding always the next quotient 
to the laſt ſum, the ſeveral ſums will be the refpective logarithms of the numbers in 
this ſeries 101, 102, 103, 104, &c. 

The next, or prop. 10, ſhews that, of two pair of continued ratios whoſe terms 
have equal differences, the difference of the meaſures of the firſt two ratios, is 
to the difference of the meaſures of the other two, as the ſquare of the common 
term in the two latter, is to the ſquare of the common term in the two former, 


A : a a+b 4436 'a+46 
nearly. Thus in the four ratios . the meaſure of 
aa + 2ab 


2 (the difference of the firſt two or the quotient of the two fractions): the 
meaſure of e.: :a TAN: a + 5, nearly. 


a2 ＋4 2 

In prop. 11, the author ſhews that ſimilar properties take place among two ſets of 
ratios conſiſting each of 3 or 4 &c continued numbers. 

Prop. 12 ſhews that, of the powers of numbers in arithmetical progreſſion, the 
orders of differences which become equal, are the 2d differences in the ſquares, the 
zd differences in the cubes, the 4th differences in the 4th powers, &c. And from 
hence it is ſhewn how to conſtruct all thoſe powers by the continual addition of 


their differences. As had been long before more fully explained by Briggs. 5 
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In the next or 13th prep. our author explains his compendious method of 
raiſing the tables of logarithms, ſhewing how to conſtruct the logarithms by ad- 
dition only, from the properties contained in the 8th, gth and 12th propoſitions, 


For this purpoſe he makes uſe of the quantity = which by diviſion he re- 
ſolves into this infinite ſeries 5 + 5 + 77 + < &c (in infin.). Putting then 4 


= 100 the arithmetical mean between the terms of the ratio =>, 5 = 100000, 


and c ſucceſſively equal to o- g, 15, 255, &c. that ſo þ — c may be reſpectively 
equal to 99999˙5, 99998*5, 99997*5, &c, (the correſponding means between the 
terms of the ratios 29%, LE, 22227, gc), it is evident that E will be the 


| 100000 99999 * 99998" 4% | 3 
quotient of the 2d term divided by the iſt in the proportions mentioned in the 


8th and gth propoſitions; and when each of theſe quotients are found, it remains 


then only to multiply them by the conſtant 3d term 43429, or rather 43429's, 


j ; ; 3 99997 
of the proportion, to produce the rithms of the ratios 222, 22 29997 
proportion, to p loga — — 


&c, till ==; then adding theſe continually to 4 (the logarithm of 10000 the 


lealt number), or ſubtracting them from 5 (the logarithm of the higheſt term 
100000), there will reſult the logarithms of all the abſolute numbers from 10000 


a | 


N h * ** h — 4g ac —_— a —_— 
to 100000, ow When is = o. 5, then 3 001, 7 000,000,008, 5 * 


ac3 5 
OOO, ooo, ooo, ooo, O25, 7 — O00, OOO, OOO, OOO, Oo0, ooo, 1 25 &c 3 therefore 7 a - 


— = + 55 + 75 &c 15 = *001,000,00 5,000,02 5,000,125. In like manner, if c = 
1. 5, then = will be = oo, ooo, oi 5,000,225,003,375 : and if e = 2*5, then 
—_ will be = -001,000,025,000,625,015,625 ; &c. But inſtead cf conſtructing 


all the values of — in the uſual way of raiſing the powers, he directs them to 


be found by addition only, as in the laſt propoſition, Having | m— 
thus found all the values of — , the author then ſhews that they | 2 | 86858 
may be drawn into the conſtant logarithm 43429 by addition | 3 130287 | 
only, by the help of the annexed table of the firſt nine products : 25 ” 
of it. 
The author then diſtinguiſhes which of the logarithms it may 6 | 2603574 
be proper to find in this way, and which from their component | 7 | 324993 
arts. Of theſe the logarithms of all even numbers need not 8 | 347432 | 
be thus computed, being compoſed from the number 2; which | 9 390861 


cuts off one half of the numbers: neither are thoſe numbers to be computed. 
which end in 5, becauſe 5 is one of their factors: theſe laſt are , of the num - 
bers; and the two together + + Ys make + of the whole: and of the other 
2, The 4 of them, or r of the whole, are compoſed of 3; and hence 4 + r, or 
++ of the numbers, are made up of ſuch as are compoſed of 2, 3, and 5, As to 

the 
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the other numbers which may be compoſed of 7, of 11, &c ; he recommends to 
find their logarithms in the general way, the fame as if they were incompoſites, as 
it is not worth while to ſeparate them in ſo eaſy a mode of calculation. So that 
of the go chiliads of numbers from 10000 to 100000, only 24 chiliads are to 
be computed. Neither indeed are all of theſe to be calculated from the fore- 


going ſeries for — but only a few of them in that way, and the reſt by the pro- 


portion in the 8th propoſition. Thus having computed the logarithms of 10003 
and 10013, omitting 10023 as being diviſible by 3, eſtimate the logarithms of 
10033 and 100043, which are the zoth numbers from 10003 and 10013; and 
again omitting 10053, a multiple of 3, find the logarithms of 10063 and 10073. 
Then by prop. 8, | 

As 10048, the arithmetical mean between 10033 and 10063, 

to 10018, the arithmetical mean between 10003 and 10033, 

ſo 13006, the difference between the logarithms of 10003 and 10033, 

to 12967, the difference between the logarithms of 10033 and 10063 ; 


10048 12967 
That is, 1ſt - As J 10078 f: 10018 : : 13006 : & c. 


10108 
10058 12953 
Again, t 2 10028 : : 12992 : 4 &c. 
10118 
10068 12940 
And zdly, 86 10038 : : 12979 : J&c. 
&c. 


And with this our author concludes his compendium for conſtructing the tables 

of logarithms. 

U e afterwards ſhews ſome applications and relations of the doctrine of lo- 
garithms to geometrical figures: in order to which, in prop. 14, he proves alge- 
braically that, in the right-angled hyperbola AB FH, if from the ver- 

tex B and from any other point F there be drawn the right lines BI, x 

FH, perpendicular to the aſymptote AH, or parallel to the other 37s 

aſymptote; then will AH : AI 2: : BI: FH. And, 7 

In prep. 15, if Al = BI == 1, and HI = a; then will FH = A 
I 


5 4 — a3 + 4 — 4 &c, in infinitum, by a conti- 


nual algebraic diviſion, the proceſs of which he deſcribes ſtep by ſtep, as a thing 
that was new or uncommon. But that method of diviſion had been taught before 
by Dr. Wallis, in his Opus Arithmeticum. 

Prop. 16 is this: Any given number being ſuppoſed to be divided into innu- 
merable ſmall equal parts, it is required to aſſign the ſum of any powers of the 
continual ſums of thoſe innumerable parts. For which purpoſe he lays down 
this rule: If the next higher power of the given number above that power whoſe 
ſum is ſought, be divided by its exponent, the quotient will be the ſum of the 


powers ſought. That is, if M be the given number, and à one of its * 
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ble equal parts, then will 4 + 24 + 3a + c.. . . N be= rr 
which theorem he demonſtrates by a method of induction. And this, it is evi- 
dent, is the finding the ſum of any powers of an infinite number of arithmeticals, 
of which the greateſt term is a given quantity, and the leaſt indefinitely ſmall. 
It is alſo remarkable that the above expreſſion is fimilar to the rule for finding 
the fluent to the given fluxion of a power, as afterwards taught by Sir I. Newton. 

Our author then applies this rule 1n prop. 17, to the quadrature of the hyper- 
bola, Thus, putting Al = 1, conceive the aſymptote to be divided from I 
into innumerable equal parts, namely Ip = pq = qr = a; then by the 14th 


and 15th, 
ps 2 1— 214 & —- TJ 


But the area BIru is = the ſum ps + qt + 


qt=1— 24 + 44 — 8% &c ru, which is = 


ru = 1 — 34 + 94 — 274* &c 5 

3 — 6a + 144* — 36a &c, that is, equal to the number of terms con- 
tained in the line Ir, minus the ſum of thoſe terms, plus the ſum of the ſquares of 
the ſame, minus the ſum of their cubes, plus the ſum of the 4th powers, &c. Put- 
ting now IA = 1, as before, and Ip = o'1 the number of terms, to find the 


area BIps; by prop. 16 the ſum of the terms will be — = *005, the ſum of 


their ſquares = 000,333,333, the ſum of their cubes *000,025, the ſum of the 
4th powers = 000,002, the ſum of the 5th powers = +000,000,166, the ſum of 
the 6th powers = 000,000,014, &c. Therefore the area BIps is = 1 — O5 
+ oo, 333,333 — *000,025 + 000,002 — *000,000,166 ＋ 000,000,014 & c 
= 100, 335,347 — *005,025,166 = *095,310,181 &c. 

Again, putting Iq = *21 the number of terms, he finds in like manner the 
area Blqt = *21 — 022,6 + 003,087 — 000,486,202 + *000,081,682 — 
"000,014,294 + *000,002,572 — ooo, ooo, 472 + *000,000,088 &c = 213, 
171,345, — 022, 550, 984 = *190,620,361, &c. 

He then adds, hence it appears that as the ratio of AI to Ap, or 1 to 1:1, is 
half, or ſubduplicate, of the ratio of Al to Aq, or 1 to 1*21 ; ſo the area Blps is here 
found to be half of the area Blqt. Theſe areas he computes to 44 places of 
figures, and finds them (till in the ratio of 2 to 1. 

The foregoing doctrine amounts to this, that if the rectangle BI x Ir, which 
in this caſe is expreſſed by Ir only, be put = A, AI being = 1 as before; then 
the area Blru, or the hyperbolic logarithm of 1 + 4, or of the ratio of 1 to 
1 + A will be equal to the infinite ſeries A — A TA — 4 4* + 4 4* &c; 
and which therefore may be conſidered as Mercator's quadrature of the hyper- 
bola, or his general expreſſion of an hyperbolic logarithm in an infinite ſeries. 
And this method was farther improved by Dr. Wallis in the Philof. Tranſ. for 
the year 1668. | 

In prop. 18, our author compares the hyperbolic areclz with the ratiunculæ of 
equidifferent numbers, and obſerves that 

the areola BIps is the meaſure of the ratiuncula of Al to Ap, 

the areola ſpqt is the meaſure of the ratiuncula of Ap to Aq, 

the areola tqru is the meaſure of the ratiuncula of Aq to Ar, &c. 
Finally, in the 19th prop. he ſhews how the ſums of logarithms may be taken 


4 after 
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aſter the manner of the ſums of the areol. And from hence infers as a corollary, 
how the continual product of any given numbers in arithmetical progreſſion ma 
be obrained : for the ſum of the logarithms is the logarithm of the continual pro- 
duct. He then remarks that from the premiſes it appears in what manner Mer- 
ſennus's problem may be reſolved, if not geometrically, at leaſt in figures to any 
number of places. And thus cloſes this ingenious tract. 

In the Philoſ. Tranſ. for 1668 are alſo given ſome farther illuſtrations of this 
work by the author himſelf. And in various places alſo in a ſimilar manner are 
logarithms and hyperbolic areas treated of by Lord Brouncker, Dr. Wallis, 


Sir I. Newton, and many other learned perſons. 
N 


9 


Of Gregory's Exercitationes Geometricæ. 


In the ſame year 1668 came out Mr, James Gregory's Exercitationes Geome- 
trice, in which are contained, ; 

1, Appendicula ad veram circuli et hyperbole quadraturam : 

2, Nicolai Mercatoris quadratura hyperbole geometrice demonſtrata : | 

3, Analogia inter lineam meridianam planiſphærii nautici et tangentes artifi- 
ciales, geometrice demonſtrata ; ſeu quod ſecantium naturalium additio efficiat 
rangentes artificiales : | 

4, Item quod tangentium naturalium additio efficiat ſecantes artificiales : 

5, Quadratura conchoidis : 

6, Quadratura ciſſoidis: & 

7, Methodus facilis et accurata componendi ſecantes et tangentes artificiales. 

The firſt of theſe pieces, or the Appendicula, contains ſome farther extenſion and 
illuſtration of his Vera circuli et hyperbole quadratura, occaſioned by the animad- 
verſions made on that work by the famous mathematician and philoſopher Huy- 

ens. 

2 In the 2d is demonſtrated geometrically the quadrature of the hyperbola, by 
which he finds a ſeries ſimilar to Mercator's for the logarithm, or the hyperbolic 
ſpace beyond the firſt ordinate (BI, fig. pa. 94). In like manner he finds another 
ſeries for the ſpace at an equal diſtance within that ordinate. Theſe two ſeries 
having all their terms alike, but all the ſigns of the one being plus, and thoſe of 
the other being alternately plus and minus, it is evident that by adding the two 
together, every other term will be cancelled, and the double of the reſt will de- 
note the ſum of both ſpaces. He then applies theſe properties to the logarithms ; 
the concluſion from all which may be thus briefly expreſled : 


fince 4 — A4. + 34* 4. Kc. = the log. of A, 


and 4 + A. + 34* + 34* &c. = the log. of 43 
therefore 21 + 34* + 34* + 34” &c. = the log. of 2, or of the ratio 


of 1 Ato i + A. Which may be accounted Mr, James Gregory's method of 
making logarithms. 
The remainder of this little volume 1s chiefly employed about the nautical 


i meridian, 
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meridian, and the logarithmic tangents and ſecants. It does not appear by 
whom, nor by what accident, was diſcovered the analogy between a ſcale of lo- 
garithmic tangents and Wright's protraction of the nautical meridian line, which 
conſiſted of the ſums of the ſecants. It appears, however, to have been firſt pub- 
liſhed, and introduced into the practice of navigation, by Mr. Henry Bond, who 
mentions this property in an edition of Norwood's Epitome of Navigation, 
printed about 1645 ; and he again treats of it more fully in an edition of Gunter's 
works printed in 1653, where he teaches, from this property, to reſolve all the 
caſes of Mercator's ſailing by the logarithmic tangents, independent of the table 
of meridional parts. This analogy had only been found to be nearly true by trials, 
but not demonſtrated to be a mathematical property. Such demonſtration ſeems to 
have been firſt diſcovered by Mr. Nicholas Mercator, who, deſirous of making 
the moſt advantage of this and another concealed invention of his in navigation, 
invited the publick, by a paper in the Philoſophical Tranſactions for June 4, 1666, 
to enter into a wager with him on his ability to prove the truth or falſehood of the 
ſuppoſed analogy. This mercenary propoſal, however, ſeems not to have been 
taken up by any one, and Mercator reſerved his demonſtration. The propoſal, 
however, excited the attention of mathematicians to the ſubject itſelf, and a 
demonſtration was not long wanting. The firſt was publiſhed about two years 
after by Gregory in the tract now under conſideration, and from thence and other 
ſimilar properties here demonſtrated, he ſhews in the laſt article how the tables 
of logarithmic tangents and ſecants may eaſily be computed from the natural 
tangents and ſecants. The ſubſtance of which is as follows: 

Let AI be the arc of a quadrant extended in a right line, | 
and let the figure AHI be compoſed of the natural tangents of %- 
every arc from the point A erected perpendicular to Al at their | N 
reſpective points: let AP, PO, ON, NM, &c, be the very SE 
ſmall equal parts into which the quadrant 1s divided, namely, N. 
cach d, or +, of a degree; and let PB, OC, ND, ME, &c | A 
be drawn perpendicular to Al, and equal to the tangents of the LET RN 
ſeveral arcs AP, AO, AN, AM, &c, reſpectively. Then it is ma 
nifeſt from what had been demonſtrated, that the figures ABP, ACO, &c, are the 
artificial ſecants of the arcs AP, AO, &c, putting o for the artificial radius. It is alſo 
manifeſt that the rectangles BO, CN, DM, &c, will be found from the multipli- 
cation of the ſmall part AP of the quadrant by each natural tangent. But, he 
proceeds, there is a little more difficulty in meaſuring the figures ABP, BCX, 
CDV, &c; for if the firſt differences of the tangents be equal, AB, BC, CD, 
&c, will not differ from right lines, and then the figures ABP, BCX, CDV, &c, 
will be right-angled triangles, and therefore any one, as HQG, will be = 20H 
* : but if the ſecond differences be equal, the ſaid figures will be portions 
of trilineal 8 for example HQG will be a portion of a trilineal quad- 
ratrix, whoſe axis 1s parallel to QH ; and each of the laſt differences being Z, it 
will be QHG = 4QH x QG — Z x QG: and if the 3d differences be 
equal, the ſaid figures will be portions of trilineal cubices, and then ſhall QHG 
be equal at x QG — V UH x Zx QG* = . XQG? : when the 
4th differences are equal, the faid figures are portions of trilineal quadrato-quad - 
ratrices, and the 4th differences are equal to 24 times the 4th power of QG 

Vai. I. 0 divided 
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divided by the cube of the latus rectum; alſo when the gth differences are equal, 
the ſaid figures are portions of trilineal ſurſolids, and the 5th differences are equal 
to 120 times the ſurſolid of Q divided by the 4th power of the latus rectum: and 
ſo on in infinitum. What has been here ſaid of the compoſition of artificial ſecants 
from the natural tangents, it is remarked, may in like manner be underſtood of 
the compoſition of artificial tangents from the natural ſecants, according to what 
was before demonſtrated. It is alſo obſerved that the artificial tangents and ſe- 
cants are compured, as above, on the ſuppoſition that o is the logarithm of 1, and 
1,000,000,000,000,000 the radius, and 2,302,585,092,994,045,024,017,870 
the logarithm of 10 ; but that they may be more eafily computed, namely, by ad- 
dition only, by putting 4 of a degree = QG = AP = 1, and the logarithm of 
10 = 7,915,704,467,897,819; for by this means 30H x QG is H= Q, 
and ;QH x QG — +Z x QG = 3QH — Z = QHG, alſo H x QG — 
V rr QH xX £XQG&' — X OHV ir QUH X LL -r Z 
= QHG : And finally by one diviſion only are found the artificial tangents and 
ſecants to 1,000,000,000,000,000 the logarithm of 10, putting ſtill 1 for radius, 
which are the differences of the artificial tangents and ſecants in the table from 
that artificial radius; and to make the operations eaſier in multiplying by the 
number 7,91 6, 704, 467,897,819, or logarithm of 10, a table is ſet down of its 
products by the firſt 9 figures. But if AP or Q be = ++; of a degree, the ar- 
tificial tangents and ſecants will anſwer to 143,192,840,779,829,703 as the lo- 
garithm of 10, whoſe firſt ꝙ multiples are alſo placed in the table. But to repreſent 
the numbers by the artificial radius rather than by the logarithm of 10, the author 
directs to add cyphers, &c.—And ſo much for Gregory's Exercitationes Geometrice. 

The ſame analogy between the logarithmic tangents and the meridian line, as 
alſo other ſimilar properties, were afterwards more elegantly demonſtrated by Dr. 
Halley in the Philoſophical Tranſactions for February, 1696, and various me- 
thods given for computing the ſame, by examining the nature of the ſpirals into 
which the rhumbs are transformed in the ſtereographical projection of the ſphere 
on the plane of the equator : the doctrine of which was rendered {till more eaſy 
and elegant by the ingenious Mr. Cotes in his Logometria, firſt printed in the 
Philoſophical Tranſactions for 1714, and afterwards in the collection of his works 
publiſhed in 1732, by his couſin Dr. Robert Smith, who ſucceeded him in the 
Plumian profeſſorſhip of philoſophy in the Univerſity of Cambridge. 

The learned Dr. Iſaac Barrow alſo, in his LeFiones Geometricæ, Le. XI. Ap- 
pend. firſt publiſhed in 1672, delivers a fimilar property, namely, that the ſum of 
all the ſecants of any arc, is analogous to the logarithm of the ratio of 7 + 5 to 
r — 5, or radius plus fine to radius minus fine ; or (which is the ſame thing) that 
the meridional parts anſwering to any degree of latitude, are as the logarithms 
of the ratios of the verſed fines of the diſtances from the two poles. 

Mr. Gregory's method for making logarithms was farther exemplified in num- 
bers, in a ſmall tract on this ſubject, printed in 1688, by one Euclid Speidell, a 
ſimple and illicerate perſon, and ſon of John Speidell before mentioned among 
the firſt writers on logarithms. 

Mr. Gregory alſo invented many other infinite ſeries, and among them theſe 


here following, viz. @ being an arc, f its tangent, and q the ſecant, to the radius 


7; then is 


0 | 62 1 


= ant kT, bs au OT. 
wy nne, AX 45 
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5 | 1 =7 +5 +25 HT e. 
And if 7 and © be the artificial, or logarithmic, tangent and ſecant of the fame are 
a, the whole quadrant being g, and e 24 - ; then 


2 15 15 617 27919 
Sno _—_ 247% 58407 + 72570“ 0 

= 8 + = + mm rin 4+ 
S Sen t en e. 
* ab + a* as + 1745 + 624%? 

27 | 1ar® ' aces 2520 283 fore 


Alſo if / be the artificial ſecant of 45, and / + /the artificial ſecant of any arc a, 
he artificial radius being o; then is 


1 2 4 2 141 45 21 
arne, 


The inveſtigation of all which ſeries may be ſeen at pages 298 et /eq. vol. 1. of Dr. 
Horſley's learned and elegant commentary on Sir Iſaac Newton's works, they 
having been given without demonſtration, in the Commercium Epiſtolicum, No. xx. 
where the number 2 is alſo wanting in the denominator of the firſt term of the 
ſeries expreſling the value of v. 

Such then were the ways in which Mercator and Gregory applied theſe their 
very ſimple ſeries A — A“ + 4A*® — A“ &c, and A + FA! + 4A* + AA 
&c, for the purpoſe of computing logarithms. But they might, as I apprehend, 
have applied them to this ꝓurpoſe in a ſhorter and more direct manner, by com- 
puting, by their means, only a few logarithms of ſmall ratios, in which the terms 
of the ſeries would have decreaſed by the powers of 10 or ſome greater number, 
the numerators of all the terms being unity, and their denominators the powers 
of 10 or ſome greater number, and then employing theſe few logarithms, fo 
computed, to the finding of the logarithms of other and greater ratios by the 
eaſy operations of mere addition and ſubtraction. This might have been done 
for the logarithms of the ratios of the firſt ten numbers, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
and 11, to 1, in the following manner, communicated by Mr. Baron Maſeres.— 


In the firſt place the logarithm of the ratio of 10 to , or of 1 to , or of 1 to 
1 — Pos is equal to the ſeries Fs + — + IT + = + eons 
&c. In like manner are eaſily found the logarithms of the ratios of 11 to 10; 
and then, by the ſame ſeries, thoſe of 121 to 120, and of 81 to 80, and of 2401 
to 2400; in all which caſes the ſeries would converge ſtill faſter than in the two 
firſt caſes. We may then proceed by mere addition and ſubtraction of loga- 


rithms, as follows. 


Log, = = IL. 4 L. „,L. = Le 73 L222 
L. 2=3k. = E t22L. 4, FEY I 
_—_ 12 1 — bh +L þ L. 22 = L .* 1 L. { ===, ; 

4 e Lo . 409 . 180 2 L. be Lo 17 = 4 — L. + 
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Having thus got the logarithm of the ratio of 2 to 1, or, in common language, 
the logarithm of 2, the logarithms of all ſorts of even numbers may be derived 
from thoſe of the odd numbers which are their coefficients with 2 or its powers. 
I would then proceed as follows. 


L. 4=2L. 2, DL. 100=2L. 10, L. 2401 L. 44253 ＋L. 2400, 
. 38 zL. 2, L. yalLao, 

L. g= L. 2 TL. 4. L. 24= L. 8, +L. 3, L. II L. L. , 
. L 2400= L. 100-＋L. 24%/ L. 6=L. 2 4 L. 3. 


Thus we have got the logarithms of 2, 3, 4, 5, 6, 7, 8, 9, 10, and 11. And 
this is, upon the whole, perhaps the beſt method of computing logarithms that 
can be taken *. There have been indeed ſome methods difcovered by Dr. Halley, 
and other mathematicians, for computing the logarithms of the ratios of prime 
numbers to the next adjacent even numbers, that are ſtill ſhorter than the appli- 
cation of the foregoing ſeries. But thoſe methods are leſs ſimple and eaſy to 
underſtand and apply than theſe ſeries; and the computation of logarithms by 
theſe ſeries, when the terms of them decreaſe by the powers of 10, or of ſome 


greater number, is ſo very ſhort and eaſy (as we have ſeen in the foregoing com- 


putations of the logarithms of the ratios of 10 to 9, 11 to 10, $1 to 80, 121 to 
120, &c,) that it is not worth while to ſeek for any ſhorter methods of computing 
them. And this method of computing logarithms 1s very nearly the fame with 
that of Sir Iſaac Newton in his ſecond letter to Mr. Oldenburg, dated October 


1676, as will be ſeen in the following article. 


Of Sir Iſaac Newton's Methods, 


The excellent Sir I. Newton greatly improved the quadrature of the hyperbo- 
lical aſymptotic ſpaces by infinite ſeries derived from the general quadrature of 
curves by his method of fluxions ; or rather indeed he invented that method him- 
ſelf, and the conſtruction of logarithms derived from it, in the year 1665 or 1666, 
before the publication of either Mercator's or Gregory's books, as appears by his 
letter to Mr. Oldenburg, dated Oct. 24, 1676, printed in p. 634 et ſeg. vol. 3. of 
Wallis's works, and elſewhere. The quadrature of the hyperbola, 
thence tranſlated, is to this effect. Let dFD be an equilateral hyper- 
bola, whoſe center is C, vertex F, and interpoſed ſquare CAFE = x. 
In CA take AB and Ab, on each fide of the point A, oro: And, + 
erecting the perpendiculars BD, bd; half the ſum of the ſpaces AD | 


. 1 „000, o O. 000, 000, I 
DS rie © 


and Ad will be = 0.1 * n 


® This method of making logarithms is very copiouſly explained, and illuſtrated by examples, in 
one of the tracts contained in . volume, intitled, ** Remarks ow. the tee infinite Serieſes A = 
AS 23 : A® ,iA8 AS . ; 
* for PAIIT + Ec, and A + „ 77 7 * IT Se, which were found Ly 
Mr. Nicholas Mercator and Dr. Jobn Wallis, Oc, in pages 235, 236, &c—344- 


* 


half 
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O. 000 0,000,001 + 0,000,000,09 & c. Which 


half-difference will be = = + = + = - 

reduced will ſtand thus, 
1. ooo, ooo, ooo, ooo, oſo· oog, ooo, ooo, ooo, The ſum of theſe, to wit, 0.105,360,515,657,7,is Ad; 

333,333,333,3 25, ooo, ooo, oſand the difference, to wit, o. og, 3 10, 179, 804, 3, is AD. 
2, ooo, ooo, 166,666,6|ln like manner putting AB and Ab 
14, 28 5,7 1,2 50, oſeach = 0.2, there is obtained 
1111 10, [Ad = o. 223, 143,551, 314, 2, and 

x IAD = 0.182,321,556,793, 9+ 
0100, 3353477 31,010*005,025,167,920,7 


Having thus the hyperbolic logarithms of the four decimal numbers 0.8, 0.9, 


1. 1, and 1.2; and fince = X = 2, and 0.8 and 0.9 are leſs than unity; add 


their logarithms to double the logarithm of 1.2, and you will have 0.693,147,. 
180,559,7 for the hyperbolic logarithm of 2, To the triple of this add the lo- 


garithm of 0.8, becauſe x — E to, and you will have 2. 302, 58 5, 92, 993, 3 the 


logarithm of 10. Hence by one addition are found the logarithms of g and11 : 
And thus the logarithms of all the prime numbers 2, 3, 5, 11 are prepared. 
Moreover, by only depreſſing the numbers, above computed, lower in the deci- 
mal places, and adding, are obtained the logarithms of the decimals o. 98, 0.99, 
1.01, 1.02 ; as alſo of theſe, 0.998, 0.999, 1.001, 1.002. And hence by addi- 
tion and ſubtraction will ariſe the logarithms of the primes 7, 13, 17, 37, &c. 
All which logarithms being divided by the above logarithm of 10, give the com- 
mon logarithms to be inſerted in the table. 

And again a few pages farther on in the ſame letter he reſumes the conſtruction 
of the logarithms, thus : Having found, as above, the hyperbolic logarithms of 
10, 0.98, 0.99, 1.01, 1.02, which may be effected in an hour or two, divide the 
laſt four logarithms by the logarithm of 10, and adding the index 2, you will. 
have the tabular logarithms of 98, 99, 100, 101, 102. Then by interpolating 
nine means between each of theſe, will be obtained the logarithms of all numbers 
between 980 and 1020; and, again interpolating 9 means between every two 
numbers from 980 to 1000, the table will be ſo tar conſtructed. Then from theſe 


= oo » 4 * 
» * Sn 

„ 0 1 

_ N * # = 


IA pI 


i will be collected the logarithms of all the primes under 100, together with thoſe 
4 of their multiples: all which will require only addition and ſubtraction; for 

þ P 
5 8555 ee, ei)... * "I T5 
. 2 9936 — =_ - 992 — 999 — 984 — 989 — 987 
f 2 16x27 © 235777: TM — 3 27 #4 37» 3 +'s 2J iv 27 
F +. 2 — . ee — 
i 475 r* 53» 13x13 © 59» 2781 Ns 67, 14 its >" hams 
; 9954 — 82. 296 20. y 
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This quadrature of the hyperbola, and its application to the conſtruction of 
logarithms, are ſtill farther explained by our celebrated author in his treatiſe on 


Fluxions, publiſhed by Mr, Colſon, in 1736, where he gives all the three ſeries 
| for 
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for the areas AD, Ad, Bd, in general terms, the two former of which are the 
ſame as thoſe publiſhed by Mercator and Wallis, and the laſt is the ſame as 
that publiſhed by Gregory ; and he explains the manner of deriving the laſt 
ſeries from the two former, namely, by uniting together the two ſeries for the 
ſpaces on each fide of an ordinate, bounded by other ordinates at equal diſtances, 
by which means every 2d term of each ſeries is cancelled, and the reſult is a 
ſeries converging much quicker than either of the former. And, in this treatiſe on 
ſluxions, as well as in the letter before quoted, he recommends this as the moſt 
commodious method of conſtructing a canon of logarithms, computing by the 
ſeries the hyperbolic ſpaces anſwering to the prime numbers 2, 3, 5, 7, 11, &c, and 
dividing them by 2.302, 585, 92, 994, 045, 7, which is the area correſponding to 
the number 10, or elſe multiplying them by its reciprocal o. 434, 294, 481,993, 
251,8, for the common, or Briggs's, logarithms. “ T hen the logarithms of all the 
numbers in the canon which are made by the multiplication of theſe, are to be 
found by the addition of their logarithms, as is uſual, And the void places are 
to be interpolated afterwards by the help of this theorem: Let ꝝ be a number 
to which a logarithm is to be adapted, x the difference between that and the two 
neareſt numbers equally diſtant on each fide, whoſe logarithms are already 
found, and let 4 be half the difference of the logarithms ; then the required lo- 


garithm of the number » will be obtained by adding 4 + = + =; &c, to the 


1213 


logarithm of the leſs number.” This theorem he demonſtrates by the hyperbo- 
lic areas, and then proceeds thus; * The two firſt terms 4 + = of this ſeries I 


think to be accurate enough for the conſtruction of a canon of logarithms, even 
though they were to be produced to 14 or 15 figures; provided the number 
whoſe logarithm is to be found be not leſs than 1000. And this can give little 
trouble in the calculation, becauſe x is generally an unit, or the number 2. Vet 
it is not neceſſary to interpolate all the places by the help of this rule. For the 
logarithms of numbers which are produced by the multiplication or diviſion of 
the number laſt found, may be obtained by the numbers whole logarithms were 
had before, by the addition or ſubtraction of their logarithms. Moreover by the 
differences of the logarithms, and by their 24 and 3d differences, if there be oc- 
caſion, the void places may be more expeditiouſly ſupplied ; the foregoing rule 
being to be applied only when the continuation of ſome full places is wanted, in 
order to obtain thoſe differences, &c.“ So that Sir Iſaac Newton of himſelf diſco- 
vered all the ſeries for the above quadrature which were found out, and aſter- 
wards publiſhed, partly by Mercator and Dr. Wallis, and partly by Gregory ; and 
theſe we may here exhibit in one view all together, and that in a general manner 
for any hyperbola; namely, putting CA = a, AF = , and AB = Ab = x; 


then will BD 2... and bq = =; whence the area 
a+x 4 - & 


. „„ 
r 
and the area Ad vill be = bx + + 3 +5 + 55 Kc. 


2bx3 25 25 . 


and the area Bd will be = 20 + ZZ + ZZ + 35 + 
9 | : In 
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In the ſame letter alſo, above quoted, to Mr. Oldenburg, our illuſtrious author 
teaches a method of conſtructing the trigonometrical canon of ſines by an eaſier 
method of multiple angles than that before delivered by Briggs for the ſame pur- 
poſe, becauſe that in Sir Iſaac's way the radius, or 1, is the firlt term, and double 
the line or coſine of the firſt given angle is the ſecond term of all the proportions 
by which the ſeveral ſucceſſive multiple fines or coſines are found. The ſub- 
ſtance of this method is thus. The beſt foundation for the conſtruction of the 
table of ſines, is the continual addition of a given angle to itſelf or to another 


given angle. As if the angle A be to | 


be added; inſcribe HI, IK, KL, LM, MN, NO, OP, &c, each equal to the radius 
AB ; and to the oppoſite fides draw the perpendiculars BE, HQ, IR, KS, LT, 
MV, NX, OY, &c; ſo ſhall the angle A be the common difference of the an- 
gles HIQ, IKH, KLI, LMK, &c; their fines HQ, IR, KS, &c ; and their 
cofines IQ, KR, LS, &c. Now let any one of them EMK, be given, and the 
reſt will be thus found : Draw Ta and Kb perpendicular to SV and MV ; then 
becauſe of the equiangular triangles ABE, TLa, KMb, ALT, AMV, &c, it 
wil be AB : AE : : KT: Sa (= 3LV + 2LS) Lr: Ta CSV + 
2KS), and AB : BE:: LT: La (= 4LS — 3LV) : : KT (= 3KM) : 
Mb (= 4MV — KS). Hence are given the fines and coſines KS, MV, LS, 
LV. And the method of continuing the progreſſions is evident. Namely, 


13 8 : MT + MX : : MX : NV + NY, &c. 
: 2 111177700 
f 3 : — LT : : MX : OY - MV, &c. 
or AB: 2BE:: 4 MV: MT — MX: : NX : NV — NY, Kc. 


And on the other hand, AB: : 2AE : : LS: KT + KR &c. Therefore 
put AB = 1, and make BE x LT SS La, AE x KT = $a, Sa = La= LV, 


The ſenſe of theſe general theorems is this, that if P be any one among N ſeries 
of angles in arithmetical progreſſion, the angle 4 being their common difference, 
then as radius or 
:  f[ cofeP: col P + d + cof P = 4 
1 2 col. d ! E TO 
3 [of P: ſin. P＋ 4 ſin. P- 4 
ri: οπ HN 


where the fourth terms of theſe proportions are the ſums or differences of the ſines 
or coſines of the two angles next leſs and greater than any angle P in the ſeries; 
and therefore, ſubtracting the leſs extreme from the ſum, or adding it to the dif- 
ference, che reſult will be the greater extreme, or next fine or coſine beyond that 
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of the term P. And in the ſame manner are all the reſt to be found. This 
method it is evident, is equally applicable whether the common difference 4, or 
angle A, be equal to one term of the ſeries or not; when it is one of the terms, 
then the whole ſeries of fines and coſines becomes thus; As 1 : 2 col. d: : 


ſin. &: ſin. 20: : ſin. zd: ſin. d ＋ fin. 3d : : fin. 2d : fin. 2 + ſin. 4d : : ſin. 4d: fin. 3d + fin. 5d &c, 
coſ. 4: 1 + coſ. ad: : coſ. zd: col.d & coſ. 3 d:: col. 3d: coſ. 2d + coſ. 4d: : coſ. 4d: coſ. 3d + coſ. d &c, 


which is the very method contained in the directions given by Mr. Abraham Sharp 
for conſtructing the canon of fines. | 

Sir Iſaac Newton remarks that it only remains to find the fine and coſine of a firſt 
angle A by ſome other method, and for this purpoſe he directs us to make uſe of 
ſome of his own infinite ſeries : thus by them will be found 1. 57079, &c, for the 
quadrantal arc, the ſquare of which is 2.4694 & c; divide this ſquare by the ſquare 
of the number expreſſing the ratio of go degrees to the angle A calling the quotient 
2; then three or four terms of this ſeries 1 — - + = — = —— — Kc, will 
give the coſine of that angle A. Thus we may firſt find an angle of 5 degrees, 
and thence the table computed to the ſeries of every 5 degrees; then theſe inter- 
polated to degrees or half degrees by the ſame method; and theſe interpolated 
again; and ſo on as far as neceſſary. But two-thirds of the table being com- 
puted in this manner, the remaining third will be found by addition or ſubſtrac- 
tion only, as is well known. | | 
Various other improvements in logarithms and trigonometry are owing to the 
ſame excellent perſonage ; ſuch as the ſeries for expreſſing the relation between 
circular arcs and their fines, coſines, verſed fines, tangents, & c; namely, the arc 
being a, the fine 5, the verſed · ſine v, coſine c, tangent /, radius 1, then is 


=s +39} + + 5 + rr * r . 
I 5 7 

. 0+ ah 2+ ils » &c 

—=7 — +1 + 35 — x8 + 219 — un &c. 

22 — 3 Trier — fn © + Trail — 3534s 4 Ke. 

= 44 — 224 Tra — 2.2 a* + verre -r. v 8 

= rer Ar © + r + rin „ Ke. 
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Of Dr. Halles Method. 


Many other improvements in the conſtruction of logarithms are alfo derived from 
the ſame doctrine of fluxions, as we lhall ſhew hereafter. In the mean time 
proceed we to the ingenious method of the learned Dr. Edmund Halley, Secre- 
tary to the Royal Society, and the ſecond Aſtronomer Royal, having ſucceeded 
Mr. Flamſteed in that honourable office in the year 1719 at the Royal Obſerva- 
tory at Greenwich, where he died the 14th of January 1742, in the 86th year of 
his age. His method was firſt printed in the Philoſophical Tranſactions, for the 
year 1695, and it is entitled, A moſt compendious and facile method for con- 

ſtructing 


* 
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tructing the logarithms, exemphfied and demonſtrated from the nature of num- 
bers, without any regard to the hyperbola, with a ſpeedy method for finding the 
number from the given logarithm.” | 1 
Inſtead of the more ordinary definition of logarithms, numeror um preportionalium 
equidifferentes comites, in this tract our learned author adopts this other, aumeri ra- 
tionum exponentes, as being better adapted to the principle on which logarithms are 
here conſtructed, ob quantities are not conſidered as the logarithms of the 
numbers, for example, of 2, or of 3, or of 10, but as the Togarithms of the ratios 
of 1. to 2, or of 1 to 3, or of 1 to 10. In this conſideration he firſt purſues the idea of 
Kepler and Mercator, remarking that any ſuch ratio is proportional to, and ts 
meaſured by, the number of equal -ratiuncule contained in each; which ratiuncale 
are to be underſtood as in a continued ſcale of proportionals, infinite in number, 
between the two terms of the ratio ; which infinite number of mean proportionals 
is to that infinite number of the like and equal ratiunculæ between any other two 
terms, as the Togarithm of the one ratio is to the logarithm of the other: thus, if 
there be ſuppoſed between 1 and 10 an infinite ſcale of mean proportionals, 
whoſe number is +00000 &c in infnitum ; then between 1 and 2 there will be 
30102 &c of fuch proportionals; and between 1 and 5 there will be 47712 &c 
of them; which numbers therefore are the logarithms of the ratios of 1 to 10, 1 
to 2, and 1 fo 3. But for the fake of bis mode of conſtructing logarithms, he 
changes this idea of equa! ratiunculæ for that of other ratiunculæ, fo conſtituted as 
that the /ame infinite number of them ſhall be contarmed in the ratio of x to every 
other number whatever; and that therefore theſe latter ratiunculæ will be of 
unequal or different magnitudes in all the different ratios, and in ſuch fort that, in 
any one ratio, the magnitude of each of the ratiunctfz in this latter cafe, will be 
as the number of them in the former. And therefore, if between 1 and any num- 
ber propoſed, there be taken any infinity of mean proportionals, the infinitely 
ſmall ratio of the firft term 1 to the faid firft term, _ with the infinitely 
ſmall augment or decrement of the firſt of thoſe means from the firſt term 1, will 
be a ratiancula of the ratio of 1 to the ſaid number; and as the number 
of all the ratiancale in thefe cormined proportionals is the fame, their ſum, 
or the whole ratio, will be directly proportional to the magnitude of one of the 
faid ratiunculæ in each ratio. But it is alſo evident that the firſt of any number 
of means between 1 and any number, is always equal to ſuch root of that number 
whoſe index is expreſſed by the number of thoſe proportionals from r; fo if » 
denote the number of proportionals from 1, then the firſt term after 1 will be the 
mth root of that number. Hence the indefinite root of any number being ex- 
tracted, the differentio/a of the faid root from unity, ſhall be as the logaritkm of 
that number. So if there be required the logarithm of the ratio of i to 1 + g ; 
x 


the firſt term after 1 will be ĩ T i, and therefore the required logarithem will 
1 1 
be as 1 + * = 1. But by the binomial theorem, T + I is = r 4 27 ＋ 


1— 2 , 1 1 — „ 1 — 2M , 


* 7 + .. &; or, by omitting the t in the compound 


* 2M m m 3 
numerators, as infinicely fmall in reſpect of the infinito neunber , the ſame ſeries 
Vor. I. b will 
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will become 1 + —q + 2. 2 7 + - = ; I ? &c, or, by abbrevia- 


tion, it Is 1 + 27 — 277 + —q — &c ; and hence, finding the 
differentiola by ſubtracting 1, the logarithm of the ratio of 1 to 1 + 9q will be 
as 2 into 2 - 47 137 —344 +3965 — 37 & c. Now the index m may be 
taken equal to any infinite number, and thus all the varieties of ſcales of loga- 
rithms may be produced: ſo, if m be taken 1000000 &c, the theorem will give 
Napier's loga1ithms; but if #2 be taken equal to 2302585 &c, there will ariſe 
Briggs's logarithms. 

This theorem being for the increaſing ratio of 1 to 1 '+ 9; if that for the de- 


creaſing ratio of 1 to 1 — q be alſo ſought, it will be obtained by a proper change 
of the ſigns, by which the decrement of the firſt of the infinite number of pro- 


portionals will be found to be _ intog TTF + 4 + 4 4 &c, which therefore 
is as the logarithm of the ratio of 1 to 1 — 9. | | 
Hence the terms of any ratio being @ and , q becomes =, or the difference 


divided by the leſs term, when it is an increaſing ratio; or q = = when the 
ratio is decreaſing, or as t a. Wherefore the logarithm of the ſame ratio may 
be doubly expreſled; for putting x for the difference þ — @ of the terms, it 
wi be 
| . I - x a a3 a* 
either _ Into 1 4 3. yy &c, 
1 x = a3 x* 
ow i * 30 + ＋ Kc. 
But if the ratio of a to þ be ſuppoſed divided into two parts, namely, into the 
ratio of a to 44 + 16 or 4z, and the ratio of 32 to 4, then will the ſum of the 
logarithms of thoſe two ratios be the logarithm of the ratio of 4à to . Now by 


ſubſtituting in the foregoing ſeries, the logarithms of thoſe two ratios will be 


1 * ** x3 ** x5 
into — _ 1 — Þ+ Kc. 
* 4 a3 * 


as 
+ = &c ; and fo the ſum 


SZ 22* 323 428 * 

© IOW, 2x3 2.45 2.7 . : | 

— Into — + + + 57 &c will be the log. of the ratio of 2 to b. 
Moreover, if from the logarithm of the ratio of à to 42 be taken that of 4z 
to b, we ſhall have the logarithm of the ratio of ab to 2 2˙*]; and the half of 
this gives that of / ab to 12, or of the geometrical mean to the arithmetical 
mean. And conſequently the logarithm of this ratio will be equal to half the 


difference of that of the above two ratios, and will therefore be = into = — = 


* 
I 


3 
+ Tc. 


The above ſeries are ſimilar to ſome that were before given by Newton and 
| Gregory 


* 
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Gregory for the ſame purpoſe, deduced from the conſideration of the hyperbola. 
But the rule which is properly our author's own, is that which follows, and is 
derived from the ſeries above given for the logarithm of the ſum of two ratios. 
For the ratio of 40 to 42* or 4 + fa + 1%, having the difference of its terms 
44 — fab + % or % — fat or g“, which in the caſe of finding the loga- 
rithms of prime numbers is always 1, if we put the ſum of the terms 4z* + 46 
= *, the logarithm of the ratio of / ab to 44 + 46, or #2, will be found to be 


= 1 1 1 1 1 5 
53 57 % „1 86 


And theſe rules our learned author exemplifies by ſome caſes in numbers, to 


ſhew the eaſieſt mode of application in practice. 

Again by means of the ſame binomial theorem he reſolves with equal facility 
the reverſe of the problem, namely, from the logarithm given, to find its number 
or ratio: For as the logarithm of the ratio of 1 to 1 + q was proved to be 

I 


I 
1 ＋ N — 1, and that of the ratio of 1 tot to be. . 1—iI—gnz; 
hence calling the given logarithm L, in che former caſe 
I 


it will be 1 +g= = 1 + L, 
I 


and in the latter i — l =1 —L; 

and therefore: + rf S fL“ 

and 1i— 7 =1-—L 

1 ＋4 FSH T NL ＋ L' ＋ zn L ＋ am L' + om L &, 

and 1 - % = i- ML ＋ iL zm L' ＋ wm DL — rem L &. 

m being any infinite index whatever, differing according to the ſcale of logarithms, 

being looo, ooo &c in Napier's or the hyperbolic logarithms, and 2302, 585 &c. 
in Briggs's. 

If one term of the ratio, of which L is the logarithm, be given, the other 


term will be eaſily obtained by the ſame rule. For, if L be Napier's logarithm of 
the ratio of a, the leſs term, to &, the greater, then, according as à or 6 is given, 


we ſhall have 


„that is by the binomial theorem 


5 r a into r L TIL. + LI TL! &c, 
or 4 S into i — LT IL —- L' + . L“ &c. 


Whence, by the help of the logarithms contained in the tables, may _ be 
found the number to any given logarithm to a great extent; For if the ſmall 
difference between the given logarithm L and the neareſt tabular logarithm, 
either greater or leſs, be called. /, and the number anſwering to the tabular 
logarithm à when it is leſs than the given logarithm, but & when greater; it will 
follow that the number anſwering to the logarithm L will be either 


4 into 1 T IT + TATA ee,” 


or binto1 = 1 + 4Þ — g, + l &c. os 
p 2 which 
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which ſcries converge ſo quick, / being always very ſmall, that the firſt two 
terms 1 + / are generally ſufficient to find the number to 10 places of figures. 

Br. Halley ſubjoins alſo an eaſy approximation for theſe ſeries, by which it 
appears that the number anſwering to the log. is nearly 


14 I-21 in Napier's } * +3/ 2— 4 in Briggs's 
e, or . X , Iioge. and E 4, or 2 X , EZ. 


where # 15 o. 434, 294, 48 1, 903, &c = =. 


Of Mr. Shary's Methods. 


The labours of Mr. Abraham Sharp of Little-Horton, near Bradford in York- 
fhire, in this branch of mathematics, were very great and meritorious, His merit, 
however, conſiſted rather in the improvement and illuſtration of the methods of 
former writers, than in the invention of any new ones of his own. In this way 
he greatly extended and improved Dr. Halley's method above-deſcribed, as 
alſo thoſe of Mercator and Wallis; Hluſtrating theſe improvements by extenſive 
calculations, and by them computing our table 5, conſiſting of the logarithms 
of all numbers to 100, and of all prime numbers to 1100, each to 61 places. 
He alſo compoſed a neat compendium of the beſt methods for computing the 
natural ſines, tangents, and ſecants, chiefly from the rules before given by 
Newton; and by Newton's, or Gregory's, ſeries @ = t — 4? + 48 - &c, 
for the arc in terms of the tangent, he computed the circumference of the circle 
to 72 places, namely, from the arc of yo degrees, whoſe tangent 7 is = V to 
the radius 1, Other aſtoniſhing inſtances of his induſtry and labour appear in his 
Geometry Improved, printed in 1717, and figned A. S. Philomatb, from whence the 
ſaid table of logarithms was extracted. This ingenious man was ſome time aſ- 
ſiſtant at the Royal Obſervatory to Mr. Flamftced, the firſt Aſtronomer Royal ; 
and _ one of the moſt accurate and indefatigable computers that ever exiſted, 
he was for many years the common reſource for Mr. Flamſteed, Sir Jonas 
Moore, Dr. Halley, &c. in all intricate and troubleſome calculations. He 
afterwards retired to his native place at Little-Horton, where, after a life ſpent in 
1 ſtudy and calculations, he died the 18th of July 1742, in the giſt year 
of his age. 


Of the Conſtruction of Logarithms by Fluxions, 


It appears by the very definition and defcription given by Napier of his! 
a as ſtate] in — 46 of this — 30 41 the fluxion of his, 2 
hyperbolic logarithm, of any number, is a fourth proportional to that number, 
its Jogarithm, and unity; or which is the ſame, that it is equal to the fluxion of 
the number divided by the number: For the deſcription ſhews that 21: 24 os 


I : : z1 the fluxion of 21: 2, which therefore is ==; but 22 is alſo equal to 
3 the 


- 


* 
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the fluxion of the logarithm A &c by the deſcription ; therefore the fluxion of 


the logarithm is equal to = the fluxion of the quantity divided by the quantity 


ſelf. The ſame thing appears again at art. 2 of that little piece in the appendix 
to his Conſtructio Logarithmorum, intituled Habitudines Logarithmorum & ſuorum 
naturalium numerorum invitem, where he obſerves that, as any greater quantity is 
to a leſs, ſo is the velocity of the increment or decrement of the Jogari.hms at the 
place of the leſs quantity, to that at the greater. Now this velocity of the incre- 
ment or decrement of the logarithms being the ſame thing as their fluxions, that 
proportion is this, x : @ : : flux. log. 4: flux. log. x ; hence if à be = 1, as at 
the beginning of the table of numbers, where the fluxion of the logs. is the index 
or characteriſtic c, which is alſo 1 in Napier's, or the hyperbolic, logarithms, and 
43429 &c, in Briggs's, the ſame proportion becomes x : 1 : : c: flux. log. x; 
but the conſtant fluxion of the numbers is alſo 1, and therefore that proportion 


is alſo this, x : x: :c: _ = the fluxion of the logarithm of x ; and in the hyper- 


* 


bolic logarithms, where c is = 1, it becomes = = the fluxion of Napier's, or the 


4 
hyperbolic, logarithm of x. This fame property has alſo been noticed by many 
other authors ſince Napier's time. And the ſame, or a ſimilar, property is evi- 
dently true in all the ſyſtems of logarithms whatever, namely, that the modulus 
of the ſyſtem is to any number as the fluxion of its logarithm is to the fluxion of 
the number. 

Now from this property, by means of the doctrine of fluxions, are derived 
other ways for making logarithms, which have been illuſtrated by many writers 
on this branch, as Craig, Jo. Bernoulli, and almoſt all the writers on fluxions. 
And this method chiefly conſiſts in expanding the reciprocal of the given quan- 
tity in an infinite ſeries, then multiplying, each term by the fluxion of the ſaid 
quantity, and laſtly taking the fluents of the terms; by which there ariſes an 
infinite ſeries of terms for the logarithm fought. So, to find the logarithm of 


any number N ; put any compound quantity for N, as ſuppoſe — ; 


then the luxion of the logarithm, or N. being <= = £ 2 + ZZ — ZE ke, 
the fluents give log. of N, or log. of , = = = Z 75 = &c. 
And writing — for « gives log. = = 2 — >= 5; = 5; &c. 
Alſo becauſe —— = 1 + ==, or log. r = 0 log — 
we have log, = = — = + 23 2 ＋ &e, 
and log. — = SA &c. 
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And by adding and ſubtracting any of theſe ſeries to or from one another, and 
multiplying or dividing their correſponding numbers, various other ſeries for lo- 
garithms may be found, converging much quicker than theſe do. 
In like manner by aſſuming quantities otherwiſe compounded for the value 
of N, various other forms of logarithmic ſeries may be found by the ſame 
means, 


Cf Mr. Cetes's Logemetria. 


Mr. Roger Cotes was elected the firſt Plumian profeſſor of aſtronomy and 
experimental philoſophy in the univerſity of Cambridge, January 1706, which 
appointment he filled with the greateſt credit, till he died the 5th of June 1716, 
in the prime of life, having not quite compleated the 34th year of his age. His 
early death was a great loſs to the mathematical world, as his genius and abilities 
were of the brighteſt order, as is manifeſt by the ſpecimens of his performance 
given to the public. Among theſe are his Logemetria, firſt printed in Number 
338 of the Philoſophical Tranſactions, and afterwards in his Hermenia Menſurarum, 
publiſhed in 1722 with his other works, by his couſin, and ſucceſſor in the 
Plumian profeſſorſhip, Dr. Robert Smith. In this piece he firſt treats in a gene- 
ral way of meaſures of ratios, which meaſures, he obſerves, are quantities of any 


kind whoſe magnitudes are analogous to the magnitudes of the ratios, theſe mag- 


nitudes mutually 8 and decreaſing together in the ſame proportion. He 
remarks that the ratio of equality has no magnitude, becauſe it produces no 
change by adding and ſubtracting ; that the ratios of greater and leſs inequality, 
are of different affections; and therefore, if the meaſure of the one of theſe be 
conſidered as poſitive, that of the other will be negative; and the meaſure of the 
ratio of equality nothing; that there are endleſs ſyſtems of theſe, which have all 
their meaſures of the ſame ratios proportional to certain given quantities, called 
moduli, which he defines afterwards ; and the ratio of which they are the meaſures, 
each in its peculiar ſyſtem, is called the modular ratio, ratio modularis, which ratio 
is the ſame in all ſyſtems. He then adverts to logarithms, which he conſiders as 
the numerical meaſures of ratios; and he deſcribes the method of arranging them in 
tables, with the uſe of them in multiplication and diviſion, raiſing of powers and 
extracting of roots, by means of the correſponding operations of addition and 
ſubtraction, multiplication and diviſion. 

After this introduction, which is only a ſlight abridgment of the doctrine long 
before very amply treated of by others, and particularly by Kepler and Mercator, 
we arrive at the firſt propoſition, which has juſtly been cenſured as obſcure and 
imperfect, ſeemingly through an affectation of brevity, intricacy, and originality 
without ſufficient room for a diſplay of this qualification. The reaſoning in this 
propoſition, ſuch as it is, ſeems to be ſomething between that of Kepler and the 
principles of fluxions, to which the quantities and expreſſions are nearly allied. 
However, as it is my duty rather to nurate than explain, I ſhall here exhibit it 
exactly as it ſtands. This propoſition is © to determine the meaſure of any ratio,” 
As, for inſtance, that of AC to AB, and which is effected in this manner. Conceive 

| the 
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the difference BC to be divided into innume— — ks 
rable very ſmall particles as PQ, and the ratio \ 5 Fa - . C 
between AC and AB into as many ſuch very ſmall ratios, as between AQ and 
AP. Then, if the magnitude of the ratio between AQ and AP be given, by di- 
viding there will allo be given that of PQ to AP; and therefore, this being 
given, the magnitude of the ratio between AQ and AP may be expounded by 


the given quantity 71 for, AP remaining conſtant, conceive the particle PQ 


to be augmented or diminiſhed in any proportion, and in the ſame proportion 
will the magnitude of the ratio between AQ and AP be augmented or diminiſhed: 
Alſo, taking any determinate quantity M, the ſame may be expounded by M x 


71 and therefore the quantity M Xx T will be the meaſure of the ratio be- 


tweeen AQ and AP. And this meaſure will have divers magnitudes, and be 
accommodated to divers ſyſtems, according to the divers magnitudes of the aſ- 
ſumed quantity M, which therefore is called the modulus of the ſyſtem. Now 
like as the ſum of all the ratios AQ to AP is equal to the propoſed ratio AC to 


AB, ſo the ſum of all the meaſures M x found by the known methods) will 


be equal to the required meaſure of the ſaid propoſed ratio. 

The general ſolution being thus diſpatched, from the general expreſſion he 
next deduces other forms of the meaſure in ſeveral corollaries and ſcholia; as iſt, 
The terms AP, AQ, approach the nearer to equality as the ſmall difference PQ_ 


is leſs; fo that either M X Tor M will be the meaſure of the ratio be- 
tween AQ and AP to the modulus M. 2d, That hence the modulus M is to 
the meaſure of the ratio between AQ and AP, as either AP or AQ is to their 
difference PQ. 3d, The ratio between AC and AB being given, the ſum of all 
the vill be given; and the ſum of all the M x —_ is as M: therefore the 
meaſure of any given ratio 1s as the modulus of the ſyſtem from which it is taken. 


4th, Therefore, in every ſyſtem of meaſures, the modulus will always be equal 


to the meaſure of a certain determinate and immutable ratio; which t:erefore he 


calls the modular ratio. 5th, To illuſtrate the ſolution by an example: let 2 
be any determinate and permanent quantity, x a variable or indeterminate quan- 


tity, and x its fluxion ; then to find the meaſure of the ratio between z + x and 
2 — x , put this ratio equal to the ratio between y and 1, expounding the num- 


ber y by AP, its fluxion y by PQ, and 1 by AB: then the fluxion of the re - 


quired meaſure of the ratio between y and 1 is M x J Now for y reſtore its val. 


AE, and for y the fluxicn of that value == , ſo ſhall the fluxion of the meaſure 
2 - 
become 2 M Xx 1 M into — — = + = &c. And therefore that 


meaſure will be 2 M into — + = + = &c, In like manner the meaſure of 
P the 
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the ratio between 1 + v and 1 will be found to be M into 1 
+ 3 g &c. And hence, to find the number from the logarithm given, he 
reverts the ſeries in this manner: If the laſt meaſure be called , we | 
ſhall have or Q = v — + — 2 v + 3 &c, 
and therefore Q* =... v = v + 429% = z &c, 
M... o eee &c, 
and & . © « V*® 20 &c, 
and Es cov oeccove. Tf Wts 
then by adding continually we ſhall have 
Q+iQ'=0v= 4v + Kc, 
Q+zQ*'+3Q=v —av + #7 v &c, 
T. TT ICT ve Q =v e vf Ge, 
QO Terre = v &c, 
that is v g Q 4Qf + iQ +4; Q#® + 4+ Q &c. And therefore the re- 
quired ratio of 1 + © to 1 is equal to the ratio of 1 + Q &cto 1. Put 
now m = M, orQ = 1, and the above will become the ratio of 1 + + + + + + 
+ £x + +45 &c. to 1 for the conftant modular ratio. In like manner, if the 
ratio between 1 and 1 — v be propoſed, the meaſure of this ratio will come out 


M into v + 4 + 3 + 3v* &c; which being called , and 5 = Q that 


ratio will be the ratio of 1 to 1 — Q + 4Q* — . + £,Q8 & c. And hence 
takingm=M,or Q = , the faid modular ratio will alſo be the ratio of 1 to 1 
— TTT ++ = ris &. And the former of thele expreſſions for the 
modular ratio comes out the ratio of 2.7 18, 281,828,459, &c. to 1, and the latter 
the ratio of 1 to o. 367, 879, 441,171, &c. | | 
In the 2d propoſition our learned author gives directions for conſtructing Briggs's 

s 


canon of logarithms, namely, firſt by the general ſeries 2M into — + 5 + = 
Rc, finding the logarithms of a few ſuch ratios as that of 126 to 125, 225 to 224, 
2401 to 2400, 4375 to 4374, &c, from whence the logarithm of 10 will be found 
to be 2.302,585,092,994, &c, when Mis 1 ; but ſince Briggs's log. of 10 is 1, 
therefore as 2.392,58«, &c, is to the modulus 1, fo is 1 (Briggs's E. of 10) to 
o. 434,294,481, 903, &c, which therefore is the modulus of Brigg's logarithms. 
Hence he deduces the logarithms of 7, 5, 3, and 2. In like manner are the lo- 
garithms of other prime numbers to be found, and from them the logarithms of 


compoſite numbers by addition and fubtraction only. 


He then remarks that the firſt term of the general ſeries 2 M into = + 821 
4 323 


= &c will be ſufficient for the logarithms of intermediate numbers between thoſe 


2 the table, or even for numbers beyond the limits of the table. Thus, to find 
the logarithm anſwering to any intermediate number; let 4à and # be two num- 
bers, the one the given number, and the other the neareſt tabular number, 4 


* The computation of theſe numbers may be ſeen in one of the tracts contained in this preſent 


volume, pages 358, 359, 360, and 371, 377, 373, 374, and 375. bei 
ing 
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being the greater, and e the leſs, of them; put 2 = @ + e their ſum, x 2 42 —e 


their difference, A = the logarithm of the ratio of à to e, that is, the exceſs of 


the logarithm of @ above that of e: ſo ſhall the ſaid difference of their logarithms 


bea = 2M x — verynearly.—And, if there be required the number anſwering 


. * . . * N M M 
to any given intermediate logarithm, becauſe A is = —= = — or , 
2 24 — 4 ze * 


. Aa Ae 
— — — —— | pe 
therefore x will be NL or r: very nearly 


In the 3d propoſition our ingenious author teaches how to convert the canon of 
logarithms to logarithms of any other ſyſtem, hy means of their moduli, And in 
ſeveral more propoſitions he exemplifies the canon of logarithms in the ſolution 
of various important problems in geometry and phyſics ; ſuch as the quadrature 
of the hyperbola, the deſcription of the logiſtica, the equi-angular ſpiral, the 
nautical meridian, &c ; the deſcent of bodies in reſiſting mediums, the denfity 
of the atmoſphere at any altitude, &c, &c. 


Of Dr. Taylor's Cenſtruction of Logarithms. 


Dr. Brook Taylor (a very learned mathematician, and ſecretary to the Royal 
Society, who died at Somerſet- Houſe, Nov. 1731) gave the following method of 
conſtructing logarithms in number 352 of the Philoſophical Tranſactions. His me- 
thod is founded on theſe three conſiderations: 1ſt, That the ſum of the logarithms 
of any two numbers is the logarithm of the product of thoſe numbers; 2d. That 
the logarithm of 1 is nothing, and conſequently that the nearer any number 1s to 
I, the nearer will its logarithm be to o; 3d, That the product of two numbers 
or factors, of which the one is greater and the other leſs than 1, is nearer to 1 
than that ſactor is which is on the ſame ſide of 1 with itſelf; ſo of the two 
numbers + and +, the product + 1s Jeſs than 1, but yet nearer to it than = 
is, which is alſo leſs than 1. On theſe principles he founds the preſent 
approximation, which he explains by the following example. To find the 


relation between the logarithms of 2 and 10: In order to this he aſſumes two 
, 128 8 27 23 
fractions as — and , or — and , whoſe numerators are powers of 2, and 
100 10 10 10 
their denominators powers of 10, the one fraction being greater and the other 
leſs than unity or 1. Having ſet theſe two down, in the form of decimal frac- 
tions, below each other in the firſt column of the following table, and in the 
ſecond column A and B for their logarithms, expreſſing by an equation how they 
are compoſed of the logarithms of 2 and 10, the numbers in queſtion, thoſe lo- 


garithms being denoted thus, /2 and 110. Then 


Vol. * <Q 1,280 
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1,280,000,000,00cſA =, . , = 112 mm 27100 $0,28 | 4 
2,800,000,,00,00c]3 =, . . = 3/2 1100 Fo, 33 

| 1,0924,000,000,00c|C =A + B = 10/2 — 23/10] Ao, 300 

| 05990, 352,031,429 D =B + gC = 93/2 28710 Fo, zol, o7 

| 15004, 336, 277, 664] =C + 2D= 16912 — 59/10} $0,301,020 
0,998,959,536,105]0 =D + 2E = 48 512 — 146/10] Fo, 301, o3o, 9 
1,000, 162, 894, 1650 =E + 4F = 213612 — 643/10] Zo, 301, o29, 96 
0,999,936, 281,874 H=F + 6G = 133o1/2— googlo} Fo, 301,029, 997 
1,000,035,441,215 =G + 2H= 287382, B86g1/10] A0, 301,029, 995, 1 
9,999,971, a0, 830K =H+ I = 4z039/2—- 1265510 Co, 301, 029, 995,9 
1,000,c07,161,04(],=I + K = 7077/2 — 21306110 0, 301,029, 995, 62 
, 999,993, 203, 51% MM =K + 3E = 254370/2— 76573“ Co, 301,29, 995,67 
, ooo, ooo, 364, 51 N =L + M 325147/2—- 9g7879/10| Ab, 301, 29, 995, 663, 5 
(15,999,999, 764,687]) =M +18N =6107016/2—183833 5110 Fo, 301,029, 995, 664, o 

comp ar. 235312 

o = 364511 O + 235313 N = 2302585825187 12 — *** Jo, 301, 029, 995, 663,987 


wy multiplying the two numbers in the firſt column together, there is produced a 
0 third number 1,024, againſt which is written C, for its logarithm, expreſſing 
| likewiſe by an equation in what manner C is formed of the foregoing logarithms N 
A and B. And in the ſame manner the calculation is continued throughout; F 
only obſerving this compendium, that before multiplying the two laſt numbers 4 
already entered in the table, to conſider what power of one of them muſt be uſed 
to bring the product the neareſt that can be to unity. Now, after having con- 
tinned the table a little way, this is found by only dividing the differences of the 
numbers from unity one by the other, and taking the neareſt quotient for the 
index of the power fought. Thus, the ſecond and third numbers in the table 
being o, 8 and 1,024, their differences from unity are 0,200 and 0,024 ; hence 
0,200 ＋ 0,024 gives 9 forthe index; and therefore multiplying the gth power 
of 1,024 by 0,8 produces the next number o, 990, 352, o3 1, 429, whoſe logarithm 
isD=B+gCc. 
When the calculation is continued in this manner till the numbers become 
ſmall enough, or near enough to 1, the laſt logarithm is ſuppoſed equal to nothing, 
which gives an equation expreſſing the relation of the logarithms, and from 
whence the required logarithm 1s determined. Thus ſuppoſing G = o, we have 
2136/2 — 643/10 = o, and hence, becauſe the logarithm of 10 is 1, we obtain 


le = _ = 0,301,029,96, too ſmall in the laſt figure; which ſo happens be- 


caufe the number correſponding to G 1s greater than 1. And in this manner 
are all the numbers in the third or laſt column obtained, which are continual 
approximations to the logarithms of 2, 

There is another expedient which renders this calculation ſtill ſhorter, and it 


is founded on this conſideration ; that when x is ſmall, 1 + * is nearly = 1 + 
nx. Henceifi + x and 1 — z be the two laſt numbers already found in - 
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firſt column of the table, the product of their powers 1 + x}” x 1 — will be 
nearly = 1; and hence the relation of m and n may be thus found, 1 + * Xx 
1 — 2 isnearly =1 + mx X 1 — #2 = 1 + mx n — m K = 1 + ms 
— 72 nearly, which being alſo = 1 nearly, therefore m: :: : *:: l. 1— 2: 


LI Tr; whence J. 1 — 2 +z/.1 +x So. For example, let 1,024 and 
o, 990352 be the laſt numbers in the table, their logarithms being C and D: here 
we have 1,024 = 1 + x, and o, 990352 = 1 — 2; conſequently x = 0,024, 


and 2 = 0,009648 ; and hence the ratio - in ſmall numbers is =. So that 


for finding the logarithms propoſed, we may take 50 D + 201 C = 48510 12 
— 14603/10 = o; which gives /2 = 0,3010307. And in this manner are 
found the numbers in the laſt line of the table. 


Cf Mr. Long's Method. 


In number 339 of the Philoſophical Tranſactions, are given a brief table and 
method for finding the logarithm to any number, and the number to any loga- 
rithm, by Mr. John Long, B. D. Fellow of C. C. C. Oxon. This table and 
method are ſimilar to thoſe deſcribed in chap. 14 of Briggs's Arithmetica Logarith- 
mica, differing only in this, that in this table by Mr. Long, the logarithms, in 
each claſs, are in arithmetical progreſſion, the common difference being i; but in 
Briggs's little table the column of natural numbers has the like common dif- 
ference. The table conſiſts of eight claſſes of logarithms and their correſpond- 


ing numbers as follows : 


Lo.| Nat. Numb. || Log. | Nat. Numb. | Log. | Nat. Numb. || Log. | Nat. Numb. | 
917,943282 347] ,009]1,020939484|| ,00009]|1,000207254| ,0000009[1,000002072 
8/6,30957 3445 $]1,018591398 8$11,000184224 8[1,000001842 

| 37/5301 1872336 711,016248694 711,000161194 7]{,000001611 
613,981071706 6]1,013911386 6[t,000138165 6]1,000001 381 

„503, 162277660 5[1,011579454 51, 00115130 1, 000001151 
402, 511886432 441, 09252886 4%, oooo92 106 4]1,000000921 
»3|1,995202315 3]1,006931669 3 1,oooobgoBop 3]1,00c00069 

„1, 584893193 241,046 15794 21, 00046053 2]1,000000460 
,1[1,258925412 1]1,002305238 1]11,00002 3O2E 1}1,0000002 30 

og, 23026877 1, 0009]1,00207447 5||»>000009]|1,0000207 24|,00000009]1 ,000000207 

8 1, 202264435 81,00 1843766 81,0000 18421 81, 00000184 
71174897555 71, 0161310 711, 00016118 711 ,0000001 61 
611,1481 53621 £[1,001382506 6.1, 000138 16 6/1 ,00C0001 38 

581, 122018454 5,00 1151956 51, 000011513 5[1,00000011 5 
4, 96473196 441, 00921459 4|1,0000092 10 4|1,000000092 
3\1,0715193Oc 3]:,00069101 5 311 ,000006908 311 ,000000069 
211,047128 548 2]1,00046062 3 21, 0000460 5 1,000000046 
111,023292992 1]1,0002 30285 1]1,000002 3O2||  1[1,000000023 


92 


where, 
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where, becauſe the logarithms in each claſs are the continual multiples 1, 2, 3, &c 

of the loweſt, it is evident that the natural numbers are ſo many ſcales of geome- 
trical proportionals, the loweſt being the common ratio, or the aſcending num- 
bers are the 1, 2, 3, &c powers of the loweſt, as expreſſed by the figures 1, 2, 3, 
&c of their correſponding logarithms. Alſo the laſt number in the firſt, ſecond, 
third, &c claſs, is the roth, 100th, 1000th, &c root of 10 and any number in 
any claſs is the 10th power of the correſponding number in the next following 
claſs. 

To find the logarithm of any number, as ſuppoſe of 2000, by this table: 
Look in the firſt claſs for the number next leſs than the firlt figure 2, and it is 
1,995262315, againſt which 1s 3 for the firſt figure of the logarithm ſought. 
Again, dividing 2 the number propoſed by 1,995262315 the number found in 
the table, the quotient 1s 1,002374467 ; which being looked for in the ſecond 
claſs of the table, and finding neither its equal nor a leſs, o is therefore to be 
taken for the ſecond figure of the logarithm; and the ſame quotient 1,002374467 
being looked for in the third claſs, the next leſs is there found to be 1, 02305238, 
againſt which is 1 for the third figure of the logarithm ; and dividing the quo- 
tient 1,002374467 by the ſaid next leſs number 1,002 30 52 38, the new quotient 
is 1,000069070 ; which being ſought in the fourth claſs gives o, but ſought in 

the fifch claſs gives 2, which are the fourth and fifth figures of. the logarithm 
fought : again, dividing the laſt quotient by 1,0000460;53 the next lels num- 
ber in the table, the quotient is 1,00002307 5, which gives 9 in the 6th claſs for 
the 6th figure of the logarithm ſought : and again dividing the laſt quotient by 
1,000020724 the next leſs number, the quotient is 1,000002291, the next leſs 
than which in the 7th claſs gives 9 for the 7th figure of the logarithm : and di- 
viding the laſt quotient by 1,000002072, the quotient is 1,000000219, which 
gives 9 in the 8th claſs for the 8th figure of the logarithm : and again, the laſt 
quotient 1,000000219 being divided by 1,0c0000207 the next leſs, the quotient 
1,000000012 gives 5 in the ſame 8th claſs, when one figure is cut off, for the 
9th figure of the logarithm ſought. All which figures collected together give 
3,301029995 for Briggs's logarithm of 2000, the index 3 being ſupplied ; which 
logarithm is true in the laſt figure. 


To find the number anſwering to any given logarithm, as, 5 6 
ſuppoſe, to 3.301,030,0 o: omitting the characteriſtic, againſt |3 | 12995292315 
the other figures 3, o, 1, o, 3, 6, o, as in the firſt column in |? |® o| 
the margin, are the ſeveral numbers as in the 24 column, |! [,002305230 | 
found from their reſpective 1ſt, 2d, 3d, &c claſſes; the effec- | © 6008 
tive numbers of which multiplied continually together, the 3 | 72222229900 
laſt product is 2,000000019966, which, becauſe the charac- |? |? 
teriſtic is 3, gives 2000,000019966, or 2000 only, for the re- 07% 


quired number anſwering to the given logarithm. 


Of 
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Of Mr, Jones's Methed, 


In the 61ſt volume of the Philoſophical Tranſa&tions, is a {mall paper on lo- 
garithms, which had been drawn up and left unpubliſhed, by the learned and 
ingenious William Jones, Eſq. The method contained in this memoir, depends 
on an application of the doctrine of fluxions, to ſome properties drawn from the 
nature of the exponents of powers. Here all numbers are conſidered as ſome 
certain powers of a conſtant determinate root: fo any number x may be conſi- 


dered as the à power of any root r, or that x r is a general expreſſion of all 


numbers in terms of the conſtant root r and a variable exponent x. Now the 
index 2 being the logarithm of the number x, therefore to find this logarithm, 
is the ſame thing as to find what power of the radical 7 is equal to the number x. 

From this principle, the relation between the fluxions of any number x and its 


logarithm z is thus determined: put r = 1 + n; then is x =7z =1 + AE, and 
x +x=1+a*r*= 1 ＋ A NN IT A = xX 1 + #* = (by expanding 


3 omitting the 2d, 3d, &c powers of 2, and writing for E -) x + xz 


* 9 + if + 29® + 24* &c ; therefore x = erz, putting a for the ſeries 7 + 


27 + % &c, or F x = xz, putting f = — 

Now when r =1 + # = 10, as in the common logarithms of Briggs's form; 
then» = 9, q = 0.9, and the ſeries 9 + 24* + 34, &c gives a = 2.302.585 
&c, and therefore its reciprocal fis o. 434, 294 &c. But, ita = 1 =f, the form 
w1ll be that of Napier's logarithms. 


0 2 e x | . 
From the above form xz = fx or z = E are then deduced many curious and ge- 


neral properties of logarithms, with the ſeveral ſeries heretofore given by Gregory, 


Mercator, Wallis, Newton, and Halley. But of all theſe ſeries, that one which our 
author ſelects for conſtructing the logarithms, is this; putting N = > the lo- 


garithm of — is =2f X : N + 4N* + 3N* + 3N” &c in the cafe in which 


I 1 . . . 
= which ſeries will then 


r —p is = 1, and conſequently then N 


converge very faſt. 

Hence, having given any numbers, p, 9, 7, &c, and as many ratios a, 6, c, 
&c, compoſed of them, the difference between the two terms of each ratio being 
1; as alſo the logarithms A, B, C, &c of thoſe ratios given: to find the logarithms 
P, Q, R, &c of thoſe numbers; ſuppoſing F = 1. For inſtance, if p = 2,q = 3, 
r SI anda = — 255 — 23 =D = Now the logarithins 

2 I 5 2 f 
A, B, C, of theſe ratios a, b, c, being found by the above ſeries, from the nature 
of powers we have theſe three equations, 
4 = 
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: P =3A+4B + 2C= log. of 2, 
B=4P—' 2— R aw wr ny 9=;A+6B+3C= — of 3, 

=2R— 2—327 8 R=74+9B 50S log. of 5. 
And hence P R= 104 + 13B + 7 is = the logarithm of 2 x 5 or 10. 

An elegant tract on logarithms, as a comment on Dr. Halley's method, was 
alſo given by Mr. Jones in his Synopſis Palmariorum Matheſecs, publiſhed in the 
year 1706. And in the Philoſophical Tranſactions he communicated various 
improvements in goniometrical properties, and the ſeries relating to the circle 
and to trigonometry. 

The memoir above deſcribed was delivered to the Royal Society by their then 
librarian, Mr. John Robertſon, a worthy, ingenious, and induſtrious man ; who 
alſo communicated to the Society ſeveral little tracts of his own relating to 
logarithmical ſubjects: he was alſo the author of an excellent Treatiſe on the 
Elements of Navigation, in two volumes; and he was ſucceſſively mathemacical 
maſter to Chriſt's hoſpital in London; head maſter to the royal naval academy at 
Portſmouth ; and librarian, clerk, and houſekeeper to the Royal Society; at 
whoſe houſe, in Crane-Court, Fleet-Street, he died in 1776, aged 64 years. 

And among the papers of Mr. Robertſon, I have, ſince his death, found one 
containing the following particulars relating to Mr. Jones, which I here inſert, 
as I know of no other account of his lite, & and as any true anecdotes of ſuch 
extraordinary men muſt always be acceptable to the learned. This paper is not 
in Mr. Robertſon's hand writing, but in a Kind of running law-hand, and is 
ſigned R. M. 12 Sept. 1771. 

« William Jones, Eſq. F. R. S. was born at the foot of Bodavon mountain 
[Myriadd Bodafon], in the pariſh of Llanfihangel tre'r Bardd, in the ifle of An- 
gleſey, North Wales, in the year 1675. His father John George“ was a farmer, 
of a good family, being deſcended from Hwfa ap Cynddelw, one of the 15 tribes 
of North Wales. He gave his two ſons the common ſchool education of the 
country, reading, writing and accounts, in Engliſh, and the Latin grammar, 
Harry his ſecond ſon took to the farming buſineſs; but William the eldeſt, 
Having an extraordinary turn for mathematical ſtudies, determined to try his 
fortune abroad from a place where the ſame was but of little ſervice to him ; he 
accordingly came to London, accompanied by a young man, Rowland Williams, 
afterwards an eminent perfumer in Wych Street. he report in the country is, 
that Mr. Jones ſoon got into a merchant's counting houſe, and ſo gained the 
eſteem of his maſter, that he gave him the command of a ſhip for a Weſt India 
voyage; and that upon his return he ſet up a mathematical ſchool, and publiſhed 
his book of navigation + ; and that upon the death of the merchant he married 
his widow : that Lord Macclesfield's ſon being his pupil, he was made ſecretary 


+ « Tt is the cuſtom in ſeveral parts of Wales for the name of the father to become the ſurname of 
his children. John George the father was commonly called Sion Sors, of Llanbabo, to which pariſh 
he moved, and where his children were brought up.“ 

This tract on navigation, intituled, A New Compendium of the whole Art of Practical Navi- 
gation,” was publiſhed in 1702, and dedicated * to the reverend and learned Mr. John Harris, M. A. 
and F. R. S.“ the author (as I apprehend) of the“ Univerſal Dictionary of Arts and Sciences,” 
under whoſe roof Mr. Jones ſays he compoſed the ſaid treatiſe on Navigation, 


to 
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to the chancellor, and one of the Deputy- tellers of the exchequer and they have 
a ſtory of an Italian wedding which cauſed great diſturbance in Lord Macclesfield's 
family, but was compromiſed by Mr. Jones; which gave riſe to a ſaying, that 
Macclesfield was the making of Jones, and Jones the making of Macclesfield.“ 

Mr. Jones died July 3, 1749, being a vice-preſident of the Royal Society; and 
left one daughter, and his widow big with another child, which proved a ſon, who 
is the preſent Sir William Jones, at this time, 1791, one of the judges in India, and 
highly eſteemed for his great abilities, extenſive learning, and eminent patriotiſm. 


Of Mr. Andrew Reid and ethers. 


Andrew Reid, Eſq. publiſhed in 1767 a quarto tract under the title of An 
Eſſay on Logarithms, in which he allo ſhews the computation of logarithms from 
principles depending on the binomial theorem and the nature of the exponents 
of powers, the logarithms of numbers being here conſidered as the exponents of 
the powers of 10. He hence brings out the uſual ſeries for logarithms, and 
largely exemplifies Dr. Halley's molt ſimple conſtruction. 

Beſides the authors whoſe methods have been here particularly deſcribed, many 
others have treated on the ſubjects of logarithms, and of the tines, tangents, ſe- 
cants, & c; among the principal of whom are Leibnitz, Euler, Maclaurin, Wol- 
fius, and profeſſor Simi in an accurate geometrical tract on logarithms, con- 
tained in his poſthumous works, which were elegantly printed in 4to. at Glaſgow, 
in the year 1770, at the expence of that very learned nobleman, the late Earl 
Stanhope, and by his lordſhip diſpoſed of in preſents among gentlemen moſt 
eminent for mathematical learning. 


Of Mr. Dodſon's Anti-legarithmic Canon. 


The only remaining conſiderable work of this kind publiſhed, that I know of, 
is the Anti logarithmic Canon of Mr. James Dodſon, a very ingenious mathe- 
matician, which work he publiſhed in folio in the year 1742 ; a very great per- 
formance, containing all logarithms under 100,000, and their correſponding na- 
tural numbers to 11 places of figures, with all their differences and the propor- 
tional parts ; the whole arranged in the order contrary to that uſed in the com- 
mon tables of numbers and logarithms, the exact logarithms being here placed 
firſt, and increaſing continually by 1, from 1 to 100,000, and their correſponding 
neareſt numbers in the columns oppoſite to them ; and by means of the differ- 
ences and proportional parts, the logarithm to any number, or the number to any 
logarithm, each to 11 places of figures, is readily found. This work contains 
alſo, beſides the conſtruction of the natural numbers to the given logarithms, 
« precepts and examples, ſhewing ſome of the uſes of logarithms, in facilitating 
the moſt difficult operations in common arithmetic, caſes of intereſt, annuities, 
menſuration, &c ; to which is prefixed an introduction, containing a ſhort ac- 
count of logaruhms, and of the moſt confiderable improvements made, fince 
their invention, in the manner of conſtructing them,” 

The 
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The manner in which theſe numbers were conſtructed, conſiſts chiefly in 
imitations of ſome of the methods before deſcribed by Briggs, and is nothing 
more than generating a ſcale of 100000 geometrical proportionals from i the 
leaſt term to 10 the greateſt, each continued to 11 places of figures; and the 
means of effecting this are ſuch as eaſily flow from the nature of a ſeries of pro- 
portionals, and are briefly as follows. Firſt between 1 and 10 are interpoſed 9g 
mean proportionals ; then between each of theſe 11 terms there are interpoſed 
g other means, making in all 101 terms ; then between each of theſe a 3d ſet of 
g means, making in all 1001 terms; again between each of theſe a 4th ſet of 
9 means, making in all 10001 terms; and laſtly between each two of theſe terms, 
a 5th ſet of 9 means, making in all 100001 terms, including both the 1 and the 
10. The firlt four of theſe 5 ſets of means, are found each by one extraction of 
the 1oth root of the greater of the two given terms, which root is the leaſt mean, 
and then multiplying it continually by itſelf according to the number of terms 
in the ſefion or ſet; and the 5th or lait ſection is made by interpoſing each of 
the 9 means by help of the method of differences before taught. Namely, put- 


ting 10 the greateſt term = A, ATT = B, Be = 2 C = D, De = E, 


1 
and Er = F; now extracting the roth root of A or 10, it gives 1, 2589254118 
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= B A for the leaſt of the 1ſt ſet of means; and then multiplying it con- 
tinually by itſelf, we have B, B', B', B*, &c to BY = A for all the 10 terms: 


2dly, the 1oth root of 1,25892 54118 gives 1,0232929923 = C = Be = AT 
for the leaſt of the 2d claſs of means, which being continually multiplied gives 
C, C* C', &cto C B = A forall the 2d claſs of ioo terms: 3dly, the 


1 1 1 
10th root of 10232929923 gives 1,002 3052381 = D C BTU = AT 
for the leaſt of the 3d claſs of means, which being continually multiplied gives 


D;, DC D*, &cto Dres — C = BL = A for the 3d claſs of 1000 terms: 


„ 1 1 
4 4thly, the 1oth root 1,0023052381 gives 1,0002 302850 = E D = Cr 


=_ = Bras = AT*®*T for the leaſt of the 4th claſs of means, which being conti- 
1 DET , =D 7 = Ci: Be 

A for the 4th claſs of 10000 terms. Now theſe 4 claſſes of terms thus produced, 

3 require no leſs than 11110 multiplications of the leaſt means by themſelves; which 

however are much facilitated by making a (mall table of the firſt 10 or even 100 

Wi products of the conſtant multiplier, and from thence only taking out the proper 

3 lines and adding them together: and theſe 4 claſſes of numbers always prove 

| themſelves at every 10th term, which muſt always agree with the correſponding 

| | ſucceſſive terms of the preceeding claſs. The remaining 5th claſs is conſtructed 

by means of differences, being much eaſier than the method of continual multi- 

plication, the 1ſt and 2d differences only being uſed, as the 3d difference is too 

{mall to enter the computation of the ſets of ꝙ means between each two terms 

| of the 4th claſs. And the ſeveral 2d differences for each of theſe ſets of means, 

= are found from the properties of a ſet of proportionals 1, , , #*, &c, as dif- 

poſed 
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poſed * 2 E - the [Terms] 1ft dif. | 2d. dif. | 3d dif. |&c 
annexed table, and their ſeve- FY m— OY 
ral orders of differences as in MM. U ix|r=iWXxlr If 2 


the other columns of the table; } * : , a | 
where it is evident that each 1 of 3 15 * 
column, both that of the given ja i _ © 
terms of the progreſſion, and & A & * 

thoſe of their orders of differ- : : : : 


ences, forms a ſcale of proportionals, having the ſame common ratio, and that 
each horizontal line, or row, forms a geometrical progreſſion, having all the ſame 
common ratio r — 1, which is alſo the 1ſt difference of each ſet of means; fo 
7 —1} is the 1ſt of the 2d differences, and which is conſtantly the ſame, as the 
3d differences become too ſmall in the required terms of our progreſſion to be re- 

arded, at leaſt near the beginning of the table: hence, like as 1, 1 — 1, and 
r If are the iſt term with its 1ſt and 2d differences; ſo “, “. r — 1, and 


Tr. 7 — 1 are any other term with its iſt and 2d differences. And by this rule 
the 1ſt and 2d differences are to be found for every ſet of ꝙ means, viz. multi- 
plying the 1ſt term of any claſs (which will be the ſeveral terms of the ſeries E, 
E“, E?, &c, or every 1oth term of the ſeries F, F*, F?, &c) by r = tor F — 1 
for the 1ſt difference, and this multiplied by F — 1 again for the true 2d dif- 
ference at the beginning of that claſs. Thus the 1oth root of 1,00023028 50, or 
E, gives 1,00002 3026116 for F or the iſt mean of the loweſt claſs; therefore, 
F—-1=r— I = ,000023026116 is its iſt difference, and the ſquare of it is 
7 — IÞ =,0000000005302 its 2d difference; then is ,000023026116 F or 
,000023026116 Eꝰ the iſt difference, and, ooooooooo 5302 F,“ or , ooοο ο 
5302 E“, is the ad difference at the beginning of the »th claſs of decades. And 
this 2d difference is uſed as the conſtant 2d difference through all the 10 terms, 
except towards the end of the table, where the differences increaſe faſt enough to 
require a ſmall correction of the 2d difference, and which Mr. Dodſon effects by 
taking a mean 2d difference among all the 2d differences in this manner; having 


found the ſeries of iſt differences F 1. E', FBI. E“, F=T. E“ gc, 


take the differences of theſe, and +, of them will be the mean 2d differences to 
beuſed, namely, . 1 E, =, ET -E“, c, are the mean 2d 
differences. And this is not only the more exact, but alſo the eaſier, way. The 
common 2d difference and the ſucceſſive iſt differences are then continually 
added through the whole decade, to give the ſucceſſive terms of the required 
progreſſion. 
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IMP. CAS. FERDINANDI II. MATHEMATICI, 


Cm 1641 
LOGARITHMORUM. 


AD TOTIDEM NUMEROS ROTUNDOS: 


PRAMISSA 


DEMONSTRATIONE LEZG ITI 


ORTUS LOGARITHMORUM EORUMQUE USUS, 
QUIBUS 


NOVA TRADITUR ARITHMETICA, SEU COMPENDIUM, 


Quo, poſt numerorum notitiam, nullum nec admirabilius, nec utilius, ſolvendi pleraque 
Problemata Calculatoria, præſertim in Doctrina Triangulorum, citra Multi- 
plicationis, Diviſionis, Radicumque extractionis, in Numeris prolixis, 
labores moleſtiſſimos. 


A D 


ILLUSTRISSIMUM PRINCIPEM ET DOMINUM, 
Dn. PHILIPPUM, LanDGrRaAvium Hass IA, &c. 


CUM PRIVILEGIO AUTHORIS C/ZESAREO,. 


Prima hujus tractatũs editio impreſſa fuit Marpurgi, et excuſa typis Caſparis Chemlini, Auuo 
n Domini MDCXXIV. 


sf * 
22 


AD 


ILLUSTRISSIMUM PRINCIPEM ET DOMINUM, 


Dn. PHILIPPUM, LanpcrRavium Hass1z, 
COMITEM CHATTIMELIBOCCI, SIGENZ, DITI!, ET NIDD&, 


DOMINUM MEUM CLEMENTISSIMUM. 


De Munere ejus Celſit. ampliſſimo, deque uſitata Celſ. ſuæ Alluſione, & 
Alliteratione ad Nomen PIII Ss, BILLIEBS. 


a” 


Thien TA expenſis vendit $iAz Tx Philippis 
uu Princeps PaiLieevs Haſſiæ. 
Sed facies rerum verſa eſt; pauperculus emptor 
Mercemque pretium retulit 
Triginta acceptis, ſed vendidit ille Magiſtrum 
Mortalium immaniſſimus. 
I nunc & dubita, Tharſenſi interprete, num fit 
Dare quam accipere beatius. 
Triginta tamen en ! penſo totidem æπνννοεiͤ verbis; 
Pine mag penſo Chiliade. 
Corde, manu, promis redolentia munera fontes: 
Mentemque redolent quæ accipis. 
Corde Ag, manibus As/zs, fed Mente Segel; 
Tibi cor, manus, mentem dico. 
Illuftr. Celſ. T. 
Subjectiſſimus Cultor Gratuſque Hoſpes, 
JOHAN. KEPLERUS. 


* Propoſitionibus. 


EW] 


D Eg MONT 2S 4c F126. 


STRUCTUREA LOGARITHMORUM. 


FOLATE 5 


'Oh NES proportiones inter ſe æquales, quacunque varietate bino- 
rum unius, & binorum alterius terminorum, eadem quantitate 
metiri ſeu exprimere. 


&A = WMA 1; 


Si fuerint quantitates quotcunque ejuſdem generis, quocunque ordine ſibi 
invicem ſuccedentes, ut ſi ordine magnitudinis ſibi invicem ſuccedant: pro- 
portio extremarum compoſita eſſe intelligitur ex omnibus proportionibus inter- 
mediis binarum, & binarum inter ſe vicinarum. 

Seu, quod eodem redit, proportio minuitur aucto minori termino, vel dimi- 
nuto majori ; augetur rationibus contrariis. 


Do 1 0 


Medium proportionale inter duos terminos dividit proportionem 
terminorum in duas proportiones inter ſe æquales. 


Nam ſi ſunt duo termini, eorumque medium proportionale: eſt ergò inter 
tres quantitates Analogia ſeu Proportionalitas. 

At Analogia definitur æqualitate Twy Ao ywv, proportionum : quare propor- 
tiones ſectione conſtitute, utpote partes proportionis totius propoſitæ, ſunt inter 
ſe æquales. 


AXIOMA SEU NOTITIA COMMUNIS 11. 


Si fuerint quantitates quotcunque creſcentes ordine : proportio extremarum 
diviſa eſt per intermedias in partes und plures quam ſunt intermediæ, diviſio- 


nem facientes. 


B 2 Sic 
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Sic quatuor interſtitia digitorum arguunt quinque digitos. Sic quinque cor- 
pora regularia ſibi invicem inſerta ordine interpoſitis orbibus inſcriptis & cir- 
cumnicriptis, arguunt orbium talium ſex efle. 


TT L.A T UM . 


Proportionem inter datos duos terminos quoſcunque dividere in partes 
quotcunque (ut in partes numero continue multiplici pro- 
greſſionis binariæ) & eouſque donec partes oriantur 
minores quantitate propoſita. 


Proportio enim eſt etiam una ex quantitatibus continuis in infinitum di- 
viduis. | 


924 hic typum diviſæ proportionis inter 10 & 7, per triginta proportionales 
medias. 


LOGARITHME 


& | EXEMPLUM SECTIONIS, 2 
P2232 $2523 
5 22 Z. | In qui proportio, quæ eſt inter 10 8 8.3. 
8 53 | 7, tricelimo actu, in partes - 2, Sy 
1 S S. æquales 1073741824 ſecatur, per 588.2 3 
Z. 5 5 totidem {una minus) medias pro- 8.8 2 
Et 8358 portionales claſſis triceſimæ, ubi ex S 3 8 
"ED == unaqualibet clafſe fola maxima, & 1235 
2 N © termino proportionis majori vici- 82 
4 Si niflima, e — 3 2 Ss 2 
Major terminus. I 000000000009200000000 
30 4 9999999990078 2099 1073741524 
29 @ 99999999933504113801 530870912 
28 * 99999999867 128227702 268435450 
27 * 999999997342 50455589 134217728 
26 * 99999999468512912883 67108864 
25 . 99999998937025838590 33554432 
24 K. 9999999787405 1088029 10777210 
23 K. 99999995248 103422452 8388608 
22 K. 9999999 149020705698 4194304 
_21 K. 99999982992414774.542 2097 1 52 
20 &. 9999990 5984832451065 1048570 
10 K. 99999931969676473647 524288 
18 &. 999998639393 99228474 262144 
17 K. 99999727878983531819 121772 
10 K. 99999455758 707062114 05530 
15 E. 999989115203773 10068 32768 
14 K. 999978230 52602499026 16384 
13 K. 9222545152 5059007766 8192 
12 &. 9999 1292494751867 70⁰ 4090 
II #, 99982 58 5747710211873 2048 
IO æ. 9996 517452798225 1100 1024 
9 E. 999 30361184098 514780 512 
8 æ. 99860770863843831172 250 
72. 99721735575211210274 128 
6 # 9944424 5401323450059 64 
* . 98391579553719496652 32 
Quindecim 4tze.| 4 &. 97795445066296320009 10 
Septem Tertiz, | 3 K. 95039490757149812386 3 
Tres Secundeæ. 2 &. 91469121922809443920 4 
Unica Prima, I a. 836660026 53407554820 2 
Minor terminus. 70000000000000000000 


Hzzc unica prima in ſua 
ſeu prima claſſe, fit etiam 
una, eaque media, trium ſe. 
cundat um; & tres ſe- 
cundæ iſtz, ſunt etiam 
inter ſeptem tertias, me- 
dia ſcilicet inter alias 
quatuor accedentes: & 
he ſeptem tertiæ, inſerti 
aliis octo, fiunt quinde - 
eim quartz, & fic con- 
ſequenter. 


Hic differentia maximæ ex triceſimis mediis pro- 
portionalibus à termino ſectæ proportionis majori, eſt 
iſta ocooo, 00003, 32179, 43 100. Hæc igęitur diffe- 
rentia conſtituitur ex arbitrio, pro menſur3 hujus 
minimi elementi, ſectæ proportionis, ſeu pro Lo- 
garithmo dictæ Triceſimarum maximæ. Hic igitur 
Logarithmus multiplicatus in numerum partium, 
quas conſtituunt illæ triceſime, producit ſequentem 
Legarithmum 45667, 49487, 37222, 14400, Hic 
eſt Logarithmus termini minoris, {cilicet 
70000, 00900, 00000, 00000, 


Hic numerus unitate 
ſuperat numerum me- 
diarum proportional um 


cujuſque claſſis, 
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Hic Typus fic intelligatur : Inter Terminos, majorem 100, &c. & minorem 
70 &c. quæratur media proportionalis, hæc erit 833 &c. Sunt ergò propor- 
tionis inter dictos terminos conſtitute partes duæ, una inter 100 & 83:, 
altera inter 832 & 70. Hæ per 1 prop. ſunt inter ſe æquales. Quzratur 
ſecundd, media proportionalis inter 100 & 834 &c. hæc erit 914 &c. rurſum- 
que erunt partes inter ſe æquales, una inter 100 &c. & 91 &c. & altera inter 
914 &c. & 833 &c. Ita prior ſemiſſis proportionis totius hic eſt diviſus in 
duas quartas partes ejuſdem totius. Et intelligitur ſemiſſis alter, qui erat inter 
837 & 70, per ſociam ipſius 914, ſeu ſecundarum trium minimam (que in 
hoc typo non exprimitur) ſimiliter diviſus eſſe in alias duas quartas totius. 
Quæratur tertiò media proportionalis inter 109, &c. & g14 &c. hæc erit 
952 &c. determinans cum 100 partem totius octavam, quod indicat numerus 
illi ad dextram exterius reſpondens. Et fic deinceps. 


EB TV LAT YU IM Ih 


Minimum proportionis elementum quantulum pro minimo placuerit, 
metiri ſeu ſignare per quantitatem quamcunque; ut per 
exceſſum terminorum hujus Elementi. 


II. PROPOSITIO. 


Cum fuerint tres continue proportionales, quz eſt proportio primz 


- ad ſecundam, vel ſecundæ ad tertiam, eadem eſt proportio 


n N differentiæ priorum, ad differentiam poſteriorum. 
1 Sint continue proportionales Ax, EH, DF, diffe entia priorum 
45 kx, poſteriorum x1: Dico, ut eſt Ax ad ER, fic eſſe KM ad 
HI. Eſt enim ER ad FD, ut KA ad HE ex hypotheſi. Scd HE eſt 
æqualis ipſi Ma, et FD æqualis ipſi 1x, rurſum ex hypotheſi. Quare 
etiam MA erit ad IE, ut KA ad HE; quare per 17 quinti Eucl. etiam 
reſidua KM ad reſiduam Ht, erit ut tota KA ad totam HE. 


ͤ—— | 
* 


III. PROPOSITIO. 


Cum fuerint aliquot quantitates in proportione continuà, minimarum 
minima erit differentia, maximarum maxima. 


Nam per 2 prop. ſicut eſt maxima ad vicinam minorem, fic eſt differentia 
inter max imas, ad differentiam ſuccedentium: Minor igitur eſt quælibet dif- 
ferentiarum ſuccedentium, quam antecedens. Minima igitur eſt ultima dif- 
ferentia, que ſcilicet eſt inter minimas. | 


IV, PRO- 
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IV PROPOSITIO 


Cam fuerint aliquot quantitates in proportione continua : ſi dif- 
ferentia maximarum ſtatuitur menſura proportionis illarum : 
differentizz quarumcunque duarum deinceps erunt 
minores menſura proportionis illarum juſta, 


Nam quia ponuntur continue proportionales, igitur æqualis eſt proportio 
inter duas maximas, & proportio inter quaſcunque duas minores deinceps fitas 
per 1 Prop. Major vero eſt differentia inter maximas, differentiis inter 
quaſcunque alias deinceps ſitas per 3. Si ergo major differentia ſtatuitur 
menſura proportionis inter duas maximas per 3 poſtulatum : tunc eadem duarum 
maximarum differentia ſtatuitur etiam menſura proportionis inter duas minores 
deinceps ſequentes. At differentia inter duas minores, minor etiam eſt dif- 
ferentia inter maximas per 3 Prop. quare etiam minor eſt, quam ut ſuorum 


terminorum proportionem metiatur. 


V. PROPOSITIO. 


In continue proportionalibus ſi differentia maximarum ftatuitur 
menſura proportions illarum: omnes reliquæ proportiones, qua: 
ſunt inter maximam & unamquamlibet reliquarum 
minorum, ſortientur menſuras, majores diffe- 


rentiis ſuorum terminorum. u- u 
Nam proportio maximæ Ax ad minimam 6B componitur ex pro- f * 
portionibus binarum, & binarum deinceps uſque ad minimam, per \,|. 
Axioma 1. At omnes binarum deinceps ſitarum proportiones inter 
ſe ſunt æquales per 1 prop. menſuras igitur etiam æquales habent 
per poſtulat. 1, Quare quot ſunt elementa proportionis inter maxi- 
mam AK & minimam GB, toties differentia xu, maximarum kA, 
HE, vel MA, continetur in menſurà proportionis maxime KA ad 
minimam BG. 

Jam verd maxim? KA & minimæ ze, differentia x L componitur ex dif- 
ferentiis KM, Mo, OL binarum, & binarum deinceps ſitarum omnibus. 

Sed quælibet differentia Mo, ol, binarum deinceps ſeorſim minor eſt dif- 
ferentia KM maximarum per 3 Prop. quare etiam totidem junctæ differentiæ 
binarum deinceps, 1d eſt, differentia x1. maxime Ka, & minimæ 30 erit 
minor quam multiplex ipſius x M differentiæ maximarum, ſecundum numerum 
elementorum proportionis ſectæ. Sed multiplex iſta eſt menſura proportionis 
inter maximam KA & minimam B6, ut jam oſtenſum. Ergo differentia x L 
maximæ & minimæ non æquat menſuram proportionis earum, poſitis quz ſunt 


poſita. 8 
In 


=C|-B 


AE DG 


' 
[ 
; 
4 
; 
4 
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In numeris fic. Sint numeri 1000, goo, 810, 729, continue proportionales. 
Maximi ſunt 1000, goo. Eorum differentia eſt 100. Sit bac menſura arbi- 
traria proportionis 1000, goo. Erit igitur etiam menſura hæc proportionis 
2 810, & proportionis 8 10, 729. Compoſita igitur proportionis inter 1000 

& 729 menſura erit zoo, quia elementa æqualia proportionis tria ſunt, per 
duos medios proportionales per axioma 2. Atqui terminorum hujus pro- 
portionis, ſcilicet 1000 & 729, differentia eſt 271, multò minor quam Zoo, 
triplum ipſius 100. 


VI. PROP OS IT IO. 


In continuè proportionalibus, ſi differentia maximæ & unius minorum 
non deinceps ſequentis ſtatuitur menſura proportionis illarum : reliquæ 
proportiones, quæ quidem ſunt inter maximam & unam prius aſcitã 
majorem, ſortientur menſuram minorem differentià ſuorum terminorum: 
quæ verò proportiones ſunt inter quantitatem maximam & unam- 
quamlibet, prius aſcita minorem, nanciſcentur menſuram majorem, 
quam eſt differentia ſuorum terminorum. 


x Sint proportionales AK, EH, DF, GB, & aſſumantur maxi- 

n n ma quidem Ax, & una minorum non deinceps DF, ſitque illarum 

» |_|, Cdifferentia xo, & xo menſuret quantitatem proportionis inter AK 

"| & pr. Et ſint aliæ quantitates, xn quidem major prius aſcita DF ; 

GB vero illà minor: & fit mx differentia ipſarum Ax, En; fic 

Hi vel Mo fit differentia ipſarum EH, DF ; denique, Fc fit differentia 

ipſarum pr, 6B. Dico primo menſuram proportionis AK, EH 
Gre minorem differentia terminorum ux. 

Nam quia proportio AK, DF, menſuram accipit xo, eadem vero 
proportio habet partes æquales conſtitutas per mediam proportionalem 
G Þ 4 EH, per 1 prop. Proportionis igitur AK, EH menſura erit dimidia 

ipſius xo per 1 poſtul. (vel pars alia aliquota, ſecundum numerum 
interjectarum Ex.) At differentia Mx major eſt quam Mo refidua de xo per 3 
prop. Major _ quam dimidium ipſius xo. Ergo & * quam ut 
poſſit eſſe menſura proportionis inter Ka & HE majorem prius aſcità FD. 

Dico ſecundò menſuram proportionis Ax, 6B fore majorem differentia Lx. 


Rurſum enim proportionis EH, DF, que ſemiſlis eſt ipſius Ak, DF, menſura 


erit ſemiſſis ipſius xo per 1 poſtul. vel pars alia aliquota, &c. At differentia 
Hr vel Mo minor eſt quam Mx, reſidua de xo per 3 prop. Minor igitur nt, 
quam dimidium ipfius xo. Ergo minor quam menſura proportionis EH, pr. 
Sed differentia re vel oL rurſum minor eſt, quam differentia mo per 3 prop. 
Plus igitur deficit ol menſura proportionis DF, o, quam Mo, à menſura pro- 
portionis EH, DF. Eſt verd proportio pr, GB, æqualis proportioni EH, DF, 
quia hac quidem vice ipſi pF æquè propinqua eſt 63 verſus minora, atque EH 
verſus majora, & fi hæc non eflet, alia ſumi poſit, quippe inter continue pro- 
portionales. Deficit igitur ol a menſura proportionis pF, GB: fed xo ſtatuitur 
efle ipſa menſura proportionis AK, BF. 

Cum 
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Cùm ergò proportio Ak, 6B, compoſita fit ex proportione AK, DF, & 
proportione DF, GB, per ax, i, Menſura etiam illius compoſita erit ex men- 
ſuris harum ; ut fi proportio DF, 6B ſemiſſis eſt ipſius proportionis AK, DF, & 
proportio AK, GB {eſquialtera ipſius Ax, DF; crit etiam ipſius Ko ſuſceptæ 
menſuræ, ſeſquialtera pro ipſius Ax, 6B proportionis menſura habenda. 

Similiter vers & KL componitur ex ko, o; OL vero demonſtrata eſt eſſe 
minor dimidia ipſius ko: Tota igitur KL minor eſt quam ſeſquialtera ipſius 
xo, minor 1gitur quam menſura proportionis ſuæ inter AK, GB. 

Per numeros ſic: Sint continue proportionales 100000, 90000, Proper- Diffe- 
$1000, 72900, 65610, 59049. Eligantur 100000, 72900, earumque tionales. rentia, 


I00000 
differentia .27100 ſtatuatur menſura proportionis terminorum. 5 -10000 


Cam igitur hæc proportio habeat partes tres æquales, quarum 8x000 739% 
una 100000, goooo, cum differentia 10000 altera 90000, 81000, 23 27290 
cum differentia gooo : tertia 81000, 72900, cum differentia 8 100. 39% 861 
Quælibet vero proportionum harum ſit pars tertia ſuæ totius, 

valebit etiam tertiam partem menſuræ illius, ſcilicet 90333, hæc vero menſura 
Elementorum proportionis minor quidem eſt, quàm primorum terminorum 
differentia 10000, major vero quam ſecunda differentia ooo, major etiam 
multo quam tertia 8 100. — etiam major quam differentia 7290, 
numerorum 72900, 656 10: quam & differentia 6561 numerorum 65610, 59049. 
Ac proinde proportionis 100000, go terminorum differentia 10000, excedit 
menſuram ſuſceptam 90334. Nec minus etiam proportionis 100000, 81000 
differentia 19000 excedit menſuram ſuam, ſcilicet duplum ipſius 90334, ſcilicet 
180663, quia termini minores goooo, & 81000 adhuc ſtant ante primò ad- 
junctum 72900. E contrario proportionis 100000, 656 10 differentia 34390 minor 
eſt quam illius menſura 361333, quadruplum ſcilicet ipſius 90334. Sic etiam 
proportionis 100000, 59049 differentia 40951 minor eſt quintuplo ipſius 
90332, {cilicet 451663, quia termini minores 65610 & 59049 ſtant poſt primo 


adjunctum 72900 utpote minores illo. 


VII, PROPOSITIO 


Si quantitates aliquot ordine magnitudinis deinceps collocentur, 
binz deinceps proportiones zquales facientes, ipſæ 
quantitates continue proportionales erunt. 


Collocentur deinceps A, D, B, E, C, hoc ordine minores A 
prima, ſintque AB & Bc proportiones æquales, dico 8 eſſe me- a 
diam proportionalem inter a, c. Si enim non: erit vel major | 
vel minor media proportionali ; fit major illa, & fit verbi cauſa E | | 
ipſa media proportionalis. Erit igitur AE proportio major quam 4 E e 
AB, per 1 ax quare EC minor quam AE. At ſi Ex media proportionalis, tunc 
AE & EC proportiones ſunt æquales per.1 prop. Non igitur minor erit media 
proportionalis quam B. 

Sit major, & fit p, rurſum idem abſurdum ſequetur. 


Si ergo AB, BC æquales proportiones, ipſa s eſt media proportionis, &c. 
C VIII, PRO- 


10 JOANNIS KEPLERI 


VIII. PROPOSITIO. 


$1 quantitates quæcunque deinceps collocentur, ordine magnitudinis, 
quarum, quz intermediz, non ſint inter proportionales, medias, pro- 
portionis cujuſcunque, five actu continuatæ, five poteſtate continuandæ 
interpoſitione omiſſarum : intermediz tales proportionem extremarum 
non dividunt in commenſurabilia. 


1. Commenſurabilia enim ex eo dicuntur, quod habeant unam 
communem menſuram, quam quodlibet contineat ſecundum certum 
numerum aliquoties exacte, fic ut nihil, quod ea menfura minus fit, reſtet re- 
ſiduum. 2. Jam vero menſura proportionum communis, eſt & ipſa aliqua pro- 
portio, minor utraque menfurandai, 3. Omnis vero proportio eſt inter duos 
terminos. 4. Et Proportio repetitione ſui, menſurans aliam proportionem, in- 
Cipit ab uno menſurandæ termino, eique ſociat alium, pro ratione quantitatis 
ſuæ minoris : tum illo jam pro antecedenti ſumpto, ſtatuit alium confequentem, 
hoc identidem, quoaduſque permeatur proportionis menſurandæ quantitas : 
non alter, quam cum intervallo pedum Circini metimur lineam, fixo pede Cir- 
cin1 in una lineæ extremitate, pede altero punctum fignamus, deinde pede priore 
in hoc punctum tranſlato, punctum aliud altera pede metamur, verſus ulteriora, 
donec emenſi fuerimus totam lineam. 5. Et Proportio proportionem exacte 
menſurare dicitur, quando in hac continua terminorum interpoſitione & coap- 
tatione tandem ultimus terminus proportionis menſurantis, cum fecundo termino 
menſuratæ coincidit in quantitate, Igitur identitas illa proportionis menſurandis 
continue repetitæ efficit, terminos continue proportionales per 7 prop. Ergo ft 
proportio aliqua duas proportiones exactè metitur, neceſſe eſt, ut termini quos 
tpla menſurans interponit, fint cum tpkus menſurandæ terminis continue pro- 
portionales. Si ergo nulla unquam, quantumvis parva proportio poteſt inveniri, 
quæ repetitione ſui, terminos ultimos aſſequatur proportionum menſurandarum, 
ſic ut tam major communis terminus, quam duo minores proportionum menſu- 
randarum ſint cum menſurantis terminis interpoſitis continue proportionales: 
proportiones illæ ſunt inter ſe incommenſurabiles. 


Definitiones. 


IX. PROPOSITIO. 


Cum duz longitudines effabiles non fuerint ad invicem, ut duo numeri 
ejuſdem ſpeciei figurativz, verbi cauſa, duo quadrati, aut duo cubi: 
non cadent inter illas, longitudines aliæ effabiles, mediæ proportionales, 
numero tot quot ipfa ſpecies poſtulat, verbi causà, quadrati unam, 
cubi duas, biquadrati tres, &c. 


Sint enim duæ longitudines Ap habentes, fe quidem ad invi- 
cem, ut numerus ad numerum, at non ut numerus cubicus ad 
cubicum : & quia de cubo agimus, de duabus igitur mediis pro- 

|. | portionalibus erit dicendum, fint ex B & c. Dico ; & c non eſſe 
a B c » longitudines effabiles. | | 5 
4 i 
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Si enim quis contendat eſſe effabiles, eſto hoc poſitum. Sunt igitur ut 
Numeri. Sunt autem ſimul mediæ proportionales inter a, b, ex hypotheſi. Et 
quia etiam A, D ſunt ut numeri, quippe effabiles, & ipſz ſupponuntur, habent 
verd duas medias B & c, ut numeros, quare per 21 octavi Eucl. a & » 
ſimiles erunt ſolidi: quare per 27 ejuſdem erunt ad invicem, ut Numerus ad 
numerum cubicum. Hoc verò eſt contra primam propoſitionis hypotheſin. Fal- 
ſum igitur poſitum fuit, s & c efle longitudine efabiles. Vera igitur eſt negatio 


in = ſitione comprehenſa. 
em modo etiam de quadratis, & de uni media proportionali ratiocinari 


poſſumus, deductione ad impoſſibile: nec minus & de cæteris ſpeciebus, poſt 
quadratum & cubum ſequentibus. 


X. PROPOSITIO 


Si ex aliquot quantitatibus effabilibus ordine magnitudinis invicem 
ſequentibus duæ extremæ non fuerint ad invicem, ut duo 
numeri quadrati, aut duo cubi, aut duo alii ejuſdem 
ſpeciei; intermediarum nulla dividet proportionem 
in commenſurabilia. 


Nam niſi duæ quantitates effabiles recipiant media proportionalia effabilia, 
earum proportio non dividetur per effabilem intermediam in commenfurabilia 
per 8 prop. At h due quantitates non fuerint inter te, ut duo numeri ejuſdem 
peciei figurative, non recipiunt media proportionalia effabilia, per 9 prop. 
Quare illæ intermediæ quas propoſitio admittit, cum ſint effabiles, non erunt ex 
proportionalibus mediis. Non igitur dividune proportionem extremarum in 
commenſurabilia. 


XI. PROPOSITIO 


Omnes proportiones deinceps ordinatæ, quæ ſunt inter terminos 
effabiles æqualitate Arithmetica ſe invicem excedentes, inter 
ſe ſunt incommenſurabiles. 


- 

Nam termini extremi effabiles vel recipiunt effabilem mediam propor- 
tionalem quantitatem unam plurefve, vel non recipiunt. Si non recipiunt, 
nulla igitur effabili, & fic neque medio arithmetico dividitur eorum proportio 
in commenſurabilia per 8 prop. Recipiant vero effabile medium proportionale, 
ut termini 8 & 18, recipiunt enim 12 effabilem, cum ſint ut 4 ad 9, quadratus 
ad quadratum. Eft verò inter 8, 18, medium Arnhmeticum 13, ideo 
proportio 8, 13 major eſt quàm 8, 12 & 13, 18 minor, quàm 12, 18, quanti- 
tate utrinque parvæ proportionis inter terminos 12, 13, fed proportio 12, 13 
nulli reliquarum eſt commenſurabilis. Nam termini 8, 13, quia non ſunt ad 


invicem, ut numerus figuratus ad alium ejuſdem figurationis per 10 prop. non 
C 2 capiunt 
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capiunt mediam vel medias proportionales effabiles, quare numerus 12 non eſt 
unus ex iis numeris, qui inter 8 & 13 intercidunt in continua proportione : non 
eſt igitur commenſurabilis proportio 8, 13 proportioni 12, 13 vel 8, 12. Sic ex 
uſdem fundamentis, quia termini 12, 18 non capiunt effabilem mediam pro- 
portionalem : ergo 12, 13 & 13, 18 ſunt incommenſurabiles; ad commenſurabi- 
lem igitur 8, 12 ipſi 8, 18 eſt appoſita incommenſurabilis 12, 13. Tota ergo 
8, 13 eſt ipſi 8, 18 incommenſurabilis. Sic in 13, 18 de commenſurabili 12, 18 
dempta eſt pars incommenſurabilis 12, 13, reſidua ergo 13, 18 eſt incommen- 
ſurabilis ipſi 12, 18. At neque proportio inter 8, 13 eſt commenſurabilis ipſi 
proportioni inter 13, 18, quia tota inter 8, 18 alterutri parti inter 8, 13 eſt 
incommenſurabilis, ergo & partes invicem per 16 decimi Eucl. Item fi eſſent 
partes commenſurabiles, menſuram utraque communem haberet, atque illa etiam 
compoſitam inter 8, 18 emetiretur, & ſic partes cum tota commenſurabiles eſſent, 
atqui jam demonſtratum eſt, neutram partem toti eſſe commenſurabilem. Non 
ſunt 1gitur partes, quas hic facit medium arithmeticum inter ſe commenſu- 
rabiles. 


XII. PROPOSITIO, 


Si quantitates quæcunque deinceps collocentur ordine magnitudinis, pro- 
portionis vero inter maximas menſura ſtatuatur differentia inter eas, 
differentia inter quaſcunque alias, ex poſitis, minor erit menſura 
ſux proportionis ; & ſi proportionis inter minimas menſura ſtatuatur 
differentia minimarum : differentiz reliquz erunt majores menſurà 
proportionis ſuorum terminorum. 


Aut enim continue proportionales ſunt quantitates collocatæ actu, vel 
poteſtate ſupplendi omiſſas, & tunc patet propoſitum per vi & per 111. Aut 
non ſunt in proportione continua, fic ut partes conſtituant incommenſurabiles: 
& tum conceptione mentis in infinitas particulas æquales ſecari intelligeretur per 
interpoſitas infinitas medias proportionales: ita redigentur cum iis, que actu 
ſunt continuè proportionales ad eandem vim demonſtrationis. 


COROLLARIUM. 


Quod fi ſuperet menſura proportionis inter maximas, differentiam earum : 
hujus menſuræ ad hanc differentiam proportio minor erit quàm ſequentis men- 
ſuræ ad differentiam ſuam: cum proportionalium eadem ſit ratio. 


XIII, PROPOSITI O. 


Si quantitates tres ordine magnitudinis ſe inſequantur, proportio mini- 
marum duarum in proportione extremarum continebitur rarius, quam 
differentia minimarum in differentia extremarum : & viciſſim pro- 
portio maximarum in proportione extremarum continebitur ſæpius, 
quam differentia illarum in differentia harum. | 

. Con- 
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Contineatur enim in adjecto diagrammate differentia minimarum 2? 
EI, vel MN, in differentia DN extremarum aliquoties licet non exactè: M - 2 
& capiat proportio minimarum BE, er menſuram differentiam ux, | 
erit igitur proportionis AD, CF menſura minor quam differentia px *|- 2|- 7 
per 12; rarius igitur continebitur MN, in menſura ipfius Ap, or 
proportionis, quam in xp longiore; rarius igitur & ipſa proportio 
in proportione. Viciſſim contineatur p, differentia in px aliquoties : 
& fit pu menſura proportionis AD, BE. Erit proportionis Ap, | 
er menſura major quam px, ſæpius igitur erit ÞM, in menſura | 
ipſius AD, er, quam in bx. Ergo, &c. a B c 


COROLLARIUM, 


Differentia eadem inter terminos binos hinc majores, inde minores exiſtente : 
proportio inter majores minor erit, inter minores major. 


XIV. PROPOSITIO, 


Si quantitates tres ordinentur deinceps, æqualibus differentiis invicem | 
excedentes: proportio inter extremas eſt major quam 
dupla proportionis max1marum. 


Sint tres quantitates, AD maxima, BE media, CF minima, & fit ® 
exceſſus primz ſuper ſecundam px, æqualis exceſſui ſecundæ ſuper I- = 
tertiam EI, vel MN. Dico proportionem inter ap, er, majorem 
eſſe quam duplam ipſius inter Ap ad Be. Menſuretur enim proportio 
AD, BE per differentiam pM per 3 poſtul. Erit igitur menſura pro- 
portionis BE, CF major quam differentia 1x, vel x per 12. Sed 
MN æquat DM menfuram proportionis inter ap, BE. Ergo menſura 

roportionis BE, CF eſt major menſura proportionis AD, BE ; Et fic 
ipſa proportio BE, CF major eſt proportione AD, BE. Sed pro- 
portio AD, CF componitur ex proportione AD, BE & ex proportione 4 3e 
BE, CF per axioma 1. Ergo proportio Ap, CF partes habet AD, BE, 

& eam majorem BE, CF, major igitur dupla ipſius AD, BE. 


COROLLARIUM, 


Hine ſequitur, ſemiſſem proportionis extremarum eſſe majorem proportione 
maximarum, minorem proportione minimarum. 


XV. PROPOSITIO. 


Si duæ quantitates proportionem conſtituerint, dimidium verò quan- 
titatis majoris dematur de quantitate utraque, rehiduz _ 
quantitates proportionem conſtituent majorem 
dupla prioris, 
Sint 
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Sint quantitates 10, 9 & ablato dimidio ipſius 10, hoc eſt 5, ex utraque re- 
linquantur 5, 4. Dico proportionem inter 5, 4 dupla ipſius 10, 9 5 
eſſe. Duplicentur enim 5, 4 fient 10, 4 eritque proportio eadem 5, 4 quæ & 
10, 8. Differentia vero 10, 8, hoc eſt 2, dupla crit differentiæ 5, 4, hoc eft 
differentiæ 10, 9, ſcilicet 1. 

Si vero tres quantitates ordinentur 10, 9, 8, quarum prima 10 excedat tertiam 
8, duplo ejus, quod excedit ſecundam q, ſeu in quibus æquales ſunt exceſſus 
Io, 9 & 9, 8, proportio extremarum 10, 8 (id eſt 5, 4) maior eſt dupla ipſius 
10, 9 maximarum per 14. Ergo. 


XVI. PRO PHOSITI O. 


Incommenſurabilium proportionum partes aliquotæ ſunt inter ſe 
incommenſurabiles. 


Nam pars aliquota eſt ſui toti commenſurabilis, at tota illa perhibetur toti 
ſociæ incommenſurabilis, ergo & pars unius toti alteri erit incommenſurabilis 
per 14 decimi Eucl. & pro eadem, & parti aliquotæ alterius. 


XVII. PROPOSIT1 O. 


Si mille numeri invicem ſuccedant ordine naturali, differentes bini 
unitate, initio facto a maximo 1000; deinde proportio inter maximos 
1000, 999, biſectione continua, ſecetur in partes minutiores, quam eſt 
exceſſus proportionis inter proximos 999, 998, ſuper proportionem 
inter maximos 1000, 999: minimum vero illud elementum pro- 
ortionis inter 1000, 999, capiat menfuram differentiam inter 1000 
A proportienalem illam mediam, quz alter elementi terminus eft : 
ulterius ſi proportio inter 1000, 998 ſeorſim ſecetur in partes duplo 
plures quam prior proportio inter 1000, 999, & hujus ſeparatæ 
diviſionis minimum elementum ſeorſim capiat menſuram, ſuorum 
terminorum (quorum alter fit 1000) differentiam, eodemque modo 
quzlibet proportio ipſius 1000 ad ſequentes numeros, ut 997, &c. 
biſectione continua ſecetur in particulas tantæ magnitudinis, ut ver- 
ſentur inter ſeſquiplum & dodrantem elementi, quod emerſerat ex 
ſectione proportionis primæ inter 1000 & 999, ſinguliſque elementis 
menſura detur a ſuorum terminorum differentia, maximo exiſtente 
1000, & ſi hoc facto, cuicunque ex mille proportionibus, menſura 
conſtituatur ex tanto numero menſurarum element ſui, in quot ele- 
menta ipſa diviſa fuit : proportiones omnes, ad omnem calculi ſub- 
tilitatem, emendatas exactaſque habebunt. menſuras. 


Nam 
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Nam ſuccedant invicem numeri 1000, 999, 998, &c. ordine naturali, dit- 
ferentes unitate : erit inter maximas 1000, 999, minima proportio: major inter 
proximos 999, 998: hec iterum major proxima inter 998 & 997 fic ſemper 
& hoc per 14 prop. Donec zoo, 499 fiat major quam dupla ipſius 1000, 999 
per prop. 15. Dico ſecundò exceſſum ſecundæ ſuper primam fore minimum: 
ſic ut ſemper exceſſus ſequentis ſuper præcedentem fit major priore exceſſu: 
ut quoties ſequens proportio duplo longius diſtiterit à prima, quam aliqua 
præcedentium, toties exceſſus ſequentis ſuper primam amphus quam duplo 
major ſit exceſſu præcedentis. Fiat enim ut 1000 ad 999, fic 999 ad 998 fen 
Igitur proportio 999 ad 998 eſt eadem quæ 1000 ad 999. Aufer illam à 
proportione 999, 998, relinquitur exceſſus 998001, 998000. 

Fiat etiam ut 1000 ad 999, fic 998 nf | 997-555 Igitur proportio 998 ad 
997-4 ſt eadem quæ 1000 ad 999. Aufer illam à proportione 998, 997, re- 
linquitur exceſſus, proportio inter 997002 & 997000. At in priori exceſſu 
proportionis 998001, 998000, termini differebant per 1, in hoc verò exceſſu 
termini 997002, 997000 differunt per 2. Atqui fi æquales fuiſſent majores 
termini hie & illic, proportio ſequens, ubi dupla difterentia prioris, fuiſſet 
major dupla ipſius per 14. Multo igitur major erit proportio, ubi etiam 
minor fuerit terminus, qui proportioni ſequenti eſt loco majoris ſcilicet 
997002. 

Lucis cauſa ſint numeri minores & pauciores, & qui etiam unitate differant, 
ut 10, 9, 8, 7, 6, 5, 4, 3, 2, 1. Dico exceſſum proportionis 8, 7 ſuper pro- 

ort. 10, 9, amplius quam duplo majorem effe quam exceſſum proportionis 9, 8 
3 eandem 10, 9. Reducatur enim ut prius prima proportio inter 10, 9 
cum ſingulis ſequentium, quas bini deinceps numeri conſtituunt, reducantur, 
inquam, ad communem terminum maximum. Hic etiam exceſſuum termini 
diflerunt magis, magiſque, ut quia 72, 70 eſt loco ſecundo, differentia 2 (ut 
prioris 1, inter 81, 80, dupla) indicat exceſſum 72, 70 eſſe majorem duplo ipſius 
81, 80. Sic 54, 50 loco quarto major duplo eſt ipſius 72, 70 loco ſecundo. Sic 
18, 10 loco octavo major duplo ipſius 54, 50, indice differentia 8, dupla ipſius 
4, inter terminos minores. 


»» — 2 88 1 


| At propor- 
Eſt 2 Exceſſus il- 
10, 9 valet larum. 
, TO, 9 | 100, go | 100, go | 
95 8 | 90, 80 | do, 81 81, 80 
8, 7 80, 70 | 80, 72 | 72, 70 | 
7, 6 | 70, 60 | 70, 63 | 63, 60 | 
6, 5 | 60, 5o | 60, 54 54, 50 
. $35» 4+ | 50, 40 30, 45 455, 4© 
4» 3 | 40, 30 | 40, 36 | 36, 30 
3, 2 |. 30, 20 |, 30, 27 | 27, 20 
E E [ 20, 18 | 18, 10 


Càm 
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Cum igitur in priori exemplo mille numerorum, minimus exceſſus . fit 
998001 » 998000, facile ſecamus proportionem primam 1000, 999 in partes æquales, 


minores, poſito exceſſu numero. Reducatur enim ille exceſſus ad terminum 


minorem dividendz, fiat ſcilicet ut 998000 ad 998001, ſic 9ggoooooooo0 ad 
999001002004, &c. unde apparet differentiam terminorum fieri 1002004, &C. 
quz eſt pauld major quim milleſima pars de differentia terminorum propor- 
tionis primæ. Ergo per 13 non totupla pars proportionis 1000, 999 eſt in 
exceſſu proportionis ſequentis 999, 998. 

Quzratur ergo medium proportionale inter 1000, 999. Id ſecabit propor- 
tionem terminorum in æquales duas partes, per 1 prop. quæratur ſecundò 
inter hanc inventam mediam, & 1000 alia media proportionalis, ut ita prior 
media intelligatur, circumdata duabus mediis proportionalibus aliis, quarum 
tamen unius ſolum, verſus terminum 1000 inveſtigatione opus eſt. Per has 
igitur tres medias (ut eſt in ax. 2.) ſecabitur proportio in partes 4. Sic pro- 
portionalis tertia inter prius inventam, & 1000 ſecabit in partes 8 quarta in 16, 
& ſic conſequenter (per poſtul. 2) in 32, 64, 128, 256, 512, 1024, quod fit actu 
decimo. Hic itaque numerus 1024 certò conſtituit particulas proportionis 
1000, 999 minores ſupra inveſtigato exceſſu: quia proportio capit hujus exceſſus 
minus quam mille; hic verd conſtituuntur mille viginti quatuor particulæ. 
Hic igitur particula milleſima viceſima quarta capiat loco menſuræ, differentiam 
termini ſui minoris, ſeu mediæ proportionalis decimæ a termino majore 1000 
per 3 poſtulat. 

Pergimus ad ſimilem ſectionem proportionis inter 1000, 998. Hæc ĩgitur eſt 
incommenſurabilis priori 1000, 999. Nam per 11 prop. proportio 999, 998 eſt 
incommenſurabilis proportioni 1000, 999, qui termini bini differunt unitate æqua- 
liter, ſed proportio 1000, 998 componitur ex illis inter ſe incommenſurabilibus 
per axiom. 1, Cum verò totum in incommenſurabilia ſecatur, ipſum ſingulis 
eſt incommenſurabile per 17 decimi Eucl. 

Eſt vero hæc proportio 1000, 998 major quam dupla prioris 1000, 999 exceſſu 
incommenſurabili, ut ſupra allegatione præmiſſæ 14 indicatum. Pars igitur 
ejus milleſima vigeſima quarta plus quàm duplo major eſt minimo elemento 
prioris; biſecetur igitur, ut totius fiant partes 2048 per inquiſitionem undecimæ 
proportionalis. Tunc ſane elementum hoc ejus erit proximè æquale elemento 
minimo prioris, majus tamen illo etiamnum, & illi incommenſurabile per 16 
premiffam. 

Si ergo illud accepit menſuram, differentiam ſuorum terminorum, hoc jam 
elementum proportionis, quippe majus illo, menſuram habebit majorem dit- 
ferentia ſuorum terminorum, per 12 prop. Ac proinde fi prioris elementi ter- 
minorum differentia multiplicetur 10241ies pro menſura proportionis inter 1000, 
999 tunc poſterioris elementi terminorum differentia, multiplicata 2048ies, 
adhuc minor erit menſura proportionis inter 1000, 998. 

Verumtamen ſi attendamus ad quantitatem hujus defectus, illa eſt omninò 
ſubtiliſſima, & nulla calculi diligentia obſervabilis. Quia enim proportio inter 
100 & 999 ſecta eſt in particulas plus quam mille, & elementi tam parvi 
menſura conſtituta eſt differentia terminorum 1000000, & 999999, ſcilicet 1, & 
minor adhuc certe proportio proxima inter 999999, 999998 major priori per 
12 prop. menſuram habebit, quæ excedat terminorum differentiam primam 

, vix 


—_ 
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vix millies milleſimà ſui; ac proinde compoſita proportio 1000000, 999998 
major eſt dupla prioris vix millies milleſima prioris particuli. At jam ele- 
mentum ſecundæ proportionis inter 1000, 998 in ſuperioribus conſtitutum, ne- 
ny eſt majus duplo prioris proportionis elemento ; fed ob idipſum factæ 
unt partes non 1024, ſed 2048, ut eſſet pars iſta proxime æqualis priori, quo- 
modo excedit illam rurſum vix milleſima parte illius, fi ergo totum ſuperadderet 
differentiæ ſuæ millies milleſimam, ad conftituendam proportionis menſuram, 
pars utique milleſima totius non plus addet, quàm millies milleſimæ prioris 
elementi milleſimam. 

Tranſeamus ad ſectionem ſequentis proportionis inter 1000, 997. Hæc vero 
eſt paulò major quam tripla primæ inter 1000, 999. Quare fi ſecetur in æquales 
1024 particulas, particula talis etiam erit pauld major quam tripla elementi 
primi. Sin ulterius illæ biſecentur per undecimam proportionalem, exiſtent 
numero 2048, eritque unaquælibet major quam ſeſquialtera primi elementi. 
Nam triple dimidia eſt ipſa ſeſquialtera totius. Quia ergò ſuperant primum 
elementum plus quam dimidio ipſius, biſecentur denuò n duodecimæ 
proportionalis, ut fiant partes 4096: quælibet major dodrante prioris elementi, 
quia ſeſquialteri dimidium eſt dodrans. Satis igitur appropinquat elemento 
priori. Si igitur huic elemento proportionis tertiæ menſura ſeorſim ponatur, 
differentia terminorum ipſius peccabit quidem illa exceſſu, per 12 præmiſſam, 
at peccato nunquam æſtimabili, ob pot > in ſecundæ ſectione dictas. 

Hoc pacto, proportio inter 1000, 996, per ſectionem in 4096, paulò majus 
ſortitur elementum quam eſt elementum prime, & proportio inter 1000, 995 

auld majus quinque quantis primi elementi. At proportio inter 1000, 994 
Jam per tredecimam proportionalem, capere debet partes 8192 ut ſint rurſum 

uld majores dodrante primi elementi. Et proportio inter 1000, 993 paul ma- 
Jores habebit ſeptem octavis primi, & proportio inter 1000, 992 um paulo 
majores primo elemento. 

Hoc 1gitur tantiſper obtinet, quoad numeri ordinis millenarii proximi invicem 
appropinquaverint magis ipſi 500 dimidio primi, quam ipſi primo 1000. 

Nam quia proportio inter 500, 499 major eft quam dupla proportionis inter 
1000, 999 per 15 præmiſſam: Jam igitur exceſſus ipſius 500, 499 fuper ipſam 
1000, 999, ſuperat ipſam 1000, 999, quare in ſectione proportionum, que proxi- 
me antecedunt proportionem inter 500 & 499 per unam ſuperabundantem, 
biſectionem, vel etiam quadriſectionem, redigendum eſt elementum, emergens 
ad propinquitatem elementi prioris in propoſitione præfinitam. At in iis que 
ſequuntur proportionem inter 501 & 500 ſectione porrò non eſt opus. Nam 
quia proportio inter 500, 499 eadem eſt quæ inter 1000, 998, idcirco fi fuerit 
notificata 1000, 998 & 1000, 500, noſcetur etiam compoſita ex utraque 1000, 499 
' fine ſectione laborioſa. Igitur inquiſitio proportionalium deſinit in proportione 


dupla, ſcilicet inter 1000 & 500. 


0 D i XVIII. PRO- 


; 
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XVIII, PROPOSITIO. 


Cognita proportione numeri cujuſcunque ad primum 1000: ſimul 
cognoſcitur etiam numerorum reliquorum continuæ ejuſdem 
proportionis, ad eundem primum 1000 proportio. 


Nota fit menſura proportionis inter A & B. Et ſit ut A ad B, 

ſic Bad e, & c ad op, & o ad kx. Erunt 1gitur æquales menſuræ 

* proportionum harum ſingularum ei, que eſt primo note A ad B 

| | per 1 poſtul. Jam vero proportio A ad c componitur ex pro- 
Y TT © & 


portionibus a ad B, & B ad c, per 1 ax. quare & menſura pro- 
portionis Ac componetur ex duarum proportionum AB & BC 
menſuris. Id eſt, menſura ipſius AB duplicata, dat menſuram 
ipſius Ac, triplicata ipſius ap, quadruplicata ipſius AE. 

Hoc pacto cognita proportione inter 1000, goo, cognoſcitur etiam ipſius 
1000 ad 810, & ad 729. 
Et ex 1000 ad 800, etiam 1000 ad 640 & ad 512, 
Et ex 1000 ad oo, etiam 1000 ad 490 & ad 343. 
Et ex 1000 ad 600, etiam 1000 ad 360 & ad 216. 
Et ex 1000 ad 500, etiam 1000 ad 250 & ad 125. 


A 


COROLLARIU M. 


Hinc oritur præceptum quadrandi, cubicè multiplicandi, &c. & viciſſim 
radicem quadratam, cubicam, &c. extrahendi in primis numerorum figuris. 
Eft enim ut maximus chiliadis tanquam denominator ad numerum propoſitum 
tanquam numeratorem, fic hic ad fractionis quadratum, & hoc ad cubum. 


IE PROPOLTITIO 


Cognita proportione numer! ad primum 1000 ; fi duo alii in eadem 
inter ſe proportione fuerint ; eorum unius proportione ad 
1000 cognita, noſcetur etiam reliqui proportio 
ad eundem 1000. 


Sit A 1000, & nota menſura proportionis A ad B. Sit vero ut A ad B, 
ſic e ad p, & fit nota menſura proportionis A ad e. Dico etiam innoteſcere 
menſuram proportionis a ad p. Quia enim nota eſt menſura ipſius as pro- 
portionis, nota etiam erit ipſius D proportionis, ut quæ illi ponitur æqualis, 
pet 1 poſtul. Nota vero eſt etiam ac, & ap eſt compolita ex ac & cp, per 
1 ax. quare etiam menſura ipſius Ap componetur ex menſura ipfius ac, ut 
ex menſurà ipfius cÞ, id eſt, ipſius AB. 


*% COROL= 
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COROLLARIUM 1. 


Hoc pacto, ex notificatis proportionibus quindecim, prop. 18 præmiſſis, 
noſcentur aliæ centum viginti numerorum intra mille narium, ad ipſum mille- 
narium. 

Quoties enim datæ fuerint proportiones ad 1000 duorum numerorum taliu m, 
in quibus vel ambobus, duos ultimos locos habuerint cyphræ, ut goo, 800, vel in 
eorum altero quidem duos, in reliquo verò unum, ut 700, 810, velut 700, 10. 
Vel fi unum ſolum, eumque ultimum in utroque numero locum ex tribus obti- 
nuerit cyphra : quæ tamen hanc cyphram antecedit figura in altero numero, ex 
paribus in reliquo quinarius fuerit, ut 620, 950 fic 620, | 5o fic 20, 950, vel fi alter 
quidem cyphra in ultimo loco caruerit, ex paribus tamen fuerit ut 512, 12 vel 2 
reliquus fuerit 500. Omnibus hiſce caſibus inſtituts multiplicatione numerorum, 
proveniunt in fine tres cyphræ, quibus abjectis formatur numerus, unus ex 
mille ordinis naturalis, ſeu progreſſionis arichmeticæ. 


COROLLARIUM Il. 


Hinc oritur præceptum tractandi regulam trium, quando uno loco occurrit 
rotundus 1000. 
Nam ſi ille occurrit primo loco in tali fitu : 
A looo dat B, quid c? 


Tunc additur menſura proportionis AB ad menſuram proportionis Ac, ita fit 
menſura proportionis AD. 

Sin autem 1000 occurrat loco ſecundo vel tertio, in tali ſitu 3 dat A 1000, 
quid c ? vel tali B dat c, quid A 1000? 

Tunc aufertur menſura proportionis AB a menſura proportionis Ac, vel ejus 
multiplicis proxime majoris, ità relinquitur menſura vel ipfius proportionis Ap, 


vel ejus æquè multiplicis. 


XX. PROPOS ITI O. 


Quando fuerint ut primus ad ſecundum, fic tertius ad quartum, 
notz vero fuerint proportiones ipſius 1000 ad tres priores, 
innoteſcet etiam proportio ejuſdem 1000 ad 
quartum. 


Sit enim A 1000, & ſit ut ; ad e, fic pad E. Notz verò ſint proportiones 
AB, AC, AD; Dico innoteſcere etiam proportionem at. Nam quia ut B ad 
, fic p ad E, æqualis eſt igitur menſura proportions Bc, menſuræ proportionis 
DE. Sed BE eſt compolita ex BD, DE per 1 axtom. ÆAqualis igitur erit pro- 
portio BE, proportionibus BD, BC fimul ſumptis. Sed & AE eſt  compoſita EX 
AB, BE: ſic AD ex AB, BD, ſic AC ex AB, BC Per 1 axioma. Si ergo pro 
BD, Bc, ſumantur proportiones notæ AD, AC, tunc AB bis acceſſit. Viciſſim 
ſi pro BE ſumatur AE proportio quæſita, tunc aB ſeme: tantum acceſſit. Si 
ergd à junctis AD, AC notis, abſtuleris as notam ſemel, relinquitur az proportio 


quzeſita: 
D 2 COROL= 
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COROLLARIUM I. 


Hac methodo preterquam quod ſuperiorum chiliadis multe iteratò ex- 
quiruntur, accedunt illis inſuper aliquot aliæ. 


COROLLARIUM II. 


Hine oritur præceptum tractandi regulam trium, quando nuſpiam occurrit 
rotundus 1000 : ut fi fic collocentur tres, B dat c, quid v? 

Nam additur menſura proportionis ac, menſuræ proportionis AD, & a ſumma 
aufertur menſura proportionis AB, vel ejus aliqua pars aliquota ; ita relinquitur 
menſura proportionis Ax, vel ejus æquè multiplex. 


DEFINIT IO. 


Menſura cujuſlibet proportionis inter 1000 & numerum eo minorem, 
ut eſt definita in ſuperioribus, expreſſa numero, apponatur ad hunc 
numerum minorem in Chiliade, dicaturque LoGARITHMUS ejus, hoc 
eſt, numerus (Ai) indicans proportionem (25y0y) quam habet ad 
1000 numerus ille cui logarithmus apponitur. 


XXI. PROP OS IT IO. 


Si primus numerus fit ſemidiameter circuli ſeu ſinus totus: omnis 
numerus minor, ut ſinus complementi alicujus arcus, logarithmum 
habet majorem ſagittà arcus, minorem vero exceſſu fecantis arcus 
ſupra radium ſeu ſemidiametrum, excepto unico proximo poſt ſemi- 
diametrum, quia illius logarithmus ex hypotheſi eſt æqualis ſa- 
gittæ. 


Sit A centrum circuli, Ap ſemidiameter, Dori, DE arcus, eorumque ſinus 
IC, EB, ſinus vero complementorum ſint ca, BA, ſagittæ co, Bp. Sit autem 
ut AD ad ac, fic ac ad A3. Amplius fint eorundem arcuum ſecantes as, 
AF, per terminos 1, E, in tangentes DG, DF educti, 
& iph AG æqualis abſcindatur ab ar, que fit AK; 
denique fit co menſura proportionis ca, Ab, ut minimi , N 
elementi arbitrarii. Dico menſuram proportionis 3A ad N 
AD, hoc eſt, logarithmum ipſius Ba, majorem eſſe quam WE | 
BD, minorem vero. quam EF. Quod major fit quam Bp, _—- 


demonſtratum eſt ſupra propoſitione duodecima. Quod 4+ 1 
vero minores ſint menſuræ proportionum harum 16, CF 
hc probatur. Primum de ca, cum ipſa cb ſagitta, utpote : 


b 
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in minimo proportionum elemento ponatur eſſe logarithmus ipfius ca: o fans 
eſt minor quim 10. Ut enim ca ad AD, fic 14, hoc eſt Da, ad as, quia DG & 1 
parallele. Eſt igitur ap media proportionalis inter ca & as. Ut igitur 
ca ad Ab, fic differentia ca, AD, hoc eſt, co, ad differentiam ſequentem va, 
AG, hoc eſt, ad 10. Sed ca eſt minor quim ap, ergo & op eſt minor 
quam 16. Sed cp eſt logarithmus ipſius ca finus complementi arcus 1b, & 
16 eſt exceſſus ſecantis ejuſdem arcus. Ergo logarithmus minor eſt hoc 
exceſſu. 

Tranſeamus ad BA : cujus logarithmus major eſt quam BD, demonſtrandum 
eſt, illum non eſſe tantò majorem ipſa BD, quin interim maneat minor ipſo Ex. 
Rurſum igitur ad eſt media proportionalis inter Ba & ar, Et quia poſita eſt 
ut BA ad ac, fic CA ad AD : quare etiam ut EA ad AG, vel Ak, fic Ka vel 
GA ad aF. Sunt igitur continue proportionales iſtæ AB, Ac, AD, AK vel A0 & 
AF. In eidem igitur proportione ſunt etiam Bc, CD, 1G, vel EK & KF. 
Minor verò eſt cd quam 16, ut prius oſtenſum, minor igitur erit etiam 16 vel 
EK quam KE. Tota igitur EF major eſt quam dupla ipſius 16, multò magis 
igitur EF major erit quam dupla ipfius op minoris. At proportions inter BA, 
AD, ut que dupla eſt ipſius Ba, ac per 1 propoſitionem, menſura ſeu lo- 
garithmus ipſius BA, eft preciſe duplus ipſius cp per 1 poſtul. Minor eſt ergo 
logarithmus ipſius Ba exceſſu ſecantis EF. Erat autem major ſagitta BD, Patet 
ergo propoſitum. : | 


XXII. PROPOSITIO. 


Iiſdem poſitis, ſagitta arcus cum exceſſu ſecantis ſuperat duplum 
logarithmi, ad ſinum complementi apponendi. 


Sit enim primo Sinus complementi longiſſimus, aut longiſſima mediarum 
proportionalium, quibus aliqua proportio dividitur in 
partes arbitrario numero multas ; fic ut ejus, verbi cauſa, 


Ac reſiduum cp, ſeu ſagitta arcus 1D fit ipſiſſima men- of 
ſura arbitraria proportionis op, logarithmus igitur ipſius ” * 
ca eſt cp. At 16 eſt major ipla cp. Juncti igitur 

exceſſus ſecantis 16 & ſagitta ep, plus efficiunt quam . ö 

duplum ipſius cp. A "x 


Sit deinde alia quæcunque minor linea proportionis 

| continue, ut AB, & educta ex B perpendiculari in cir- 
cumferentiam E, connexiſque AE, & DG continuatis in r, fit EF exceſſus ſe- 
cantis, & BD ſagitta ejuſdem ſcilicet arcus Ep. Dico junctos Er & Bb, facere 
plus quam duplum logarithmi ad Ba apponendi, ſeu menſuræ ipſius BA, 
AD proportions. 

Quia eſt ut Ba ad Ap, fic DA ad ar, & ca media proportionalis inter Ba, 
AD, ut igitur BA ad ac, fic 6a ad AF, quare per 25 quinti Eucl. Ba, ar junctæ 
ſunt longiores junctis ca, as, five quia ut BA ad ab, fic ba ad ar, quare 

Az 
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BA, AP junctæ, ſuperant DA, aD duas medias. Ut vero Ba ad ac, fic etiam 
BC ad cb, & 1G ad KF per 2 prop. quare etiam Bc & KF june, ſuperant 
eo & 16 junctas. At cp, 16 plus ſunt quam duplum ipfius cv. Ergd nc 
KF junctæ, multd plus ſunt quam duplum ipſius cv. Et fic Bp, EF plus 
ſunt quam quadruplum ipſius cv. Sed duplum ipſius ep eſt logarithmus ſeu 
menſura proportionis BA, AD per 1 poſtul. Ergo BD, Er junctæ, plus ſunt 
quam duplum logarithmi ipſius Ba, ſeu menſuræ proportionis Ba, AD. 

Sit tertiò proportio BA, AC minor vel major quam CA, Ab, demonſtrabitur 
nihilominus quod junctæ Bc, KF, ſuperent duplum tantæ partitionis de cp, 
quanta portio eſt proportio BA, Ac, proportionis CA, AD. 


COROLLARIUM. 


Logarithmus Sinus complementi eſt minor medio arithmetico inter ſagittam 
& exceſſum ſecantis. 


PRE CEPT U M. 


Sinus inventi in Canone Sinuum reſiduum ad totum adde exceſſui 
ſecantis complementi, ſummæ dimidium ſuperat lo- 
garithmum, ſagitta ipſa proximè minor eſt 
logarithmo. 


Eſto Sinus 99970, 1490 arcus 
Ejus reſiduum ad fin. totum 29,8510 ſagitta arcus complementi minor logarithmo 
| 29,8599 exceſſus ſecantis 
59,7109 ſumma 
29,8555 dimidium majus logarithmo. 
29,8510 


Ergo logarithmus eſt inter 29,8555. 


PRECEPTU Md ALIUD. 


Invento ſinus logarithmo, invenies etiam proximè logarithmum 
numeri rotundi, qui ſinu tuo ſcrupulato proximè minor eſt, 
ft ſinus ſcrupuloſi exceſſum ſupra numerum rotundum 
adjeceris logarithmo ſinus invento. 


Ut quia finus 99970, 149, logarithmus inventus eſt 29,854 circiter, fi 
jam vis ſcire logarithmum rotundi 99970,000, vides exceſſum tui finus 
6 {cru- 


*. 
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ſcrupuloſi eſſe 149, hunc adde ad inventum ſinus logarithmum, obſervato 
puncto. Sic 29,854 
149 


: 30,003. Hic eſt logarithmus rotundi numeri 99970, ooo 
proxime. | | 


XXIII. PROPOSITIO. 


Si tres quantitates invicem ſucceſſerint, æqualibus exceſſibus diffe- 
rentes, menſura proportionis inter maximam & mediam, cum menſura 
alterius inter mediam & minimam conſtituet proportionem, majorem 
quidem 5 majorum, minorem verò proportione minorum. 

A 1 . 

I 


B 
1 7 


>| 2 18 


A 


Sint tres quantitates AD, Ac, AH, æqualibus exceſſibus Dc, en; fit autem 
menſura proportionis Da, Ac linea 37% menſura vero proportionis Ca, AH, 
linea yy. Dico proportionem ipſius 37 ad yy majorem quidem eſſe pro- 
portione ipſius ca ad ap, minorem vers proportione ipſius HA ad Ac. Fiat 
enim ut DA ad Ac, fic ca ad AB. Ut igitur pA ad ac, fic pc ad cs per 2 

rop. Sed longior eſt pA quam ac, longior igitur Dc quam en, longior 
igitur & cn quam cs, differentia BH. 

Cum i igitur æquales ſint proportiones DA, Ac & CA, AB, per 1 prop. men- 
ſura verò ipſius DA, Ac fit linea 85, habebit & ca, as menſuram æqualem 
ipſi Jy, per 1 poſtul. Et cum proportio ca, Ak fit compoſita ex pro- 
portione CA, AB & proportione BA, AH. Major igitur erit proportio ca, AH, 
quam proportio DA, AC, æqualis ipſi ca, 43. Major igitur etiam menſura 
ejus yn quam 23. Abſcindatur A y1 =qualis ipfi ys, quz fit 58, reſidua 
igitur G, menſura erit reſiduæ proportionis Ba, AH. Erit autem proportio 
„ig ad cB minor quam Ai ad BH per 12 coroll. id eſt, major eſt Sy reſpectu 
By vel ys, quam Hs reſpectu ze. Compoſitis _ terminis, illic ys & 
By in yn, hic on & BH in CH, major erit yy reſpectu 58, vel ejus æqualis 
ys, quam cn reſpectu cs. Major igitur eſt proportio inter Jy, yn, quam inter 
BC, CH, id eſt, op. 

Ut vero Bc ad op, fic ca ad AD per 2 prop. Major igitur proportio inter 
3y, yn, quam inter Ca, AD. Sed 37 & I. ſunt menſuræ, illa quidem 
proportionis inter pA, ac majores, hæc vero proportionis inter Ca, AH mi- 
nores. Ergò proportio menſurarum major eſt proportione terminorum mi- 
norum. 


Rurſum 
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Rurſum fiat ut ma ad ac, fic ca ad ar. Ut igitur na ad ac, fic he ad 
CL, per 2. Sed brevior eſt Ha quam ac, brevior igitur xc, hoc eſt pc, quam 
CL, differentia pr. Cum igitur æquales ſint proportiones HA, Ac, & ca, 
AL, per 1 prop. Menſura verò ipſius HA, ac, fic linea yy, habebit & 
CA, AL menſuram æqualem ipfi 1 y, per 1 poſtul. Eſtoya, Minor vero erat 
proportionis ca, AD menſura, puta 53, minor 1gitur eſt 78 quam A. Ex- 
ceſſus igitur 9A erit menſura proportionis inter DA, AL, appoſitæ ad pro- 
portionem inter Ca, 4b. Et quia termini Da, AL, ſunt longiores quam ca, 
AD, quare per 12 coroll. minor eſt 3A reſpectu Ay, vel n, quam DL reſpectu 
Lc. Major igitur reſidua 8 reſpectu ya, vel yn, quam cp vel mc re- 
ſpectu cr. Et quia proportio minuitur cuncto minori termino, per ax. 
1. Minor 1gitur eſt proportio inter Jy, yn, quam inter ye, . Ut vero 
ne ad ct, fic termini trium minores Ha ad ac, per 2 converſam. Minor eſt 
igitur proportio inter 37%, 41 menſuras proportionum, quarum unatn facit 
major terminus cum medio, alteram medius cum minimo, quam inter terminos 
minores. 


XXIV. PROPOSITI0O. 


Dicta proportio inter duas menſuras, eſt minor dimidia proportione 
inter terminos extremos. 


A H 3 D 
U 1 1 1 1 
7 5 

i 1 U . 


Sint enim termini extremi, ut prius a, AD, media duo, arithmeticum 
AC, geometricum Av, fit proportionis Da, ac menſura 8), vel zqualis ipſi 
bc, vel etiam major per poſtul. 3. & applicetur ipſi 87 alia , que fit 
menſura juſta proportionis ca, av, ut fic tota qu menſuret proportionem DA, 
av, reſiduæ igitur proportionis va, ax menſura, erit priori 6v æqualis, per 
x1 poſtul. & 1 prop. fit ea un: Quia igitur 87 eſt vel æqualis, vel major quam 
pc, ſequentis yv proportio ad cv, erit major quàm proportio ipſius yd ad 
cp, & tertiæ vy proportio ad vn rurſum erit major quam ſecundæ u ad ſecun- 
dam cv. Et per compoſitionem totius 8 ad totam np major erit proportio quam 
partis vy ad partem ve. Permutatim igitur major erit proportio totius 28 
termini majoris in priori, ad vy majorem, in poſteriori, quam totius HD termini 
minoris, in priori proportione ad vc terminum minorem in poſteriori. Sed 
tota 18 conſtat ex terminis 37, y8, quorum differentia u, ſimiliter on con- 
ſtat ex terminis oy, vn, quorum differentia ve : Major igitur eſt proportio 
terminorum , ys, junctarum, ad ſuam differentiam u, quam terminorum 
bv, vn, ad differentiam vc. At verò auctà proportione ſummæ terminorum, 
ad ſuam differentiam, minuitur ipſorum inter ſe terminorum ſeorſim poſitorum 
proportio, per coroll. 4, 13 & communem notitiam, quod proportionalium 


cadem fit ratio: Minor eſt itaque proportio inter 27, ys, quam inter ov, vn. 
b, Sed 
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Sed proportio Dv ad va eſt æqualis proportioni Da ad av per 2. Hzc verò 
pa ad av proportio eſt dimidia ipfius'Da ad an per 1 prop. Minor eſt ergo 
proportio inter xy, 5a, menſuras proportionum Ha, Ac & Ca, AD, quam 
dimidia inter terminos HA, AD. 


EXEMPLUM HIC EST. 


Numeri. 


1000 


750 
500 


Numerorum 
differentiz, 


===-2 50 
— 250 


Logarithmi. 


oo 
28768,21 
69314,72 


Logarithmorum 
differentia, ſeu 
menſurz pro- 
portio, 


28768,21 
40546,51 


Si verd fiat ut 1000 ad medium proportionale inter terminos extremos 
1000 & 500 (id eſt, ad 707 10, 68), fic menſura proportionis prioris, quæ eft 
28768, 21 ad aliquem; is prodibit 40684,40, major quam menſura propor- 
tionis poſterioris. 

Si verò fiat ut medium proportionale inter 1000 & 360 (id eſt, ut 600) ad 
1000, ſic menſura proportionis poſterioris 63 598,86 ad aliquem, is prodibit 
38159, 32, minor quam menſura proportionis prioris inter 1000 & 600. 


ALIUVD EXEM PLUM. 


1000 
680 
360 


320 


COROLLARIUM, 


Cum igitur medium arithmeticum diſpeſcat proportionem in partes inzquales, 
quarum una major eſt ſemiſſe totius, altera minor, ſi queratur, quæ ergo fit 
ipſarum proportionum proportio inter ſe, reſpondetur, quod ea fit paulo minor 


emiſſe dicto. 


E 


Exemplum 
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Exemplum inquirendi proxime majus, & proxime minus 
aliquid, menſura proportionis propohtz. 


Nota fit menſura proportionis inter 1000, goo, que fit 10536,05, queritur 
menſura proportionis 900, 800, ut ſint æquales differentiæ inter 1000, goo & 
inter 900, 800. 

Eft igitur ut 9 ad 8 fic 10536,05 ad 11706,72. Menſura verò pro- 
portionis 9, 8 eſt major. Rurſum ut medium proportionale inter 8, 10 (quod 
eſt 89,442719) ad 10, ſic 10536,05, ad 11779,66. At menſura propor- 
tionis inter 9 & 8 eft minor, ſcilicet 11778,30. 


NOTITIA COMMUNIS 


Omnis Numerus quantitatem exprimit effabilem. 


XXV. PROPOSITIO. 


Si numeri mille ſuccedant invicem, ordine naturali, bini differentes 
unitate ; ſuſcipiantur vero bini quicunque, deinceps ordinati, tanquam 
termini proportionis alicujus; erit hujus proportionis menſura, ad 
menſuram proportionis inter duos maximos Chihadis, in proportione 
majore quidem quam quantam habet maximus ipſe 1000 ad ma- 
jorem ex terminis ſuſceptis ; minore vero quam quantam habet idem 
L000 ad minorem ex fuſceptis. Minore etiam, quam quantam habet 
1000 ad medium proportionale inter ſuſceptos. 


Suſcipiantur enim ex mille duo quicunque deinceps, puta 501 & 500. Et 
ſit logarithmus prioris 69114,92, poſterioris 69314,72. Horum logarith- 
morum differentia eſt 199,80. Quare per definitionem proportionis inter 501 
& 500 menſura eſt 199,80. Eodem modo, quia maxumi 1000 logarithmus 
eſt o; proximi vero 999 logarithmus eſt 100,05, & horum duorum logarith- 
morum differentia itidem 100,05, menſura igitur proportionis inter rooo, 900 
(vel inter r00000,00 & go, oo) eſt 100,05 ; copuletur jam maximus 1000 
cum utroque ſuſceptorum, ſcilicet & cum 501, & cum 500, copuletur etiam 
menſura 199,80 cum menſurà 100,05, dico proportione inter 1000 & 501 ma- 
jorem eſſe proportionem inter 199,80 & 100,05, minorem verò eandem pro- 
portione inter L000, 500. 

Demonſtratum eſt enim in prop. 23, menſuras duarum proportionum deinceps. 
ordinatarum, comprehendere proportionem majorem minore earum, que fint 
deinceps. Ut fi fint tres termini deinceps 1000, 999, 998 quorum priores 
quidem 1000, 999 faciant proportionem præ tem, poſteriores 999, 998 
ſequentem, præcedentis quidem proportionis menſura, ut prius erit 100,05, 
ſequentis vers menſura erit 100, 15. He duz menſuræ 100,15 & 100, o 5, 
conſtituunt proportionem majorem, quam termini 1000 & 999. 

Jam vero duz menſuræ, altera quidem proportionis inter 1000 & 999 hoc 
eſt, 100,05 altera vero progortionis inter 501 & 500, hoc eſt, 199,80; he, 

inquam, 
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iaquam, duz menſuræ, ut termini conſideratæ proportionem inter ſe conſtituunt 
compoſitam ex proportionibus omnibus, omnium binarum, & binarum deinceps 
menſurarum, intercedentium per axiom. 1. Similiter vero etiam termini ipfi 
1000 & 501 proportionem inter ſe conſtituunt compoſitam ex totidem, hoc eſt, 
omnibus proportionibus omnium binorum, & binorum deinceps numerorum 
inter 1000 & 501 intercedentem per idem ax. 1. 

Compolitorum vero ex partibus æquè multiplicibus proportionalibus, eadem 
eſt proportio, que partum inter ſe fingularum, hinc & inde combinatarum 
per 1. quinti Eucl. Ergo etiam hæ non deinceps ſitæ, ſed longe diſtantes 
menſuræ 100,05 & 199, 80 proportionem facient majorem quam termini 
non deinceps fiti, ſed diſtantes longe, ſcilicet 1000 & 501. Eodem tenore rur- 
ſum incipiendo ſyllogiſmum eundem inferemus duas menſuras deinceps 
oo, 15, & 100,05, conſtituere proportionem minorem quam duos terminos 
deinceps 999 & 998. Menſurarum vers 100,05 & 199,00 proportionem 
componi ex omnibus intetjectis, & ſimiliter terminorum 999 & 500 proportionem 
componi ex totidem interjectis, quare etiam proportionem inter 100 & 999, 80 
minorem eſſe quam inter 999 & 500. Multò igitur minorem quam inter 1000 
& 500, ut que ad proportionem 999, 500, addit proportionem 1000, 999. 

Tertio per eadem ſyllogiſmi veſtigia euntes, fic colligemus ex prop. 24 
præmiſsa. 

Menſurarum deinceps ſitarum, ſcilicet 1000, 15 & 1000,05, proportio eſt 
minor quam ea quæ eſt inter 1000 & medium proportionale terminorum 
1000, 998, vel quam ea quæ eſt inter hoc medium proportionale terminorum 
1000, 998 & terminum 998. Menſurarum vero non deinceps, ut 100,05 & 
199,80, proportio componitur ex interjectis omnium binarum, & binarum 
deinceps proportionalibus; & terminorum, quorum unus eſt medium pro- 
portionale inter 1000 & 998, id eſt, /gg8000 alter 500: vel quod idem eſt 
unus 1000 & alter medium proportionale inter 501 & 500, ſeu y/250500; hc, 
inquam, proportio componitur ex proportionibus, quas conſtituunt totidem in- 
terjectæ binorum, & binorum numerorum mediæ proportionales lineæ, accen- 
ſito termino 1000, Quare etiam menſuræ non deinceps fitz, ſcilicet 100,05 
& 199,80 proportionem, exhibent minorem quam 1000, cum medio pro- 
portionali inter ſuſceptos 501 & 500, 


COROLLARIUM 1. 


Propoſito numero quocunque infra 1000, ejuſque logarithmo, quæcunque 
differentiæ logarithmorum antecedunt propoſitum, verſus initium chiliadis, 
ſunt ad primum logarithmum (qui ſcilicet ad 999 apponitur) in proportione 
majore, quam 1000 ad propoſitum quæcunque ſequuntur verſus ultimum lo- 
garithmum, ſunt ad eum in proportione minore. 


COROLLARIUM Il 


Hoc adjumento facile implentur loca chiliadis, quæ per ſuperiores pro- 
poſitiones nondum ſunt ſortita ſuos logarithmos. 
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XXVI PROPOSIT IO. 


Differentia binorum logarithmorum, qui ſunt adſcripti ad numeros 
deinceps, eſt ad eorundem numerorum differentiam, in proportione 
majori quidem quam eſt 1000 ad numerorum majorem; minore vero 
quam idem 1000 eſt ad numerorum minorem. 


Facile demonſtratur per antecedentem ejuſque corollarium. Nam ex una 
parte differentia duorum deinceps numerorum perpetuò eſt unitas (ſeu in pro- 
longatis perpetuò 100,00.) Jam vero ultimus logarithmus eſt 100,05, idem, 
qui & menſuræ ultimæ & minimæ proportionis. Nulla igitur differentia 
numerorum deinceps differt a menſurà ultime proportionis plus quam quinque 
unitatibus numerorum prolongatorum. Ex altera vero parte menſura pro- 
portionis duorum deinceps numerorum nihil eſt aliud, quam differentia duorum 
ad illos numeros poſitorum logarithmorum, per definitionem. Si igitur inter 
menſuram ſuſceptæ proportionis, & inter menſuram proportionis ultime eſt 
major proportio, quam inter 1000 & terminum ſuſceptæ majorem, erit etiam 
inter differentiam logarithmorum deinceps, & inter differentiam numerorum, 
ad quos ſunt logarithmi, proportio major quam inter 1000 & terminum ſuſceptæ 
majorem. Nam quod majori majus eſt, ipſius quoque multo eſt majus. Sed 
proportio inter differentiam logarithmorum, deinceps (verbi cauſa) inter 199, 80 
& looo, oo differentiam perpetuam numerorum deinceps, eſt major quam 
proportio inter 199,80 & 100,05 ; exceſſus enim eſt proportio inter 100,05, 
& 100,00. Et inter 199,80 & 100,05 proportio major fuit demonſtrata in 
præcedenti. Ergo multd eſt major proportio inter 199,80 & 100,00 quam 
inter 1000 & (verbi cauſa) 501 terminum ſuſceptæ majorem. Eſt verò eadem 
proportio inter 199,80 differentiam logarithmorum, & 100,00 differentiam 
numerorum, etiam minor quam proportio inter 1000 & 500, terminum ſuſceptæ 
minorem, quod ſic probo. 

Proportio inter 199, 80 & 100,05, eſt minor quam proportio inter 999 & 
500, per demonſtrata 25 præcedente; ſimiliter verò etiam proportio inter 
100,05 & 100,00, ſeu inter 20,01 & 20,00, eſt minor quam proportia 
inter 1000 & 999 per coroll. ad 13, quia ſcilicet eadem eſt differentia numerorum 
majorum 2001 & 2000, quæ minorum 100 & 999, utrobique ſcilicet 
unitas. 

Componitur vero proportio inter 199, 80 & 100,00 ex utraque ſuæ ſocietatis 
minore, ſcilicet ex prop. 199,80 ad 100,05 & ex prop. 100,05, ad 100,00. 
Sic etiam proportio 1000 ad 500 componitur ex utraque ſuæ ſocietatis ma- 
jore, ſcilicet ex prop. 999 ad 500, & ex prop. 1000 ad 999. Ergo etiam ipſa 
compoſita prior erit minor, & compoſita poſterior erit major. 
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XXVII. PROPOSITIO 


Si numer ſuccedant invicem ordine naturali, bini deinceps differentes 
unitate : ad ſingulos vero apponantur logarithmi indices, ſeu menſuræ 
proportionum, quas conſtituunt abſoluti illi & rotundi numeri cum 
eorum maximo 1000; incrementa ſeu differentiz horum logarith- 
morum, ſe habent ad logarithmum elementi minimi proportionum, 
ſicut ſecantes ipſi toti arcuum, quorum complementis abſoluti bini 
numeri ut ſinus competunt, ſeſe habent ad numerum maximum, ſeu 
radium circuli: fic ut ex duobus ſecantibus duorum numerorum, inter 
quorum logarithmos differentia proponitur, minor quidem minorem 
conſtituat proportionem cum radio, quam differentia propoſita cum 
omnium prima, major majorem, atque etiam medium proportionale 
inter ſecantes majorem itidem. 


In ſchemate prop. 21 ſint æquales Dc, es differentiæ 
numerorum abſolutorum ca, Ba, quorum maximus DA. 
Et quia pc, cB æquales, major igitur eſt proportio 
BA, AC terminorum minorum, minor ca, AD majorum 
per corollar. ad 13. Major igitur & menſura pro- 
portionis BA, AC, quam proportionis Ca, AD, hoc eſt 
differentia logarithmorum ipſis ca & Ba abſolutus 
reſpondentium, eſt major primo logarithmo per cn re- ' 
præſentato. Sit Jy logarithmus ipſius ca, & 88 in 8 y (6 
eaſdem lineæ partes, fit logarithmus ipſius Ba, & 
reſpondeat ipſi ca, ſecans GA, & ipſi Ba, Goon Fa. Dico proportionem 8 
ad 7, majorem eſſe quam proportionem GA ad Ab, minorem verò quim FA 
ad Ab, minorem etiam quam medium proportionale inter Fa & GA. Nam per 
25 præced. major eſt proportio DA ad AB quam 87 ad ys, major etiam DA 
ad medium inter BA, DA: fed Fa ad AD proportio æqualis eſt proportioni pa 
ad AB, quia Da eſt medium proportionale inter Ba, Af: fic etiam medii 
geometrici inter Fa, Ga ad Da proportio æqualis eſt proportioni Da, ad medium 
geometricum inter oa, aB. Major 1gitur etiam Fa ad AD, major etiam medii 
proportionalis inter FA, aG ad Ap quam By ad ys. Sic per eandem minor 
eſt DA ad ac, & fic etiam GA ad Ab quam By ad yd. 


A B CD 


COROLLARIUM 1. 
Idem obtinet etiam tunc, fi duo termini differunt, non ſolà unitate element 
minimi, ſed alia unitate, quæ fit illius decupla, centupla, millecupla. 
COROLLARIUM 11. 


Hinc differentiæ ſatis juſte, præſertim ubi abſoluti numeri ſatis magni ſunt, 


extrui poſſunt, ſumpto medio arithmetico inter duos ſecantes parvos, vel etiam 
| (k 
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(fi placet labor) medio geometrico inter ſecantes majores, exque differentiis 
continue additis, accumuſlan logarithm. 


COROLLARIUM III. PRACEPTUM. 


Divide ſinum totum per utrumque proportionis ſuſceptæ terminum, quotientis 
utriuſque medium arithmeticum eſt quæſitum incrementum, hoc adde ad 
logarithmum termini majoris, prodit logarithmus termini minoris. 


EXE MP LVU M. 


Propius & m. Duatus eſto logarithmus ad 700, ſcilicet 35667, 4948, quæritur 


ning prox imum , ©» A i 
dine Mecum logatithmus ad 699. Divide ergo radium per 700, prodit 


geometricum, 142857,142857,142857,142857, &c. divide etiam per 699, 
at non eit Pre. prodit 1430672, &c. | | 


tium operæ tam 
operoſæ, quando 


unus folus vel Medium arithmeticum eſt 142,962 

a ter Ogarn = CENCE 

Super” pra TN Adde hoc ad 35667,4948 
tuendus. nn * 


Prodit logarithmus ad 699.3 58 10, 4568. 


COROLLARIUM IV. PRACEPTUM DE LOGARITHMIS SINUUM., 


Incrementum logarithmorum inter duos finus fic inquires : inter ſecantes 
complementorum conſtituatur medium geometricum, dividaturque per diffe- 
rentiam ſinuum, prodit differentia logarithmorum. ; 


EXEMPLUM. 


Sit fin. gr. © 1 29 09, ſec. compl. 343774682 
3 o 2 58 18, ſec. compl. 171887348 
Diff. 29 og, medium geom. 2428, circiter 
2909. 
i | Quotiens 80000, eſt major quæſito 
incremento logarithmorum, quia ſecantes admodum magni ſunt. 


APPENDIX, 


Eodem ferè modo poſſet etiam demonſtrari, differentias ſecundas eſſe in 
dupla proportione primarum, tertias in dupla ſecundarum *. Verbi 
cauſa, cum in ipſo principio logarithmorum differentia prima ſit 100, 
00000, æqualis ſcilicet ĩpſi differentiæ numerorum 100000,00000, & 
99900,00000, ſecunda ſeu differentiarum differentia 10000 ; tertia 


* Hzc falfa eſt. Vide Huttoni Mathematical Tables, pa. 58. zpir. 
5 20. Poſt. 
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20. Poſtquam ad numerum 50000,00000 ventum fuerit, logarithmi 
quidem proximi differentiam faciunt 200, ooooo quæ fic habet ad 
differentiam primam, ſicut numerus 50000,00000, ad maximum 
t00000,00000. Secunda vero differentia eſt 40000, in qua 10000 
continetur 4ter. Tertia 328, in qua 20 continetur 161es. At cùm in 
re inſolità laboremus penuria vocabulorum : quare ne nimium obſcura 
proponamus, demonſtratio dimittatur intentata, 


XXVIII, PROPOSITIO. 


Nullus numerus exactè exprimit menſuram proportionis inter binos 
unius millenarii numeros, methodo ſuperiori conſtitutam. 


Nam quia termini uniuſcujuſque proportionis extremi non ſunt ab invicem, 
ut duo numeri ejuſdem ſpeciet figurative ; tam multorum graduum, quot vices 
arbitrariæ ſunt aſſumptæ ad ſecundam proportionem in minima elementa arbi- 
traria: mediz ergo proportionales elementa conſtituentes ſunt ineſfabiles per q 
prop. Differentia igitur inter mediarum proportionalium maximam, & termi- 
num per 1000 ſignificatum eſt & ipſa ineffabilis. Sed menſura proportionis 
inter 1000 & terminum minorem effabilem in chiliade eſt multiplex hujus 
differentiolæ, id eſt, & commenſurabilis eſt illi. Ergo menſura hec eſt ter- 
minis incommenſurabilis, hoc eſt, ineffabilis. At nullus ergò numerus, & fic 
neque logarithmus, exacte exprimit hanc menſuram. 


ADMONITIO. 


Intereſt igitur obſervare, quouſque ſeſe proterat hoc vitium. Nam fi 
proportio 999, 1000 ſecatur in particulas 1677216 per 24tas pro- 
portionales medias, & in particulæ unius menſura numero expreſs 
peccetur ſemiſſe unitatis : multiplicatus hie error cum ipsà menſuri 
elementi in numerum elementorum proportionis, efficiet 8000000 
unitates. 


XXIX. PROPOSITIO. 


Si menſuræ proportionum omnium exprimantur numeris, ſeu loga- 
rithmis : non omnes proportiones ſortientur legitimam 
ſuam menſurz portionem ad omnem 
minutiarum ſcrupuloſitatem. 


Nam per 11 prop. proportiones numerorum chiliadis inter ſe ſunt incom- 
menſurabiles; omnes vero eorum logarithmi ſunt effabiles per ax. 3, & fic 
indicant menſuras inter ſe commenſurabiles : injuſta igitur partitioac, fi ad 


minima veniatur. 


N & F- A 


Locum idem habet etiam in ſinubus, inque proportione circuli ad circumferentiam, & paſiim ; & 
intereſt animadvertere, a qua figura numeri, vitiua incipiat, ne in numeris ea poſterioribus fru- 


ſira impendamus operam. 
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XXX. PROPOSITIO. 


Si ad numerum 1000 chiliadis maximum referantur aliqui ma- 
jores, ipſi vero 1000, fit applicatus logarithmus o, logarithmi 
majoribus competentes erunt privativi. 


Referatur ad 1000 major 1024, fiatque ut 1024 ad 1000, fic hic ad 976 56, 25; 
ſit etiam menſura proportionis inter 100000,00 & 97656, 25, logarithmus 
23716526. Cùm ergo proportio inter 1024 & 1000 fit æqualis proportioni 
inter 100000,00 & 97656, 25. Erit eadem menſura ejus. Et fi ad 1024 
apponeretur logarithmus o, tunc ad 1000 apponendus eſſet logarithmus 
2371,6 526, ad numerum vero 97656, 25 duplum hujus logarithmi, quia pro- 
portio 10240000 ad 97656, 25 eſt dupla proportionis 1024 ad 1000 ; ſed quia 
ad 1000 in chiliade apponitur log. o, deterſo logarithmo, & 2371,6526, & à 
duplo hujus etiam apud 97656,25, fimplum eſt deterſum in canone chiliadis ; 
ergo etiam à logarithmo ipſius 1024, cut applicaveramus logarithmum o, de- 
tergendum eſt tantundem. Si vero a o auferas 2371, 6526, relinquitur 
2371,65 26 privativum cum ſigno Coſſico. 
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P* NCIPIO inquiratur logarithmus, qui metitur proportionem inter 
I00000,00 & 97656, 25 queſiti media proportionali, maxima viceſi- 
marum quartarum inter hos terminos, ejuſque & numeri totalis prolongati 
differentia toties duplicatà: emerget autem logarithmus 2371, 626, qui idem 
eſt etiam numeri 1024 defectivus per 30. Secundò idem fiat etiam cum pro- 
portione inter 1000 & o: emerget autem logarithmus ad 5oo, iſte 
693 14,7193, qui idem etiam duplicationis logarithmus dicitur. 

Jam quia ut 1000 ad 500 fic 1024 ad 512, & hic ad 256, & hic ad 128, 
OTE & hic ad 16, & hic ad 8, & hic ad 4, & hic ad 2, 
et hic 1. 

Decupla eſt igitur proportio 1024 ad 1, proportionis 1000 ad 500. Quare 
logarithmus ad 1, tunc quidem erit decuplus logarithmi ad 500, cum numerus 
1024 acceperit logarithmum o,. ſed ubi ei privativus 2371,6526, fuerit ap- 
plicatus, etiam ipſus 1 logarithmus erit diminuendus tanto. Diminuatur decu- 


plum duplicantis. 693147,1928 : 
2371,0526 
Hic eſt logarithmus unitatis in 690775, 8422 
chiliade noſtra ſeu 100,00 
Et igitur 10,00. 921034,0563, 


Et quia ut 1 ad 10, fic hic ad 100, & hic ad 1000, tripla eſt itaque proportio 
ooo ad 1 proportionis 1000 ad 100, tertia igitur pars logarithm ad 1 eſt ap- 
ponenda pro logarithmo ad 100, puta 230258,5141, & hic etiam eſt Jogarith- 
mus decuplicationis, duz verò tertiæ ſunt logarithmus ad 10, ſcilicet 460517, 
0282. Quod fi duplicantem abſtuleris a logarithmo ad 1, emergit loga- 
rithmus ad 2, fi ab hoc abſtuleris logarithmum ad 10 reſtat logarithmus 
quinduplicationis. 

F Logar. 
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Logar. ad 1, 690775,5422 
Duplicans 69314,7193 


Logar. ad 2, 621460,8229 
ar. ad 10, 460517,0281 


——_— 


Quinduplicans 160943,7948. 


Hiſce ſic præparatis, jam conſtruantur logarithmi centum maximorum, initio 
facto a 999, hac methodo. Totalis 1000 prolongatus 7, cyphris dividatur per 
ſingulos ordine ; quotientes referantur in tabellam, ſunt enim ſecantes illorum 
arcuum, quorum complementa habent diviſores iſtos pro ſinubus; ut fi diviſor 
ſeu ſinus complementi 999, quotiens ſeu ſecans erit 100,10010, fin dividat 
901, quotiens erit 110,98779; fin goo quotiens erit 111,11111. Diviſio 
autem continuatur propterea uſque ad octavam figuram, ut conſtat nobis quan- 
tum differat medium arithmeticum à geometrico, ubi maximè. Ut ſi multipli- 
catis in ſe duobus ultimis quotientibus, radix quæratur, ea erit 111, 04942. At 
medium arithmeticum inter duos quotientes eſt 111, 04945. 

In ſtructurà igitur centum minimorum logarithmorum media hæc duo inter ſe 
ſunt æqualia, uſque ad ſeptimam figuram incluſivè: in octavã oritur differentia 
ternarii. Pone in omnibus centum mediis eſſe tantam. Si ergò centum media 
arithmetica ordine accumules, peccarent illa exceſſu non majore quam 00300, 
ternarii ſcilicet in tertia figura poſt punctum. At vero non eſt in omnibus 
centum tanta differentia: in initialibus enim penitus evaneſcit, ut inter 100,00000 
& 10, 10010. Hic enim utrumque medium eſt 100,05005' & differentia 
occultatur in figuris ulterioribus, fi quis illas erueret. Quare centum minimos 
logarithmos tutiſſimè conſtituimus per acumulationem mediarum proportionalium 
inter quotientes per 27 prop. Semper enim additis duobus ſecantibus ad lo- 
garithmi prioris duplum conflatur duplum logarithmi poſterioris. 

Conſtructis bis logarithmis; eligatur Jogar. ad 960, qui erit 4082, 2001 
fere. Huic fi continue adjeceris duplicantem, emergent logarithmi ad 
480, 240, 120, 60, 30, 15. Quia proportio 960, ad 15 eſt ſextupla pro- 
portionis 1000 ad 500. Ita emerget logarithmus ad 15, qui eſt 419970,51 59, 


& ad 3o log. 350655,7965. 
Hunc fi abſtuleris à logar. ad 10 eilicet 460517,0281 


Reſtabit 109861, 316 triplicans logarithmus. 


Q — — 


Hunc ergo aufer a logar. ad 1,690775, $422 


Reſtat logar. ad 3,580914,3106, 


Idem etiam ex log. ad goo elici poteſt, probationis caula. Nam hujus logar. 
eſt 10536,0535. Et fi jam hic eſt nimius ob cauſam dictam. Nam ut 
1000 ad goo, fic gooo ad 8100, & ut 1000 ad 8100 fic hic ad 6561. Quadru- 
plum ergo logarithmi ad go9 reſpondet numero 6551 (ſeu goooo, oo numero 
65510,00) ſcilicet 42144, 2140. At qui numerus 65610,00 eſt ternarit de 

1000 con- 


= 
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ooo continue multiplex. Ecce 6561, 2187, 729, 243, $1, 27, 9, 3, 1. 
Ergd proportio 6561 ad 1, eſt octupla proportions 3 ad 1. 

Ergd logarithmo ad 1000 ſcilicet 9g21034,0563 

Auler log. ad 65610,00 ſcilicet 42144, 2140 


Reſidui 878889, 8423 
Pars octava 109861, 2303 et paulò minor quam prius. 


Scilicet, quia logarithmus ad goo, & fic etiam ejus quadruplum, juſto majus 
fuit, id vero ſubtractum a juſto logar. ad 1, relinquit juſto minus. Et ſanè etiam 
biſectio continua proportionis inter 10 & 9 oſtendit ultimas hujus logar. ad goo 
figuras, non 0535 ſed 0513 per 22 minus, cujus quadruplum eft 88 peccatum 
reſidui, & hujus pars octava 11 ad 2303 addita facit 2314, plane ut in priori 
procefſu invenimus 2316. 

Idem etiam ex priori logar. ad 960, alia via, quia 1000 ad 960 eſt ut 9600 
2d 9216, & cum logarithmus 960 fit 4082, 2001, erit logar. ad 9216 duplus 
prioris ſcilicet 8 164, 4002. At vero proportio 9216 ad 9 eſt decupla propor- 
tionis 1000 ad 500. Ecce: 9216, 4608, 2304, 1152, 576, 288, 144, 72, 
36, 18, 9, & proportio 9 ad 1 eſt dupla proportionis 3 ad 1. Ergo ad decuplum 
duplationis 693147, 1928 adde logar. ad numerum 92160, oo 


ſcilicet 8164, 4002 


701311, 5030 aufer a logar. ad 10,00 ſummam 
quæ eſt logar. ad 9o, oo ſcilic. 921034,0563 


Reſtat 219722, 4633 
Hujus dimid. 109861, 23 16 eſt triplicans ut prius. 


Sic ex log. ad 990 (vel ggooo, oo) qui eſt 1005,0331, vel fine decupli- 
cante, vel per eum perveniemus ad logarithmum ad 11 (vel 1100,00). Nam 
ad 98010, oo erit logarithmus duplus, Luce 2010, 675. Hic additur ad qua- 
druplum triplicantis, 439444, 9250. b 


facit 441454, 993 1 log. ad 1210, oo 


Hoc aufer à log. 
ad 10, oo 921034, o 563 
EKeſtat 479579,0632 
Hujus dimid. 239789, 5316 Undecuplat. aufer 
à logar. ad 1. 690775, 5422 
Reſtat 450986, o106 log. ad 1100, oo. 


Sic quia ut 1000 ad 980, fic hic eſt ad 9604. Duplus igitur logarithmi ad 
980 eſt logarithmus ad 9604, ſcil. 4040,5422. Et verò proportio 9604 ad 
2.401 eſt dupla proportionis 1000 ad 500, & proportio 240 10, 0 ad 10, oo eſt 

* 


qua- 


I 
n 
E 
Vy 
7 
4 
C 
| 
4 
| 
{ 
4 


36 JOANNIS KEPLERI 


quadrupla proportionis 70,00 ad 10,00. Adde igitur duplum duplicantis, 


ſcilicet 138629,4386 
ad 4040, 5422 


Summam 142669, 9808 log. ad 2401 
Aufer à log. 10, 0000 921034, 0563 


Reſidui 778364, 775 
Pars quarta 194591, 0194 ſeptupl. 
Hoc igitur aufer A log. ad 100 230258, 5141 


Reſtat logar. ad 700 35667 4947 
vel 7oooo, oo 


Atque hic idem ad 700 per continuam biſectionem proportionis 10,7, per 


e proportionalium exactiſſimi tantus prodiit. Vide hanc 


ſupra in tabelli. Sic quia ut 1000 ad 950 fic 9500 eſt ad 902 5. Ergò lo- 
garithmus ad goa; eſt illius duplus, ſcilicet 10258, 6606, 
Adde duplum quinduplicantis ſc. 321887, 5896 


| Conſurgit 332146,2502 log. ad 3610,00 
Hunc aufer a log. ad 10,00 921034,0563 
Reſidui 588887,8061 
Dimidium 294443, 9030 novemdecuplat. 
Aufer id à logar. ad 1 — 690775, 5422 


vel ad 100,00 
Reſtat 396331,6392 log. ad 1900,00. 


Eundem derivabimus etiam ex 912, cujus logar. 9211,5306, & quia proportio 
912 ad $7 eſt quadrupla proportionis 1000 ad 500. Duplicantis adde quadru- 
plum, ſcilicet 277258,8771. Conſurgit 286470,4077. Huic adde tripli- 
cantem 

109861,2316 


Reſtat 396331,6393 log. ad 1900,00 


Eundem ex 950 derivabimus alia via : 


Logar. ad 95000,00 $129,3303 
Decuplans | 2302 58,5141 
Logar. ad 9500,00 235387,8444 
Quinduplicans 160943, 7948 
Logar. ad 1900, oo 3963 3 1,6392. 


Sic 
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Sic ad logar. ad 988 1207,2583 
Adde duplicantis duplum 138629, 4386 


Venit logar. ad 247———- 139836, 6969 - 
Novemdecuplicans addatur 294443,9030 


Prodit logar. ad 13 -------- 434280,5999 
Auferatur logarich. ad x 690775, 5422 


Reſtat 256494, 942 3 tridecuplans. 
Sic ad logar. ad 969 3149,0672 
Adde triplicantem 109861,2316 


Venit log. ad 323 ---------- 113010,2988 
Adde novemdecuplum 294443,9030 


Venit log. ad 17 ------ — 407454, 2018 aufer hunc à logarith. 
3 69077555422 
Reſtat ſeptemdecuplans 283321,3404 
Sic ad logar. 986 1409, 8927 
Adde duplicantem 693 14,7193 
Et ſeptemdecuplum 2833213404 
Venit logar. ad 29--------- 354045,9524 auferatur 
a logar. 1 690775,5422 
Reſtat 336729,5898 undetriginduplans. 
Et ad log. ad 966 3459, 1450 
Adde duplicantem 693 14,7193 
Et triplicantem 109861, 2316 
Et ſeptuplicantem 19459 1,0194 
Venit log. ad 23 - 377226, 1153 qui ablatus 
à logar. ad 10, oo 699772828422 
Relinquit 313549, 4269 viginticuplans. 
Eundem ex log. 920. Quia ut 1000 ad 920 fic 9200 ad 8464, ered 
Logar. ad 920 duplum 16676,3247 | ww 
Adde ad quadruplum duplicantis 277258,9771 
Conſurgit 293935,2018. aufer 
a logar. 1 de 100,00 921034,0563 


Reſtat 627098, 8 545 
Dimidium 313549,4272 
Eundem ex logar. ad 920 jam abundanti fic extruo: 


Ad logar. ad 920 8338, 1624 
Adde duplicantis duplum 138629, 4386 
Et decuplicantem 2302 58,6141 
Venit logar. ad 23 377220, 1151 
| 6 Sic 
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Sic ad logar. ad 930 7257, o/o majuſculum 
Adde triplicantem 109861,2316 
Er decuplicantem 230258,5141 


Venit logar. ad 31 - - - $347376,8103 majuſculus autem 
8149 verior 
a logar. ad 1 60077. 5422 
343398, 7259 undetrigintuplicans mi- 
nuſculus. 


g Eundem ex log. ad 961 elicio fic. Nam quia ut 961 ad 31 fic hog ad 1. 
rgo, IM 
" Aufer logarithmum ad 961 3978,0876 
a logar. ad 1 —_69077,5422 
Reſtat 686797,4546 ; 
Hujus dimid. 343398,7273 undetrigintupla hic eſt 
juſtior. . 

Jam quia intra millenarium quadratus major non eſt quam 961, non igitur 
opus nobis erit multiplicationibus aliis, ſecundum primos majores ipſo 31. Nam 
omnis primi majoris multiplex infra 1000 ſecundum aliquem numerum mino- 
rem, quam 31 eſt multiplex : ut 979 eſt undecuplus primi 89. | 

Ubi notandum, quod logarithmus alicujus proportionis multiplicis fit dit- 
ferentia inter logarithmum unitatis in chiliade, & inter logarithmum numeri, 
qui multiplicitate proportionis prodit. Is igitur logarithmus multiplicator additus 
logarithmo cujuſque numeri, conſtituit logarithmum partis, abſtractus logarithmum 
multiplicis. Idem verum eſt de logarithmis proportionum non multiplicium, 
qui ſunt nihil aliud q 1am differentiz, vel multiplicantium logarithmorum, vel 
appoſitorum ad numeros multiplicium denominatores : ut eadem eſt differentia 
inter ſeptuplicantem & triplicantem, quæ eſt inter logar. ad 7 & logar. ad 3. 
Hzc igitur addita logarithmo numeri tertii conſtituit logarithmum numer! pro- 
portionalis tertio minoris, ablata conſtituit logar. numeri proportionalis tertio 
majoris. 

Hoc modo plerorumque primorum infra 500 logarithmi eruuntur ex uno 
centum poſitorum: nam in primo centenario nullus ſupereſt, in ſecundo ſoli 
quinque 127, 149, 167, 173, 179, in tertio undecim 211, 223, 251, 257, 
263, 269, 271, 277, 281, 283, 293, in quarto undecim 337, 347, 349, 353, 
359, 367, 373, 379, 383, 389, 397, in quinto novem 401, 409, 419, 421, 


431, 433, 439, 443, 449. Summa 36. - 

Reſtant ii qui ſunt inter 500 & goo, primi 59 numero, pretereaque etiam mul- 
tiplices jam expreſſorum triginta ſex totidem ſcilicet duph ; ex 1s minorum ſe- 
decim tripli, primorum ſeptem quadrupli, & ex his priorum quinque quintupli, 
duorum 127 & 149 ſextupli, umus 127 ſeptuplus. 

Ut igitur etiam ad hos, & ad primos ſupra 500 numero 59 logarithmi ha- 
beantur, conſiderandæ ſunt differentiæ logarithmorum poſitorum ad interſperſos 
hiſce: & qua methodo differentiæ prius ſunt conſtitutæ logarithmorum 100 mi- 
norum ſerie continua, eadem nunc etiam per prop. 27. coroll. 3, & maxime per 
gas appendicem, fi quis ea dextre utatur, interrupta ſerie, & quidem longe 
acilius hæ differentiæ ſunt ſupplendæ, quia plerunque vel unus ſolus, vel bini 
deinceps, rarò tres deinceps logarithmis ſuis carebunt, ita ut in accumulatione 


differentiarum crebrò reverſio Hat, ad logarithmum jam antea certum. 


S' = 1 TAS. 
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Arcus Circuli 
cum diffe- 
rentiis. 


Sinus ſeu Nu- 
meri abſoluti. 


LOGARITHMI. 


— 


partes viceſimæ 
quartæ. 


41 


Logarithmi cum 
differentiis, 


Partes ſexa- 
ge nariæ . 


1611809,60 
69314,72 
1542494, 88 
40546, 51 


150 1948,37 — 


28768,21 
1473180, 16 
2231435 


1450865, 80 + 


18232, 16 
1432633,65 
15415,07 
1417218,58 
133537¹4 
1403865, 44 
11778, 30 
1392087,14 — 
10536,05 
1381551,08 + 
69314,72 
1312236,37 
40540,51 
1271689,85 + 
28768,21 
1242921,065 — 
22314435 
1220607,29 
18232,16 
1202375,13 
I 541 5,07 
I1186960,07 — 
1335314 
1173606,93 — 
11778,30 
1161828,62 
10536,05 


1151292,57 


693 14,72 
108 1977,85 
40546, 51 


_— —— 


—ͤ———— 1— — ̃ ́—[—— . — ——— —-ÿ— 
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| 
Arcus Circuli | Sinus ſeu Nu- | Partes vicefime arithmi cum | Partes ſexa- 
.cum diffe- mert abſoluti. quartz, differentiis. genariæ. 
rentus. 
3,00 1041431,34 
28768,21 
4,00 1012663,13 
2231435 
1 5,00 990348,78 — 
18232,16 
6,00 972116,62 
1541,08 
700 956701,55 
1335314 
8,00 943348,41 + 
11778, 30 
| 9,00 931570,11 — 
10536, 05 
10,00 921034,06 — | 
69314,72 
| 20,00 $51719,34 — 
40540,51 
| 30,00 811172,82 + 
28768,21 
| 40,00 782404, 62 
| 2231435 
ö 50, 0 760090, 26 
18232, 16 
ö 60, oo 741858,11 — 
1541 5,07 
70, oo 720443,04 — 
1335314 
80,00 713089,90 
| 11778, 30 
99,00 701311,59 — 
| | 3 26 10536,05 
o 326 þ 100,00 o 1 26 690775,4 o 4 
3 27 69314,72 
o 6 53 200,00 0 3 839 621460,82 + "BE. 
3 26 40546,51 
o 10 19 390,00 o 4 19 3809 14,31 O 11 
3 26 28768, 21 
O 13 45 400,00 o 5 46 552146,10 + O 14 
3 27 2231435 
— 
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— 
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_ — -. 


Arcus Circuli | Sinus ſeu Nu- | Partes viceſimæ 1 Partes ſexa- 
cum ditfe- meri abſoluti. quartæ. ifferentiis. genariæ. 
rentus. 
3 27 22314, 35 | 
O 17 12 500,00 oO 7 12 529831,75 = | o 18 
326 18232,16 
o 20 38 600,00 o 8 38 511599,59 0 22 
3 26 15415707 | 
O 24 4 700,00 8 496184, 52 + | O0 25 
3 26 13353-14 | 
"087 0 800,00 o 11 31 48 2831,38 + | o© 29 
3 26 11778,30 | 
o 30 56 900,00 o 12 58 471053,08 O 32 
3 27 10536,05 | 
O 34 23 1000,00 O 14 24 460517,03 00 36 
3 26 9531,02 | 
o 37 49 1100, oo o 15 50 450986,01 00 40 
3 26 | 8701,14 | 
o 41 15 1200, oo oO 17 17 442284,87 O 43 
3 27 8004,27 | 
O 44 42 1 300,00 | aatus 434280,00 9 47 
3 26 7410,80 | 
o 48 8 I 400,00 o 20 10 426869,80 + | © 50 
3 26 6899,27 | 
o 51 34 1 500,00 o 21 36 419970,52 = | © 54 
3 26 | 6453,80 | 
o 55 © 1600,00 O 23 2 413516,07 = [0 58 
3 27 | | 6062,47 | 
o 58 27 1700,00 o 24 29 407454, 20 1811 
3 26 1 
12 1 $3 1800, oo O 25 55 401738,30 1 5 
3 27 5406,72 | 
1-40 1900,00 O 27 22 396331,04 178 
3 26 5129,33 
1:8 46 2000,00 o 28 48 391202,31 1 22 
3 26 4879,02 
1 12 12 2100, oo O 30 14 386323,29 1 16 
3 26 4652, 00 
I 15 38 2200,00 o 31 41 3916079,29 119 
3 27 444517 
3 0 2300,00 @ 43 *9 377226,12 — 1 23 
3 26 4255797 
1 22 3a 2 400,00 o 34 34 372970,15 +: 1 '26 
3 26 4082, 20 


- p n 
— — bang * * PR 
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Arcus Circuli Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum Partes ſexa- 
cum diffe- meri abſoluti. quartz. differentiis. genariæ. 
rentiis. : 
3 26 4082,20 
1 5 $7 2 500,00 o 36 O 36888 7,95 + I 30 
3 27 3922,07 
129 24 2600, oo o 37 26 364965,98 1 34 
— 3 6 3774503 
1 32 50 2700, oo o 38 53 361191,85 — 1 37 
z 9 3636,77 . 
1 36 16 2800,00 o 40 19 357555708 + 1 41 
327 3509,13 
139 43 2900, o o 41 46 354045795 I 44 
3 26 3390,15 
11 zooo, oo o 43 12 350655, 80 — 1 48 
2 26 3278,99 
1 46 35 3100, oo o 44 38 3473 76,81 + 1 52 
3 #1 3174,86 
1560 2 3200, oo O 46 5 344201,95 — I 55 
3 26 3077,17 
1 53 28 3300, oo o 47 31 341124,78 1 59 
3 27 298 5,29 
1 56 55 3400,00 o 48 58 338139,49 + 2 2 
3 26 | 2898,76 
1 0 $1 3500, oo O 50 24 335240,73 2 6 
3 26 2817,0 
2 34] 3600,00 o 51 50 332423,65 — 2 10 
3 26 2739790 
" Bk & 3. 3700,00 o 53 17 329683,75 — 2 13 
3 27 | 2666, 83 
2 10 40 3800, oo O 54 43 327016,92 2 17 
3 27 2597755 
1 67 3900, oo o 56 10 324419,37 + 2 20 
3 26 2531,78 
4 173 4000,00 o 57 36 321887,59 2 24 
3 26 2469,26 
2 20 59 4100,00 O 99 2 319418, 33 2 28 
3 27 2409,75 
2 24 26 4200,00 1 0 89 317008, 58 — 2 31 
3 26 2353205 
2 27 52 * 1 1865 314655,53 — 233 
3 27 2298,95 
2 31 19 4400, f 1 3 22 312356,58 — 2 38 
3 26 2247,29 
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Arcus Circuli | Sinus ſeu Nu- | Partes viceſimæ 
cum diffe- meri abſoluti. quartæ. 
rentus. 
3 26 
2 34 45 4500, oo I 4 48 
327 
2 38 12 4600, oo 1 6 14 
3 26 5 
2 41 38 4700, oo 1 
3 26 
2 45 4 4800, oo 9 7 
. 
2 48 31 4900, oo I 10 34 
3 27 
2 51 58 5000,00 t 22 0 
3 27 
2 55 25 5 loo, oo 1 13 26 
3 26 
2 58 51 5200,00 1 14 53 
3 7 
9:6 0 5300,00 1 16 19 
3 *7 
3 5 49 $400,00 1 17 46 
3 26 
3 9 11 5500,00 I 19 12 
3 2] 
3 22 36 5600,00 1 20 38 
3 26 
3 16 4 5700,00 = TY. 
3 7 
3 19 31 5800,00 WS, 
3 27 
322 58 | 590000 | 1 24 58 
3 26 
3 26 24 6000,00 126 24 
3-*7 
3 29 51 6100,00 1 27 50 
3 26 
3.34 47 6200,00 1 30 17 
3 *7 
3 36 44 6300,00 I 39 43 
327 
3 40 11 6400,00 x 32 10 
3 


ithmi cum Partes ſexa- 

iffe rentiis. genariæ. 
2247729 

310109, 29 — 2 42 
2197,89 

30791140 — 2 46 
2150, 62 

305760, 78 — 2 49 
2105, 34 

303655, 44 — 2 53 
2061,93 

301 593,51 — 2 56 
2020, 27 

299573324 — 8 
1980,27 

297592,97 + 3 4 
1941,81 

295651, 16 + 7 
1904,81 

293746,35 — 3 11 
1869,22 

291877,13 + 3 14 
1834,91 

290042,22 — 3 18 
1801,85 

288240,37 22 
1769,96 

286470, 41 3 25 
173917 

2847 31,24 — 3 29 
1709,45 

283021,79 3. 32 
1680,71 

281341,08 3 36 
1652,93 

279688,15 3 40 
1626,05 

278062510 — 3 43 
1 600,04 

276462,06 + 3 47 
1574,83 i 

274887,23 3 59 | 
I1550,42 
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Arcus Circuli | Sinus ſeu Nu- | Paxtes viceſime | Logarithmi cum | Partes ſexa- 
cum diffe- meri abſoluti. quartæ. iferentiis. | genariz. 
rentus. 
3 26 1550,42 
3 43 37 6500, oo 1 33 36 ⁶273336,81— 
3 27 1526,75 
17 4 660, oo 1 6 8 271810, o6 
3 26 1503779 
3 50 30 6700, oo 1 36 29 270306,27 + 
3 1481, 50 
3 53 57 6800,00 137 55 | 208824,77 + | 
3 27 1459588 
3 57 24 6900,00 139 22 267364,89 
3 26 1438,88 
4 © 50 7000,00 1 40 48 265926,01 
g 27 1418,46 | 
4 4 17 7 100,00 142 14 264507,55 | 
3 27 1398,62 
4 744 7200, oo 1 43 41 263 108,93 — 
3 26 1379,33 
411 10 72300, o 141 7 26 1729,60 — 
3 27 1360,57 | 
4 14 37 740, oo 146 34 260369, 03 — 
3 7 | 1842.31 | 
ES 7 $00,00 148 © 259026,72 + 
327 1324752 
„5 7600, oo 1 49 26 237%j , 20 
3 26 1307,21 | 
4 24 57 7 790,00 1 50 53 256394299 + | 
3 27 1290,34 
4 28 24 | 7800, oo 1 52 19 255 104, 65 + 
| 3 27 | 127 3,90 
4 31 51 7900, oo 1 53 46 253839,75 | 
3 1257,88 | 
4 35 18 8ooo, oo t 56 22 252572,87 
3 *7 1242,25 | 
4 38 45 8100, oo 1 56 38 251330, 62 | 
327 1227,01 
& 43 18 8200, oo t 40 3 250103, 61 
3 26 1212,14 
4 45 38 8 zoo, oo L 59 31 243891,47 + 
3 27 1197,61 
4 49 5 8400, oo 2 247693,86 = 
3 27 1183,45 
—  —— 


- 
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G 0 5 
Arcus Cireuli | Sinus . Nu- | Partes viceſime Lo arithmi cum Partes ſexa- 

cum diffe- meri abſoluti. quartz, flerentiis. genariz, 

rents. 
3 27 1183,45 

4 52 32 8 oo, oo 2 2 24 246510, 41 $6 
3 27 1169,60 

4 55 59 | $8600,00 2 3 50 245340,81 = 5 10 
3 27 1156,09 

4 59 26 | 8700,00 2 8 17 244184,72 + 5 13 
127 1142,86 

s 2 53 | B800,00 2 6 43 243041,86 — 5 17 
3 27 1129,96 

s 6 20 8900, oo 2 8 10 241911,90 5 20 
3 28 1117,33 

5 9 48 '] gooo,oo 2 9 36 240794,57 — 5 24 
2 2] 1104,99 

$ 13 15 |. g100,00 g i 2 239689,58 + 5 28 
2 27 1092,90 

5 16 42 9200,00 2 12 29 238 596,68 £29 
3 29 1081,09 

3209 9300, 00 2 13 55 237515359 5 35 
3 27 1009.63 

5 23 36 9400,00 2 15 22 236446,00 = | «5 38 
3 27 1058,21 

99 9 500,00 2 16 48 235387,85 — 5 42 
3 28 1047,13 

5 30 31 9600,00 2 18 14 234340,72 — 5 46 
327 | 1036,28 | 

5 33 58 9700, oo 22 23330444 5 49 
3 27 | 1025,05 

6 37 25 9800,00 2 28 7 232278,79 — 5 53 
3 27 1015,24 

5 40 52 9900,00 2 22 34 231263,55 — 5 56 
3 28 1005,03 

5 44 20 looo, oo 2 24 © 230258, 52 — 6 © 
3 27 995,04 

5 47 47 IOTOO,00 2 25 26 229263,48 + 6 4 
3 27 995,23 

5 51 14 10200,00 2 26 53 223278,25 + 87 
3 28 976,61 

5 54 8 og oo, oo 2 28 19 227302, 64 6 11 
3 27 956,20 

5 58 22 10400,00 2 29 46 2263 36,44 + 6 14 
3 28 956,94 

= 3 —_ —_ 
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Arcus Circuli Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum Partes ſexa- 
cum diffe- meri abſoluti. quartz, ifferentiis, genariz, 
rentiis. 
3 28 956,94 
6 1 50 10 go, oo 2 31 12 225379, 50 6 18 
3 27 947,87 
BSW}, 10600,00 2 32 38 224431,03 — 6 22 
3 28 938,98 
6 8 45 100, oo $34 8 223492,05 + 6 25 
3 27 930,24 
6 12 12 10800,00 2 35 31 222 562,41 + 6 29 
3 28 921,66 
6 15 40 10900,00 2 36 58 221640,75 6 32 
3 26 913,25 
6 18 55 11000,00 2 38 24 220727,50 — 6 36 
3 27 904,99 
6 22 22 11100, oo 2 39 50 219822,51 + 6 40 
3 28 896,86 
6 25 50 I 1200,00 2 41 17 218925,65 6 43 
3 28 888,90 
6 29 18 I 1300,00 2 42 43 218036,75 6 47 
3 27 | 881,06 
6 32 45 11400, oo 2 44 10 217155569 6 50 
3 28 873,37 
6 36 13 11 500, oo 2 45 36 216282,32 6 54 
3 28 86 5, 80 
6 39 41 11600, oo 2 47 2 215416,52 — 6 58 
3 27 858,38 
6 43 8 11700,00 2 48 29 214558,14 - 
3 28 851,07 
6 46 36 11800,00 2 49 55 213707,07 ; BY | 
3 28 843,88 
6 50 4 11900, oo 2 61 23 212863,19 — +I 
3 27 836,83 
6 53 31 12000,00 2 52 48 212026, 36 7 12 
3 28 829,88 
6 56 59 12100, oo 2 54 14 211196,48 7 16 
3 28 823,05 
7 0 27 | 12200,00 2 55 41 210373,43 7 19 
3 28 816,33 
35 12300, 00 | = IF 7 209557510 7 23 
3 27 809,72 
1 12400, oo 2 58 34 208 747,38 — 7 26 
3 28 803, 22 
—— —— —— — p ͤ— —— 
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Arcus Circuli | Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum 

cum diffe- meri abſoluti. quartz, ifferentus, 
rentiis. 

3 28 803, 22 
7 10 50 12 500,00 4.0 207944,16 
3 28 796,82 

7 14 18 12600,00 3 1 26 207147,34 + 
3 28 790,51 

7 17 46 | 12700,00 3 2 53 | 206356,83 — 
8 784,32 
721 14 12800, oo 3 4 19 205572,51 
3 28 773,22 

7 24 42 12900, oo 3 5 46 204794, 29 + 
3 28 772, 20 

7 28 10 1 3000,00 1 204022, 09 — 
3 29 766,29 
7 31 9 13100, oo 322 203255, 80 
3 28 | 760,46 
7:08 I 3200,00 3.9 4 202495434 
3 28 75472 
7 38 35 13300,00 $ 12 $1 201 740, 62 
3 28 749,07 

7 43. 9 1 3400,00 3 12 58 200991,55 + 
3 28 743,50 

7 45 31 I 3 500,00 3 14 24 200248,05 + 
3 28 738,00 

7 48 59 13600,00 3 15 50 199510,05 + 
3 29 732,01 
7 22 26 13700,00 3 17 17 198777,44 
4 v9 121427 
7 55 56 13800,00 3 18 43 198050,17 
3 28 722,03 
7 59 24 13900,00 3 20 10 197 328,14 
3 28 716,85 
8 2 52 14000,00 3 21 36 1956611,29 
3 28 711,74 

8 6 20 14100,00 3 23 2 195899,55 — 
3 29 706,72 
8 9.49 14200,00 3 24 29 195192,83 
3 28 701,76 

8 13 17 14300, oo 3 25 55 194491, 7 + 

28 696,86 

8 16 45 14400,00 I $7 9 193794,21 — 

429 092,05 


1 


Partes ſexa- 
genariz, 
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Arcus Cireuh | Sinus ſeu  Nu- | Partes viceſimæ Logarithmi cum | Partes ſexa- 
cum diffe- mer abſoluti. quartz, ifferentiis, genariæ. 
rentus. | 
3 29 692,05 | 
8 20 14 14500, oo 3 28 48 193102, 16 8 42 
3 28 687,28 | 
8 23 42 14600,00 3 30 14 | 192414,88— 8 46 
- 3% $8 f | 682,01 
8 27 10 | 14700,00 3 31 41 191732,27 + 8 49 
3 29 ; 677,99 . 
8 30 39 14800,00 2.33. 7 191054,31 — | 8 53 
3 28 673,41 | 
C36 7 | 24909,00 3 34 34 | 19038090 + | 8 56 
3 29 ; 668,90 
8 37 36 | 15000,00 3 36 o | 18971200 | 9g 0 
3 29 N 664,45 | 
8 41 5 15100,00 3 37 26 | 189047,55 | 9 4 
3 28 6560, o7 
8 44 33 15200, oo 3 38 53 188387,48 9 7 
3 29 655974 | 
8 48 2 15300, oo 3 40 19 18773174 9 11 
39 651,47 
8 51 31 xg 15400,00 3 41 46 187080,27 + 9. 14 
3 28 | | 647,25 - 
8 54 59 | 15500,00 3 43 12 186433,02 + 9 18 
3 29 | a 643,09 
8 58 28 15600, oo 3 44 38 185789, 93 + 9 22 
3 29 | 638,98 
9 1.57 | 15700,00 346 5 185150,95 + | 9-25 
3 29 | 63492 | 
9 5 26 15800, oo 3 47 31 1845 16,03 9 29 
3 29 | 630,92 
9 8 55 15900, oo 3 48 58 J 183885, 11 + 9 32 
3 30 | | 626,96 
9 12 25 16000,00 3 50 24 | 183258,15 9 36 
3 29 | | 623,06 
9 15 54 | 16100,00 3 51 50 182635,09 + 9 40 
3 29 | 619,19 
9 19 23 16200,00 3 £3 17 182015,90 9 43 
3 29 615,38 
9 22 52 16300,00 3 54 43 181400,52 9 47 
3 29 611,63 
9 26 21 16400,00 3 56 10 180788,89 930 
3 30 607, 90 i 
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ä _ . EY * | 1 
Arcus Circuli {| Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum Partes ſexa- | 
cum diffe- meri abſoluti. quartæ. differentiis. genariæ. 
rentus. 
3 30 607,90 
9 29 51 16500,00 3 57 36 180180,99 — | 9 54 
329 604,24 
9 33 20 16600,00 3 58 2 179570,75 + 9 58 
1 3 29 600, (o 
9 36 49 16700, o 4 © 29 178976,15 + 10 1 
3 29 597,01 
9 40 18 16800, oo 4 1 55 178379,14 = 10 5 
| 3 29 593,48 
9.43 47 16900,00 $3. 22 177785,06 10 8 | 
3 29 589,97 | 
9 47 16 17000,00 4 4 48 177195,69 40 12 
3 39 586,51 
9 50 46 I 7100,00 4 6 14 176609,18 — | 10 16 
3 29 583,09 
9 54 15 17200,00 4 7 41 176026,09 — 10 19 
3 29 579772 | 
| 9 57 44 77 300,00 4 9 7 175446,37 | 10 23 
| 3 29 576437 | | 
„ 17400, oo 4 10 34 174870,00 + | 10 26 | 
| 3 573507 | 
10 4 43 17 500,00 4 12 © 174296,93 + | 10 30 
3 29 569,79 
10 8 12 17600, oo 4 13 26 173727,14 = 10 34 
| 3 30 | 566,58 
IO 11 42 17700, oo 4 14 53 173160, 56 10 37 
1 3 30 563,38 
10 15 12 17800, oo 4 16 19 172597, 18 10 41 
3 30 560,23 
10 18 42 17900,00 4 17 46 172036,95 Io 44 
3 29 $57,10 
IO 22 11 1 8000, oo 4 19 12 171479,85 — 10 48 
3 30 554,02 
10 25 41 18100,00 4 20 38 170925,83 10 52 
3 I® 550,97 
IO 29 11 18200, oo 4 22 5 170374, 86 + 10 55 
3 309 547794 
10 32 41 18300,00 4 23 31 169826,92 — 10 59 
3 30 544,96 
10 36 11 18400,00 4 24 58 169281,96 — 11 2 
3 29 542,01 


_— 


52 JOANNIS KEPLERT 
Arcus Circuli ] Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum 
cum diffe- meri abſoluti. quartæ. differentiis. 
rentiis. 
3 29 542,01 
10 39 40 18500, oo 4 26 24 168 739,95 
43 * 539,08 
10 43 10 18600, oo 4 27 50 168200, 87 
3 30 536,20 
10 46 40 18700, oo 4 29 17 167664, 67 
BIS. 7 533733 
10 50 10 18800, oo 4 30 43 167131534 
3 30 530,51 
IO 53 40 18900,00 4 32 10 166500,83 
$30 527,70 
10 57 10 19000,00 4 33 36 16607 3,13 — 
3 3! 524794 
11 © 41 19100,00 $356 :*$ 165549,19 
3 30 522,19 
11 4 19200, oo 4 36 29 1650 26,00 — 
3 30 519,49 
LED £5 a 19300,00 4 37 55 | 16450651 + 
3 30 516,79 
i 19400, oo 4 39 22 163989,72 — 
3 30 | 514,15 
11 14 41 I9500,00 4 40 48 163475,57 + 
. 331 511,50 
11 18 12 19600,00 4 42 14 162964,07 — 
3 30 gonor 
tx. 217-48 19700,00 4 43 41 162455516 
3 30 506,33 
11 25 12 19800,00 4 45 7 161948,83 — 
3 30 503,78 
11 28 42 19900,00 4 46 34 161445305 
3 31 501,25 
3 20000,00 4 48 © 16094 3,80 — 
3 30 498,76 
11 35 43 20100,00 4 49 26 160445,04 + 
3 31 496,28 
11 39 14 20200,00 4 50 53 159948,76 + 
3 31 | 493,83 
11 42 45 20300, oo 4 52 19 1 59454,93 + 
19 491,40 
11 46 15 f 20400,00 4 53 46 158963,53 + 
3 31 489,00 


Partes ſexa- 
genariæ. 
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Arcus Circuli Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum 

cum ditfe- meri abſoluti. quartz, differentiis, 
rentus. 

3 21 489,00 

11 49 46 20500,00 4 55 12 15847453 + 
921 486,61 
x1 $9" 27 20600,00 4 56 38 157987,92 
f 331 484,26 

11 56 48 20700,00 4 58 5 157503,66 — 
3 31 451,94 

12 0 19 20800,00 4 59 31 157021,72 + 
3 38 | 479,01 

12 3 49 20900,00 5 © 58 156542,11 — 
3 37 | 477733 
12 7 20 2 1000, oo 5 224 156064, 78 
3 31 475,06 

12 10 51 21100, oo 1 1 0 15558972 — 
3 31 472,81 

I2 14 22 21200,00 44-27 155116,91 — 
3 34 470,59 

12 17 53 21300,00 5 6 43 154646,32 — 
48 468,39 

12 21 24 21400, oo 5 8 10 154177,93 + 
2 21 466,20 
12 24 55 21500,00 5 9 36 | 153711,73 
3 32 404,04 

12 28 27 21600,00 "+ 2 153247,69 + 
| 3 31 461,89 
12 31 58 21700, oo 5 12 29 1527855, 80 
8 459777 
12 35 29 21800, oo $14 £5 152326,03 
3 31 457,07 
12 39 © 21900,00 5 15 22 1:51868,36 
3 32 455,58 

12 42 32 22000, oo 5 16 48 151412,78 — 
3 453,52 
12 46 3 22100, oo 5 18 14 1509 59, 26 
3: 3* 451,47 

12 49 34 22200, oo 5 19 41 150 507,79 + 
3 32 449,43 

14 33 6 22300, oo 8 7 1500 58,36 — 
1 | 440,43 
12 56 37 22400,00 5 22 34 149610,93 
332 | 44 544 


Partes ſexa- 
genariæ. 
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— —_— — — — —— — — 
Arcus Circuli Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum Partes ſexa- 
cum diffe- meri abſoluti. quartæ. differentus. genarle. 

rents. 
FE _s [ 8 _ — 

3 32 44544 

41 9 22500, oo $ 24 © 14919349 13 30 
3 32 443,40 

13 3 41 226c 0,20 5 25 26 143722,03 13 34 
3 32 441,50 

5+ TS 22700,00 6 26 53 149280,53 | 3 37 

„ 439,56 

13 10 45 22800, oo 5 28. 19 147840, 97 13 41 
332 43704 

13 14 17 22900, oo 5 29 46 147403,33 + 13 44. 
3 33 435,73 

13 17 50 23000,90 $ $7-13 14696), 60 13 48 
3 3% 433,84 | 

13 21 22 23100,00 4 32 38 146533,76 © IS $2 
3-39 431,96 

13 24 54 | 23200,00 $ 34 3 146101,80 — 13 55 
Z 3% 430,11 

13 28 26 2. 3300,00 5 35 31 145071, 69 13 59 
3 32 428,27 

13 31 58 23400, oo 5 36 58 14524342 I4 2 
3 33 | 426,44 

1433 3! 2 3500,00 5 38 24 144816,98 14 6 
3 32 424, 63 | 

13 39 3 2 3600,00 5 39 50 144392, 35 14 10 
3 32 | 422,03 | 

13 42 35 2 3700,00 5 41 17 143969,52 I4 13 
3 32 421,05 | 

13 46 7 23800,00 5 42 43 143548,47 — | 14 17 
330 419,29 

13 49 40 23900, oo 5 44 10 143129,18 — 14 20 
3 32 418,54 

13 53 12 | 24000,00 5 45 36 142711,04 I4 24 
4-9 - | 415,80 

13 56 44 24100, oo 8:47 2 142295,84 14 28 
3 33 414,05 

14 O 17 24200, oo 5 48 29 141881,76 | 14 31 
3 3g 412,37 

I4 3 50 24300, oo 5 49 55 141469, 39 | 14 35 
$ 72 410,08 | 

14 7 22 24400, oo 5 51 22 141058,71 [ 14 38 
333 409,00 | 
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Arcus Circul 


ö 


— 


Sinus ſeu Nu- 


Partes viceſimæ 


Logarithmi cum 


* 


cum diffe- meri abſoluti. quartæ. differentus. 
rentus. 
| — — * * 
38 409,00 
14 10 55 24500,00 5 52 48 1426.49,71 
3-3 407,33 
14 14 28 24600, oo 5 54 14 140242,38 
3 33 405,68 
| 14 18 1 224700, oo 5 55 41 1398 36,70 
| 35 404,04 
14 21 34 | 24800,00 88 7 13 9432,66 — 
| 3 32 402,42 
„ 24900, oo 8 58 34 I 39030, 24 
3 33 400,80 
14 28 39 2 5000,00 6. & © 138629,44 
| . 399,20 
14 93 12 25 100, 00 6 1 26 1382 30,24 — 
| 3 33 397,02 
| 14 35 45 2 5200,00 6 2 53 137832,62 + 
| F235 396,04 
14 39 18 2 5300,00 6 4 19 137436,58 + 
| 3. 33 | 394747 
14 42 51 2 5400, oo 6 5 46 137042,11 — 
3 34 392,93 
14 46 25 25 500,00 6 710 136649,18 — 
3 33 391,39 
14 49 58 2 5600, oo 6 8 38 136257,79 
| 3 33 389,87 
14 53 31 2 5700,00 6 10 5 135867,92 + 
3 34 338,35 
| 14 57 5 | 2580000 | 6 11 31 135479957 + 
| 3 33 386,84 
15 0 38 25900, 00 6 12 58 13 5092,73 — 
1 385,30 
I5 4 12 26000,00 6 14 24 134707,37 — 
3 33 2383,88 
| 15 7 46 26100,00 6 15 50 134 323,49 
3 3+ 382,41 
15 11 19 26200,00 6 17 17 133941,08 
3 34 380,95 
15 14 53 26 300,00 6 18 43 133560,13 
| 3 3g 37951 
15 18 26 26400,00 6 20 10 133180,62 
3 34 378, o) 


Partes ſexa- 
genariæ. 
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Jo AN RIS KEPLERI 
Arcus Circul | Sinus ſeu Nu- | Partes viceſimz Logarithmi cum Partes ſexa- 
cum ditic- meri abſoluti. quartæ. differentiis. genariæ. 
rentlis. 8 
3 34 378,07 
0 26500, oo 6 21 36 132802, 55 15 54 
$3 34 370,05 
15 25 34 260, oo 6:83 4 132425,90 15 58 
3-39 375923 | 
15 29 9 26700,00 6 24 29 132050,67 — 1 
3 34 373,84 
15 32 43 26800, oo 5 23" $5 131676,83 + 16 5 
3 34 372343 
117 26900, oo 6 27 22 131304, 40 16 8 
3 35 371,07 
15 39 52 27000, oo 6 28 48 130933.,33 + 16 12 
3 34 399,07 
15 43 26 27100,00 6 30 14 130503,66 — 16 16 
3 34 368,33 
15 47 O 27200,00 6 31 41 130195,33 — 16 19 
3 35 366,98 
15 50 35 27300,00 6:33 5 129828,55 16 23 
3 34 365,63 
15 54 9 27400, oo 6 34 34 129462,72 16 26 
3 343 364,30 
15 57 44 27 500,00 6:30 © 129098,42 + 16 30 
3 34 | 362,97 
16 41 18 27600,00 6 37 26 128735545 = 16 34 
1 361,67 | 
16 4 53 27700,00 6 38 53 128373,78 16 37 
3 35 360, 36 
16 8 28 27800,00 6 40 19 I2801 3,42 16 41 
3 3* 359,07 
16 12 2 27900, oo 6 41 46 127654, 35 16 44 
3 35 35778 
16 156 37 28000, oo 6 43 12 127296, 57 16 48 
33 356,51 
16 19 12 28100,00 6 44 38 126940,06 + 16 52 
33 355723 
16 22 47 28 200, oo 6 46 5 126584,83 — 16 55 
335 353,98 
16 26 22 28 300,00 6 47 31 1262 30,85 + 16 59 
3-35 352,74 ; 
16 29 57 28400,00 6 48 58 126878,11 9 8 
3 36 351,50 
CC — ce RI 
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_[VFTO[_zvzv3OaH3I/ DS 
V 
Arcus Circuli | Sinus ſeu Nu- | Partes viceſimæ rithmi cum Partes ſexa- 
cum diffe- meri abſoluti, quartz. ifferentiis, genariæ. 
rentus, 

3 36 351,50 

16 33 33 28 500,00 6 50 24 125526,61 + 6 
3 35 350, 26 

16 37 8 28600,00 6 51 50 125176,35 + 17 10 
3 35 349,04 

16 40 43 28700,00 6 53 17 124827,31 23-23 
3 35 347,82 

16 44 18 28800, oo 6 54 43 124479,49 — I7 17 
3 36 346,63 

16 47 54 28900,00 6 56 10 124132,86 17 20 
3 35 345342 

16 51 29 29000,00 6 57 36 123787,44 17 24 
3 35 344,24 

16 55 4 29100, oo 6 59 2 123443,20 + 17 28 
3 36 34304 

16 58 40 29200, oo 7 o 29 123100, 16 — 17 31 
3 35 341,89 

17 2 15 29300,00 71 1 122758,27 17 35 
3 36 340,72 

17 £682 29400,00 7 43 22 122417,55 + 17 38 
3 36 339,55 

17 927 29 500,00 7 4 48 122078,00 — 17 42 
3.3 338,41 

17 19 29600, oo 7 6 14 121739,59 = 17 46 
3 36 337»27 

17 16 38 29700,00 + a8 121402,32 17 49 
3 36 336,14 

17 20 14 29800,00 7 $9 121066,18 + I7 53 
3 36 335,01 

17 23 50 29900,00 7 10 34 1207 31,17 + 17 56 
3 37 333,89 

17 27 27 3oooo, oo 7 12 © 120397,28 + 18 © 
3 36 332,78 

27 (8-73 30100,00 7 13, 36 120064, 50 + 18 4 
3 36 331,67 

17 34 39 39200,00 7 14 53 1197 32,83 18 7 
3 37 330,58 

17 36 16 30300,00 7 16 19 119402, 25 18 11 
3 36 329,49 

17 41 52 30400,00 7.17 46 119072,76 18 14 
3 37 328,41 
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— 


Arcus Circuli | Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum I Partes ſexa- 
cum diffe- meri abſoluti. quartæ. differentiis. genariæ. 
rentis. | 

3 37 | 328,41 

17 45 29 30500,00 * 10 12 118744,35 + 18 18 
3 32 327,33 

17 49 6 30600,00 7 20 38 I19417,02 18 22 
3 36 326,26 

17 52 42 390700,00 7 22 5 118090, 76 — 18 25 
3 37 325,21 

17 56 19 30800,00 7 23 31 117765,55 + 18 29 
337 324,15 

17 59 56 30 oo, oo 7 24 58 117441, 40 + | 18 32 
331 323,10 

3 388 3 looo, oo 7 26 24 117118,30 + 18 36 
3 37 322,06 

18 7 10 3110, o 7 27 30 116796, 24 18 40 
3 37 321,03 

18 10 47 31200,00 7 29 17 116475,21 + 18 43 
3 37 320,00 

18 14 24 31300,00 7 30 43 116155,21 + 18 47 
3 38 318,98 

18 18 2 31400,00 7 32 10 115836,23 + 18 50 
3 37 317,96 

18 21 39 31 5, oo 7 33 36 115518,27 18 54 
3 37 316,96 

18 25 16 31600,00 1 45 ® 115201,31 18 58 
3 37 31596 

18 28 53 31700,00 7 36 29 114885,35 + 19 1 
3 38 314,96 

18 32 31 31800, oo 7 37 55 114570, 39 + 19 5 
3 37 313,97 

18 36 8 31 900, oo 7 39 22 114256,42 + 19 8 
3 38 312,99 

18 39 46 32000,00 7 40 46 113943,43 I9 12 
3 38 312,01 

18 43 24 32100,00 7 42 14 113631,42 19 16 
3 38 311,05 

18 47 2 32200,00 7 43 41 113320,37 + I9 19 
3 38 310,07 

18 50 40 32300,00 T7 469 113010, 30 19 23 
3 39 309,12 

18 54 19 32400, oo 746 34 112701, 18 19 26 
3 38 308,17 

— — — 
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Arcus Circuli | Sinus ſeu Nu- | Partes viceſimæ arithmi cum Partes ſexa- 
cum diffe- meri abſoluti. quartæ. fferentiis. genariæ. 
rentiis. 
3 38 308,17 
18 57 57 32 500,00 7 48 © 112393,01 19 30 
3 38 307,21 
Ig 1 35 32600,00 7 49 26 112085,00 19 34 
3 38 306,29 
19 & 13 32700, oo 7 59 53 111779,51 + 3 
3 39 305734 
19 8 52 32800, oo 7 52 19 111474, 17 19 41 
3 38 304, 41 
19 12 JO 32900,00 7 53 46 111169,76 — I9 44 
| 338 303,49 i 
19 16 8 33000,00 7 55 12 110866,27 — 19 48 
3 39 302,58 
19 19 47 33100,00 7 56 38 110563,69 + 19 52 
3 38 301,66 
19 23 25 33200,00 72898 110262,03 + 19 55 
3 39 300,75 
19 22 4 33300,00 7 59 31 109961,28 19 59 
3 38 299,85 
19 Jo 42 33400,00 8 o 58 109661,43 + 20 2 
3-39 298,95 
I9 34 21 33500,00 2 24 109362,48 20 6 
339 298,06 
19 38 0 33600,00 8 3 30 109064,42 — 20 10 
3 39 297,18 
19 41 39 33700, oo , 108767,24 — 20 13 
3 39 296,30 
19 45 18 33800,00 8 6 43 108470,94 20 17 
3 40 295,42 
19 48 58 33900,00 8 8 10 108175,52 20 20 
3 39 294,55 
19 52 37 34000,00 8 9 36 107880,97 20 24 
3 39 | 293,09 
19 56 16 34100,00 3 1% 2 107 587,28 + 20 28 
3 40 292,32 
19 59 56 34200,00 8 12 29 107294,46 — 20 31 
3 39 291,97 
20 3 35 34300,00 8 13 55 107002, 49 — 20 35 
3 IP 291,12 
20 7 14 34400, oo 8 15 22 106711,37 — 20 38 
3 40 290,28 
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60 JOANNIS KEPLERI 
Arcus Circuli | Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum Partes ſexa- 
cum diffe- meri abſoluti, quartz, differentiis. genariæ. 

rentiis. 
3 40 290, 28 
20 10 54 345, oo 8 10 48 10642 1, 9 20 42 
3999 289,44 
20 14 34 34600, oo 8 18 14 106131,65 20 46 
3 39 288,60 
20 18 13 34700,00 8 19 41 105843, 5 + 20 49 
3 40 287,77 
20 21 53 34800, oo 17 10555 5,28 ＋ 20 53 
3 40 286,94 
20 25 33 34900,00 8 22 34 105268, 34 20 56 
3 41 | 286,13 
20 29 14 35000, oo 8 24 o 104982,21 + 21 © 
3 40 285,30 
20 32 54 35 100, oo 8 25 26 104696, 91 21 4 
3 40 284,49 
20 36 34 35200, oo 8 26 53 104412,42 — bn 5 
3 40 | 283,70 | 
20 40 I4 35300, oo 8 28 19 104128,72 + 21 11 
3 41 282,88 
20 43 55 35400,00 8 29 46 10384 5,84 21 14 
3 40 282,09 
20 47 35 35500,00 8 31 12 103563,75 21 18 
3 41 281,29 
20 51 16 35600, oo 8 32 38 103282,46 — 21 22 
3 41 280, 50 
20 54 57 35700,00 8 34 5 103001,96 — | 21 25 
3 41 279773 
20 58 38 35800, oo 8 35 37 102722, 23 21 29 
3 42 278,94 
21 2 20 35900, oo 8 36 58 10244 3,29 21 32 
3 41 278,16 
21 6 1 36000,00 8 38 24 102165,13 — | 21 36 
3 47 | 2775539 
21 9 42 36 100, 0 8 39 50 10188774 — 21 40 
3 41 | 276,63 
21 13 23 36200, oo 8 41 17 101611,11 21 43 
3 42 275,86 
1 36300, oo 8 42 43 101335,25 21 47 
3 41 275,11 
21 20 46 36400,00 8 44 10 101060, 14 + 21 50 
3 42 | 274,34 
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260,08 


— | 
Arcus Circuli | Sinus ſeu Nu- | Partes viceſimæ rithmi cum | Partes ſexa- 
cum diffe- meri abſoluti. quartz. itferentiis. genariæ. 

rentus. 

3 42 274734 

21 24 28 36 500, oo 8 45 36 100785, 80 — 21 54 
3 41 273,60 

21 28 9 36600,00 8 47 2 100512,20 — 21 58 
3 42 272,86 

21 31 51 36700,00 8 48 29 100239, 34. 1 
3 41 272, 10 

21 35 32 36800,00 8 49 55 99967,24 22 5 
3 42 271,38 

21 39 14 36900,00 8 51 22 99695,86 + 22 $8 

| 3 42 270,03 

21 42 56 37000,00 8 52 48 99425,23 22 12 
3 41 269,90 

21 46 37 37100,00 8 54 14 99155,33 = | 22 16 
3 42 269,18 

21 50 19 37200,00 8 55 41 98886,15 22 19 
3 42 268,46 

21 54 0 37300,00 7 98617, 69 22 23 
3 42 267,74 | 

21 57 43 37400,00 8 58 34 9834995 22 26 
3 43 267,02 

22 1 26 37500,00 S606 98082,93 — 22 30 
3 42 266,31 

7 BY i. 37600,00 9 1 26 978 16,62 22 34 

3 43 265,61 

22 8 51 37 700,00 9 2 53 97551,01 22 3] 
3 43 264,90 

22 12 34 37800,00 9 4 19 97286,11 22 41 
3 43 | 264,20 

22 16 17 37900,00 9 5 46 97021,91 22 44 
3 44 | 263,50 

22 20 1 38000,00 9 7 10 96758, 41 — 22 48 
3 43 262,82 

22 23 44 38 100, oo 9 8 38 96495, 59 + 22 52 
3 43 262,12 

22 27 27 38200, oo 9 10 5 96233,47 22 55 
3 44 201,44 

$3 42 1 38300,00 9 11 31 95972,03 22 59 
3 43 260,75 

22 34 54 38400, oo 9 12 58 95711,28 — 23 2 
3 44 
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62 JOANNIS KEPLERI 
Arcus Circuli | Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum 
cum diffe- meri abſoluti. quartæ. iffe rentiis. 
rentus. 
3 44 260,08 
22 38 36 38 500,00 9 14 24 95451,20 
3 43 259,41 
22 42 21 38600, o 9 15 50 95191,79 + 
3 44 253,73 
22 46 5 38700, oo 9 17 17 9493 3,00 
3 44 258,06 
22 49 49 38800, oo 9 18 43 9407 5,00 = 
3 43 257,40 
22 53 32 8900, oo 9 20 10 94417, C60 
3 44 256,75 
22 57 16 39000, oo 9 21 36 94160,85 + 
3 44 256,07 
+ I 39100,00 9 23 2 93904,78 — 
3 44 255543 
23 4 44 39200, 0 9 24 29 9349,35 — 
3 45 254,78 
23 8 29 39300, oo 9 25 55 93394, 57 
3 44 254,13 
23 12 13 39400, oo 9 27 22 93140, 44 
3 45 | 253,49 
23 I5 58 39500,00 9 28 48 92886,95 + 
345 252,04 
23 19 43 39600,00 9 30 14 92634, 11 — 
3 45 252,21 
23 23 28 39700, oo 9 31 41 92381,90 
3 44 251,57 
23 27 12 39800,00 9 433 7 92130, 33 
3 45 250,94 
23 30 57 39900, 0 9 34 34 91879, 39 
3 45 250,31 
23 34 42 40000,00 9 36 © 91629,08 — 
3 45 249,69 
23 38 27 40100,00 9 37 26 91379539 
3 45 2 
23 42 12 40200, oo 9 38 53 91130, 32 + 
3 46 248,45 
23 45 58 40300, oo 9 40 19 9088187 
3 45 247,83 
23 49 43 40400, oo 9 41 46 90634,04 + | 
3 46 247,22 


r K 
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Arcus Circuli ( Sinus ſeu Nu- | Partes viceſimz 1 cum Partes ſexa- 
cum diffe- meri abſoluti. quartz, rentus. | genariz, 
rentus, 

3 46 247722 

23 53 29 40500, oo 9 43 12 90 386,82 + | 24 18 
3 46 246,61 | 

23 67 16 40600, oo 9 44 38 90 140, 21 + 24 22 
3 40 246,00 

6 2 40700, oo 9 46 5 89894,21 + 24 25 
3 45 | 245,40 

24 4 46 40800,00 9 47 31 89648,81 + 24 29 
3 46 l 244-79 

24 8 32 40900,00 9 48 58 89404,02 — 24 32 
3 46 244,21 | 

24 12 1B 41000,00 9 50 24 89159,81 + | 24 36 
3 46 243,60 

24 16 4 41100,00 9 51 50 889 16,21 24 40 
3 47 hw 243,01 

24 19 51 41200,00 9 53 17 88673,20 [ 24 43 
3 47 242,43 | 

24 23 38 41300,00 9 54 43 88439,77 | 24 47 
3 46 241,83 

24 27 24 41 400,00 9 56 10 88188,04 — | 24 50 
3 47 241,26 | 

24 31 11 41500,00 9 57 36 87947,68 | 24 54 
3 47 240,68 | 

24 34 58 41600,00 9 59 2 87707,00 + | 24 58 
3 47 240,00 | 

24 38 45 41700,00 10 © 29 87466,91 X 
3 46 239,52 

24 42 31 41800, oo 1 55 87227,39 — | 25 5 
3 47 230,95 | 

24 46 18 41900,00 10 3 22 86988,44 — | 25 8 
3 47 238,38 

24 30 5 42000, oo 10 4 48 867 50,06 25 12 
3 47 | 237,01 {| 

24 53 52 42 100,00 10 I4 86512,25 — [ 25 16 
2. | 237,25 

24 57 40 42200, oo 10 7 41 86275,00 —= | 25 19 
3 47 236,69 | 

25 127 42300,00 97 86038,31 + [ 25 23 
3 48 236,12 | 

26 5 15 42400, oo 10 10 34 8 5802,19 — | 25 26 
3 48 235,7 
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Arcus Circuli | Sinus ſeu Nu- | Partes vicefimz | Logarithmi cum | Partes ſexa- 
cum diffe- meri abſoluti. quartz. differentiis. genariæ. 
rentus. x ; 

3 48 235557 

28 8 3 42 500, oo IO 12 © 85566,62 — 25 30 
3 48 235,02 

25 12 51 42600,00 10 13 26 85331,60 — | 25 34 
3 49 234,47 

25 16 40 42700,00 10 14 53 8509 7, 13 as 37 
3 48 233,92 

25 20 28 42800, oo 10 16 19 84863,21 + 25 41 
3 46 233,37 | 

25 24 16 42900,00 10 17 46 84629,84 25 44 
3 46 232,63 © - 

25 28 4 | 43000,00 IO 19 12 84397,01 25 48 
3 48 232,27 

25 31 52 43100,00 Io 20 38 84164,74 — | 25 52 
3 49 23177 

25 35 41 43200, oo 10 22 5 83932497 + 25 55 
3 48 231,21 

25 39 29 43300, oo 10 23 31 83701,76 — 25 59 
3 49 230, 68 

25 43 18 43400, oo 10 24 58 83471, 8 26 2 
3 49 | 230,15 

25.47 7 43500,00 10 26 24 83240, 93 — 26 6 
3 49 229,62 

25 50 56 4360, oo 10 27 50 83011,31 26 10 
3 50 229,10 

25 54 46 43700, oo 10 29 17 82782,21 + 26 13 
3 49 228,57 

25 58 35 43800,00 10 30 43 825 53,64 26 17 
3 49 228,05 

26 2 24 43900,00 Io 32 10 82325,59 26 20 
3 30 227353 

26 6 14 44000,00 10 33 36 82098,06 — 26 24 
3 49 227,02 

26 10 3 44100,00 0 35 2 81871,04 26 28 
3 50 226,50 

26 13 53 44200, oo 10 36 29 81644,54 26 31 
350 225,99 

26 17 43 | 44300,00 | 10 37 55 8$1418,55 + | 26 35 
3-99 225,48 

26 21 33 44400,00 10 39 22 81193,07 + 26 38 
3 51 224,97 
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215,29 


Arcus circuli Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum Partes ſexa- 
cum diffe- meri abſoluti. quartæ. dite rentiis. genariæ. 
rentus. 
331 224,97 
26 25 24 44. 500,00 10 40 48 80968,10 
3 59 224,46 
26 29 14 4460, oo 10 42 14 80743,04 
I $4 WY 223,97 
26 22 $4 44700,00 10 43 41 80519,67 
331 223,46 
26 36 56 44800,00 10 45 7 80296,21 
3 50 222,97 
26 40 46 44900,00 10 46 34 8007 3,24 
S 3* 222,47 
26 44 37 45000, oo 10 48 O 79850, 7 
3 5% 221,97 
26 48 28 45100,00 10 49 26 79628,80 
331 221,49 
26 52 19 45 200, oo 10 50 53 79407, 31 
3 $1 | 220,99 
26 56 10 45300,00 10 52 19 79186,32 
3. 3* 220,51 
$9 &-'Y 45400,00 10 53 46 78965,81 
3 51 220,02 
27 3 53 45500,00 | 10 55 12 78745, 79 
332 219,54 
-$7 2-4 45600,00 10 56 38 78526,25 
43 219,06 
27 11 37 45 700, oo 10 58 5 7830), 19 
3 52 218,58 
27 14 29 45800, oo 10 59 31 78088, 61 
3 52 218,10 
27 18 21 45900,00 11 o 58 77870, 51 
3 | 217,63 
27 23 14 46000, oo 11 2 24 77652,88 
3 52 217,15 
27 27 6 46100,00 £3 $0 114355713 
2-26 - 216,69 
27 30 59 46200,00 1 83 77219,04 
3 52 216,21 
27 34 51 46300,00 11 6 43 77002,83 
233 215,75 
27 38 44 46400, oo tn 0 76787, 8 
3 
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8 


Areus circuli Sinus ſeu Nu- — 5 viceſimæ rithmi cum 
cum diffe- meri abſoluti. quartæ. ifferentiis. 
rentlis. 
3 53 | 215,29 
27 42 37 46500,00 11 9 36 76571979 
3-33 214,02 
27 46 30 46600,00 W230 2 76356,97 
3 54 214,36 
27 50 24 46700,00 11 12 29 7642,61 — 
3-33 | 213,91 
27 54 17 46800,00 IT 13 55 75928,70 
3 34 213,45 
27 58 11 46900,00 [1 15 22 75715, 25 + 
3 53 212,99 
28 2 4 47000,00 11 16 48 75502,26 
3-59 212,54 
28 5 58 47100,00 II 18 14 75289,72 
3 5 212,09 
28 y 52 47200,00 II 19 41 75077,63 
3 54 211,64 
| 28 13 46 47300,00 1121 7 74865, 99 
3 54 211,19 
28 17 40 47400,00 11 22 34 740 54,80 
35 210,75 
28 21 35 47 500,00 I1 24 0 74444, 05 
334 210, 30 
28 25 29 4760, oo 11 25 26 74233,75 = 
3 55 209,87 
28 29 24 47 700,00 11 26 53 74023,88 
3 54 209,42 
238 33 18 47800,00 11 28 19 73814,46 — 
3 55 208, 99 
28 37 13 47900, oo 11 29 46 73605, 47 
3 55 | | 203,55 
28 41 8 48000, oo 1131 12 73396, 92 
3 55 208,12 
28 45 3 43100,00 11 32 38 73188,80 + 
3 56 207,08 
28 48 59 48200,00 I1 34 5 72981,12 
3 55 207,25 
28 52 54 48300,00 11 35 3! 72773,87 = 
3 56 206,83 
28 56 50 48400, oo 11 36 58 72567, 04 
353 


| 


206,40 | 
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| Axcus Cireuli | Sinus ſeu Nu- | Partes viceſimæ 1 cum {| Partes ſexa- 
cum diffe- meri abſoluti. quartz, ifferentiis, genariæ. | 
rentiis. | 
— —— — — | } | 
3 55 206,40 } 
29 04 48500, oo 11 38 24 72360,64 [ 29 6 | 
II 205,97 | | ; 
29 4 41 48600,00 11 39 50 72154, | 29 10 | 
3 56 205,55 | j 
29 8 37 | 48700,00 | 11 41 17 71949412 29 13 1 
3 56 | 205,13 {| 1 
29 12 33 48800, oo 11 42 43 71743,99 J 29 17 | 
3 57 20471 
29 16 30 48900, oo | It 44 10 71539,28 29 20 
3 5 204,29 
29 20 26 49000,00 11 45 36 7133499 29 24 
3 $7 203,87 
29 24 23 49100,00 11 47 2 71131,12 — 29 28 
3 57 | 203,46 
29 28 20 49200,00 11 48 29 70927, 66 29 31 
357 203,05 
29 32 17 | 49300,00 | 11 49 55 70724, 1 + | 29 35 
3 58 202,63 | 
29 36 15 49400,00 11 51 22 70521,98 | 29 38 
3 57 202,23 
29 40 12 4950, oo 11 52 48 70319,75 + | 29 42 
3 57 201,81 | 
29 44 9 | 49600,00 11 54 14 70117,94 — | 29 46 
3 58 201,41 
29 48 7 49 700,00 11 55 41 69916,53 — | 29 49 
"40 201,01 
29 52 4 | 49800,00 | 11 57 7 69715,52 29 53 
3 58 200,00 
29 56 2 49900,00 II 58 34 69514,92 29 56 
3 58 | 200,20 
30 © © 50000,00 12 © © 69314,72 29 © 
3 58 199,80 
30 3 58 50100,00 12 1 26 69114,92 30 4 N 
3 39 199,40 | 
30 7 57 50200,00 12 2 53 68915,52 — ] 30 7 | 
3 58 199,01 iy 
30 11 $5 5$0300,00 12 4 19 68716,51 + | 30 11 I 
3 I» 198,61 | fl 
30 15 54 50400, oo 12 5 46 68517,90 + | 30 14 ik 
3 59 199,21 | i 
| | 


— 
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| Arcus Circuli 


Sinus ſeu Nu- 


Partes viceſimæ 


Logarithmi cum 
differentiis, 


cum diffe- mer abſoluti. quartz, 
rentus. ; 
3 59 198,21 
30 19 53 go oo, oo 1 683 19,69 
3 59 197,03 
30 23 52 50600,00 12 8 38 68121,86 + 
4 © 197,43 
30 27 52 5o/oo, oo 12 10 5 67924, 43 
3 59 197,04 
30 31 $1 50800,00 I2 I1 31 67727,39 — 
4 © 196,66 
30 35 51 50900, oo 12 12 58 6730,73 — 
4 0 196,27 
30 39 57 5 looo, oo 12 14 24 67334,46 — 
4 0 195,89 
30 43 51 51 loo, oo 12 15 50 67138,57 
3 195, 50 
30 47 52 51 200, oo 17 66943, 07 
4 o 195,12 
30 51 52 51 zoo, oo 12 18 43 6674,95 
8 194,75 
30 65 52 51 400, oo 12 20 10 665 53,20 + 
4 1 194,36 
30 59 53 51 5oo, oo 12 21 36 66358,84 
4 9 193,99 
3 53 51600,00 23 2 66164,85 + 
$ 2 193,61 
7 34 $1700,00 12 24 29 65971,24 + 
4 1 193,23 
II 55 51800, oo 12 25 55 65778,01 — 
& 71 192,87 
15 56 51900, oo 12 27 22 6558 5, 14 
4 1 192,49 
19 57 5$2000,00 12 28 48 65392,65— 
& 4 192,12 
23 59 52100,00 12 30 14 65200, 53 — 
3 191,76 
28 0 52200, oo 12 31 41 65008, 77 
4 2 191,39 
In 2 $2300,00 38 - BR, 64817,38 
4 2 191,02 
36 4 52400, oo 12 34 34 64626, 36 
4 2 190, 65 


ö 


— e_CC[ﬀYC YC —— 


Partes ſexa-$ 
genariz, 


LOGARITHMI 


69 


Arcus Circuli | Sinus ſeu Nu- | Partes viceſime | Logarithmi 'cum | Partes ſexa- 
cum diffe- meri abſoluti. quartæ. ifferentiis. genariæ. 
rentus. 

4 2 190, 65 

31 40 6 52 500, oo 12 36 © 64435,71 — 31 30 
9 | 190,30 

31 44 9 52600,00 12 37 26 6424 5,41 31 34 
4 2 189,94 

31 48 11 52700, oo 12 38 53 64055,47 + 31 37 
4 3 | 189,57 

31 52 14 $2800,00 12 40 19 63865, 90 31 41 
4 3 189,21 

31 5617 52900, oo 12 41 46 63676,69 — 31 44 
8 | 188,86 

32 © 20 53000,00 12 43 12 634$7,83 31 48 
4 4 188,50 

32 4 24 53100,00 12 44 38 63299,33 31 52 
4 83 188,15 

32 8 27 53200, 00 12 46 5 63111,18 1-55 
4 4 157,79 

32 12 31 53300, oo 12 47 31 62923,39 31 59 
4 4 187,44 | 

32 16 35 53400, oo 12 48 58 62735295 = | 32 2 
4 4 187,10 

32 20 39 53500, oo 12 50 24 62548,85 + | 32 6 
4 4 186,74 

32 24 43 53600, oo 12 51 50 62362,11 + 32 10 
&*Y 186,38 

32 28 48 53700, oo 12 53 17 62175,73 + 32 13 
4 4 186,05 

32 32 52 53800, o o 12 54 43 61989, 68 32 17 
4 5 | 195,71 

32 36 57 53900,00 12 56 10 61803,97 32 20 
4 5 185,30 

32 41 2 54©000,00 12 57 36 | $641618,61 + 32 24 
41 | | 18 5,00 

$2 48 3 54100,00 12. 0 2 61433,01 32 28 
4 5 194,07 

32 49 12 54200,00 13 © 29 61243,94 — 32 31 
4 6 184,34 

32 53 18 54300, oo 14 233 61064, 60 32 35 
89 183,99 

32 57 23 54400, oo 123 20 60880, 661 — 32 38 
4 6 183,66 | 


70 JOANNIS KEPLERYI 
— at — 
Arcus Circuli Sinus ſeu Nu- | Partes viceſime | Logarithmi eum Partes ſexa- 
cum diffe- meri abſoluti. quartz, ditferentus. genariæ. 
rentiis. 
4 8 183,66 | 
33 1 29 54500,00 | 13 4 48 bobg6,95 [32 42 
4 6 183,32 | 
33 5 35 54600,00 13 6 14 60513,63z | 32 46 
| 4 6 132,98 | 
33 9 41 54700, oo 13 741 6038005 | 32 49 
Sy 182,65 | 
33 13 48 54800,00 13 9 7 60 148,000 | 32 53 
4 6 182,31 | 
33 17 54 | 54900, 013 10 34 59965, | 32 56 
4 7 131,99 
33 £2 2 55000,00 13 12 © $9783,70 + | 33 © 
1 181,65 N 
33 26 8 55 loo, oo 13 13 26 59602, 33 4 
4 7 181,32 | 
„ {| ggn00,00 | 13 26 53 59420573 [33 7 
4 181,00 
33 34 23 | $5300,00 | 13 16 19 $9239973 | 33 11 
" HP : 180,67 4 
33 38 30 | $5400,00 | 13 17 46 $9059,06 | 33 14 
1 180, 34 
33 42 38 55 So, oo 13 19 12 58878, 72 33 18 
Uu 8 180,02 ; 
33 46 46 55600,00 13 20 38 58698, 70 133 22 
. 1 | 
$3 50 54 55 700, oo 13 22 65 $8519,00 i 33 25 
4 9 179737 | 
3355 3 $5800,00 | 33 23 31 58339,63 33 29 
4 179,05 N 
33 59 11 55900,00 13 24 $$ 58160,58 ][ 33 32 
4+ 9 178,73 1 
34 3 20 86000, oo 13 26 24 57981,85 | 33 36 
4 9 I78,41 l 
34 7 29 | 36100, [ 13 27 50 57803, 44 | 33 40 
SD 178,10 | 
34 11 38 56200,00 13 29 17 57625,34 + | 33 43 
4 10 17777 
34 15 48 56300,00 13 39 43 5744757 33 47 
4 9 177,46 
34 19 57 56400, % | 13 32 10 57270, 1 — | 33 5 
4 10 177,16 


LOGARITHML 71 
\ | 
Arcus Circuli | Sinus ſeu Nu- Partes viceſimæ arithmi cum Partes ſexa- 
cum diffe- meri abſoluti. quartæ. fferentiis. genariz, 
rentus. 
P | 
4 10 177,16 | 
34 24 7 56 500,00 13 33 36 57092, 95 + | 33 54 
4 10 176,82 
34 28 17 56600,00 13 35 2 56916,13 + 33 58 
4 11 176,53 | 
34 32 28 $6700,00 13 36 29 56739,60 + 34 1 
4 10 176,21 
34 36 38 | 56800,00 13 37 55 56563,39 34 5 
4 11 175,90 | 
34 49 49 $6900,00 | 13 39 22 56387,49 = | 34 8 
4 11 175,00 | 
34 45 © | $g7000,00 13 40 48 56211,89 + | 34 12 
4 11 175,28 
34 49 11 | $7100,00 | 13 42 14 $6036,61 3416 
4 12 174,98 | 
34 53 23 | $7200,00 | 13 43 41 $5861,63 + | 34 19 
4 11 174,7 
34 57 34 $7390,00 | 13 45 7 556386,96 — | 34 23 
1 174,37 
35 146 57400, 0 | 13 46 34 $$512,59 | 34 26 
4 12 174,06 ö 
35 5 58 57500,00 | 13 48 © 5$53338,53 = | 34 30 
| 4 12 173,76 | 
| 35 10 11 {| $57600,00 13 49 26 $5164,77 J 34 34 
| 4 12 24 | 
35 14 23 57700,00 13 30 33 5499139 + [34 37 
| 4 13 173,16 | 
| 35 18 3 57800,00 13 52 19 54818,14 | 34 41 
4 13 172,86 | 
35 22 49 57900,00 | 13 53 46 546459259 | 34 44 
4 13 172,50 
3527 2 5$8000,00 13 $5 12 5447272 34 48 
4 14 | I72,27 | 
35 31 16 58 100, 0 13 56 38 54300, 45 + {| 34 52 
4 13 : 171,97 | 
35 35 29 | $8200,00 13 58 5 4128,48 + | 34 55 
4 14 171,67 | 
35 39 43 | $8300,00 | 13 59 31 $3956.81 +] 34 59 
4 14 171,37 
35 43 57 58400, 0 | 14 © 58 $3785.44 — | 35 2 
4 14 171,09 
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JOANNIS KEPLERI 
Arcus Circuli || Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum | Partes ſexa- 
cum diffe- meri abſoluti. quartæ. differentiis. genariæ. 
rentus. 

4 14 I71,09 | 

35 48 11 58 500,00 14 2 24 53614,35 = | 35 6 
4 15 170,80 

35 52 26 58600,00 14 3 50 53443,55 35 10 
4 14 170, 50 

35 56 40 58700,00 | 14 5 17 5327305 = | 35 13 
4 15 170,22 | 

36 © 55 58800,00 14 6 43 53102,83 + 35 17 
4 15 169,92 

36 5 10 58900, oo 14 8 10 52932, 91 35 20 
1 169,63 

36 9 26 59000, oo 14 9 36 52763,28 — 35 24 

| 4 15 169,35 

36 13 41 59100,00 14 11 2 52593993 = | 35 28 
4 16 169,06 

36 17 57 59 200,00 14 12 29 $2424,67 — | 35 31 

| 4 16 168,78 

36 22 13 59300,00 | 14 13 55 52256,09 35 35 

1 168,49 

36 26 30 59400, oo 14 15 22 52087, 60 35 38 
4 16 168,21 

36 30 46 59500,00 | 14 16 48 51919,39 35 42 
417 | 167,93 

30 35 3 59600,00 14 18 14 51751,46 + | 35 46 
4 17 167,04 

36 39 20 59700,00 14 19 41 5158 3,92 35 49 
4 18 167,37 

36 43 38 59800,00 14 21 7 51416,45 + 35 33 
4 17 167,08 

36 47 55 59900,00 14 22 34 51249,37 35 56 
4 18 166,81 

36 52 13 60000,00 14 24 O 51082, 56 + 36 © 
4 18 166,52 

36 56 31 60100,00 14 25 26 509 16,04 — 36 4 
4 19 166,20 

37 © 50 60200,00 14 26 53 50749,78 + g6 7 
4 19 165,97 

$7 5 9 60300,00 14 28 19 50583,81 36 11 
4 18 165,70 

37 9 27 60400,00 14 29 46 50418,11 36 14 
4 | 
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| 
Arcus Circuli | Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum Partes ſexa- 
cum diffe- meri abſoluti. quartz, ifferentus, genariz, 
rentiis. 

4 19 105,43 

37 13 46 60500,00 14 31 12 50252,08 36 18 
4 19 165,15 

37 18 5 60600,00 .| 14 32 38 50087,53 36 22 
4 20 164,88 

37 22 25 | 60700,00 | 14 34 5 49922,65 36 25 
4 19 164,01 

37 26 44 60800,00 14 35 31 497 58,04 36 29 
4 20 104,34 

37 31 4 | G60g00,00 | 14 36 58 49593,70 + | 36 32 
4 20 164,07 

37 35 24 61000,00 I4 38 24 49429,63 + 36 36 
4 21 163,80 

37 39 45 61100,00 14 39 50 49265,83+ | 36 40 
4 20 103,53 

37 44 $ 61200,00 14 41 17 49102,30 36 43 
4 21 | 163,26 

37 48 26 61300,00 14 42 43 438939,04 — | 36 47 
4 21 163,00 

37 52 47 61400,00 14 44 10 48776,04 — 36 50 
4 22 162,74 

37 37 9 61500,00 | 14 45 36 48613,30 + | 36 54 
4 21 162,47 

38 1 30 61600,00 14 47 2 48450, 83 + 36 58 
4 22 162,20 

38 5 52 61700, oo 14 48 29 48288, 63 1 
4 22 | 161,95 

38 10 4 61800,00 I4 49 55 48126,68 + 9 
4 23 161,68 

38 14 37 61900, oo 14 51 22 47965,00 + $73 $ 
4 22 161,42 

38 18 59 62000,00 14 52 48 47803, 58 + 37 12 
4 23 161,16 

38 23 22 62100, oo 14 54 14 47642, 42 37 16 
4 24 160, 90 

38 27 46 62200, oo 14 55 41 47481,52 37 19 
4 23 160,04 

38 32 9 62300,00 1187 47320, 88 923 
4 24 160,39 

38 36 33 62400,00 14 58 34 47160, 49 + 37 26 
4 24 160,12 
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Arcus Circuli Sinus ſeu Nu- | Partes viceſime | Logarithmi cum Partes ſexa- 
cum diffe- meri abſoluti. quartæ. differentiis. genariæ. 
rentus. 
4 24 160, 12 
38 40 57 62 50, oo 5-0 © 47000,37 — 37 30 
4 25 159,88 
38 45 22 62600, oo 1 46840, 49 + 37 34 
4 25 | 159,61 
38 49 47 | 62700,00 | 15 2 53 46080,08 — } 27 37 
4 24 | I 59,37 
38 54 11 62800,00 15 4 19 46521,51 + 37 41 
4 25 159,11 
38 58 36 62900, oo 15 5 46 46362,40 + | 37 44 
4 25 158,85 
, a. 63000,00 THE: 46203,55 37 48 
4 26 158,61 
39 727 63100,00 15 8 38 46044,94 + | 37 52 
4 27 158,35 
39 11 54 63200,00 $520 4 45880,59 37 55 
4 27 158, 10 
39 16 21 | 63300,00 | 15 11 31 45728,49 37 59 
"= #7 157,86 
39 20 48 63400,00 15 12 58 45579403 + 33 2 
4 26 157,60 
39 25 14 63500, oo 15 14 24 45413, 03 38 6 
4 27 157,36 
39 29 41 630, oo 15 15 50 45255,07 + 38 10 
4 27 I 57,10 
39 34 8 63700,00 vs 17 17 45098,57 — 38 13 
- >< Bd 156,87 
39 38 36 63800, oo 15 18 43 44941,70 + 38 17 
4 27 156,62 
2-43 £2 63900,00 15 20 10 44785,08 + 33 20 
4 28 1 56,37 
39 47 31 64000,00 15 21 36 44628,71 38 24 
4 28 156,12 
39 51 59 64100,00 ie 23 $ | 44472359 — 38 28 
4 29 | 155,89 
39 56 28 64200, oo 15 24 29 443 16,70 38 31 
4 29 | | 155,05 | 
40 O 57 643 o, oo 15 25 55 44161,05 + | 38 35 
4 30 15540 
40 5 27 64400,00 15 27 22 44005,65 + 38 38 
4+ 29 155515 | 


LOGARITHMI, 


Arcus Circuli Sinus ſeu Nu- | Partes viceſimæ 
cum diffe- mexi abſoluti. quartæ. 
rentus. 

4 29 

49 9 56 64 500,00 15 28 48 
4 30 

40 14 26 64600, oo 15 30 14 

ö 4 30 

40 18 56 64700,00 I5 31 41 
4 31 

40 23 27 64800,00 Is 33 7 
4 31 

40 27 58 64900,00 15 34 34 
4 32 

40 32 30 65000,00 15 36 o 
4 32 

40 37 2 65 loo, oo 15 37 26 
4 33 

40 41 35 65200, oo 15 38 53 
4 32 

40 46 7 65300,00 15 40 19 
4 33 

40 50 40 6 5400, oo 15 41 46 
4 33 

40 55 13 65 500, oo 15 43 12 

| 4 33 

40 59 46 6 5600,00 15 44 38 
4 33 

41 4 19 65700,00 15 46 5 
4 34 

41 8 53 65800,00 15 47 31 
4 33 

41 13 26 65900,00 15 48 58 
4 34 

41 18 © 66000,00 15 50 24 
4 35 

41 22 35 66 100, oo 15 51 50 
4 35 

41 27 1 66200, oo 1199 
43 | 

41 31 46 66 300,00 15 54 43 
4 35 9 

41 36 21 66400, oo 15 56 10 


Logarithmi cum Partes ſexa- 
ifferentiis. genariæ. 
15515 

43850, 50 — | 38 42 
154,92 | 

4369558 38 46 
154,68 

4354,90 38 49 
154544 

43386, 46 38 53 
I 54,20 

43232,26 38 56 
153,97 

43078, 29 39 © 
153773 

42924, 56 + 39 4 
153,48 

42771, 08 97 
153,26 

42617,82 39 11 
153,03 

42464,79 + [ 39 14 
152,79 

42312, 00 + 39 18 
152,55 

42159545 39 22 
152,32 

42007,13 — 39 25 
152, 09 

41855,04 — 39 29 
151,87 

41703, 17 + 39 32 
151,02 

41551,55 — | 39 36 
151,40 

41400, 15 — 39 40 
151,18 

41248,97 + | 39 43 
150,94 

41098, 3 39 47 
150,72 

4094731 + 39 50 
150,49 


E's 


* 
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JOANNIS KEPLERI 
Arcus Circuli Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum | Partes ſexa- 
cum diffe- meri abſoluti. quartæ. ifferentiis. genariæ. 
rentiis. 

4 36 150, 49 

41 40 57 66 500,00 $47 $6 40796, 82 39 34 
4 3 150,26 

41 45 33 66600,00 Is 50 2 40646,56 39 58 
4 37 I 50,03 

41 50 10 66700,00 16 0 29 40496,53 = | 40 1 
4 37 149,52 

41 54 47 66800,00 1 40346,71 + 40 5 
4 38 149,58 

41 59 25 66900,00 16 3 22 40197,13 — 40 8 
4 37 149,37 

42 4 2 67000,00 16 4 48 40047,76 40 12 
4 38 149,14 

42 8 40 67100,00 16 I 4 39898,62 40 16 

| 4 38 148,92 

42 13 18 67200,00 16 7 41 39749,70 — 40 19 
4 39 148, 70 

42 17 57 67300,00 9-3 39601,00 — 40 23 
4 39 148,48 

42 22 36 67400,00 16 10 34 39452,62 — 40 26 
4 39 148,26 

42 27 15 67 500,00 1 0 39304,26 40 30 
4 40 148,04 

42 31 55 67600,00 16 13 26 39156,22 40 34 
4 40 147,76 

42 36 35 67700,00 16 14 53 39008,46 40 37 
4 40 147,06 

42 41 15 67800,00 16 16 19 38860, 80 40 41 
4 41 147,38 

42 45 56 67900, oo 16 17 46 38713,42 — 40 44 
4 41 | 147,17 

42 50 37 68000,00 16 19 12 38 566,25 40 48 
4 42 146,95 

42 55 19 68100,00 16 20 38 38419,30 40 52 
4 42 140,74 

$30 1 68200,00 10:82 2 38272,56 + 40 55 
4 43 | 146,52 

43 4 44 68300,00 16 23 31 38126,64 + 40 59 
4 42 146,30 

43 9 26 68400,00 16 24 58 37979,74 — 41 2 


LOGARITHMHI, 77 
Arcus Circuli | Sinus ſeu Nu- | Partes viceſimz rithmi cum Partes ſexa- 
cum diftc- mert abſoluti, quart. ifferentus, genariz, 
rentiis. 
4 43 146,09 | 
43 14 9 68 500,00 16 26 24 37833,65 — 41 6 
4 43 145,88 
43 18 52 68600,00 16 27 50 37087,77 — | 41 10 
4 43 145,07 
43 23 35 68700,00 16 29 17 37542, 10 41 13 
4 44 145,45 
43 28 19 68800, 0Q | 16 30 43 37396,65 — | 41 17 
4 44 145,25 
43-93 3 68900,00 16 32 10 37251,40 + 41 20 
4 45 145,03 
43 37 48 69000,00 16 33 36 37106,37 41 24 
4 45 144,83 
43 42 33 69100,00 16 35 2 36961,54 + 41 28 
4 45 144,01 
43 47 18 69200, oo 16 36 29 368 16,93 41 31 
4 46 144,40 
43 52 4 69300,00 16 37 55 36672,53 = | 41 35 
4 46 1 44,20 
43 56 50 69400,00 16 39 22 36528,33 + | 41 38 
4 47 143-99 
44-3 39 69 500,00 16 40 48 36384,34 + 41 42 
4 47 143,78 
44 6 24 69600,00 16 42 14 36240, 56 + 41 46 
4 48 143,57 
44 11 12 69700,00 16 43 41 36096,99 41 49 
4 48 143337 
44 16 © 69800,00 16 45 7 3595302 41 53 
4 48 143,7 
44 20 48 69900, oo 16 46 34 358 10,45 + 41 56 
4 49 142,96 
44 25 37 700C0,00 16 48 © 35667,49 + 42 © 
4 49 142,75 
44 30 26 70100,00 16 49 26 35524474 42 4 
4 50 142,55 
44 35 15 70200,00 16 50 53 35382,19 42 7 
4 50 142,35 
44 40 5 70 300,00 16 52 19 35239,04 + 42 11 
4 50 142,14 
44 44 55 70400,00 16 53 46 35097,70 = | 42 14 
4 51 141,95 
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Arcus Circuli Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum Partes ſexa- 
cum diffe- meri abſoluti. quartz. differentiis. genariæ. 
rentiis. f 
* 141,95 | 
44 49 46 70500,00 | 16 55 12 34955975 = | 42 18 
4 $1 141,75 
44 54 37 70600,00 16 56 38 34814,00 + 42 22 | 
4 $2 I41,54 
44 59 29 70700,00 16 58 5 34672,46 42 25 
4 52 141,34 0 
45 4 21 70800,00 16 59 31 3453112 4% 29 
4 52 141,14 | 
45 9 13 ooo, oo 17 © 58 34389,98 — 42 32 
4 83 | A 
45 14 6 71000,00 17 2. 24 34249, 03 42 36 
4 53 140,74 
45 18 59 71 loo, oo [9-3 40 34108,29 — | 42 40 
4 54 140,55 
45 23 53 71200,00 1 33967,74— 42 43 
4 54 140,35 
45 28 47 71300, 0 | 17 6 43 3382739 42 47 
4 54 14915 | 
45 33 41 71400,00 17 8 10 33687,24 — | 42 50 
555 <0 139,90 
45 38 36 71 500,00 17 9 36 335478 — | 42 54 
4 55 139777 
45 43 31 71600, oo 19-31 -© 33407,51 4 $6 
4 56 | 139957 
45 48 27 71700,00 17 12 29 33267,94 + | 43 1 
4 56 139,37 
45 53 23 71800,00 I7 13 55 33128,57 43 5 
4 57 | 139,18 
45 58 20 71900,00 17 15 22 32989, 39 43 8 
+37 | 138,96 
46 3 17 72000,00 | 17 16 48 32850,41 — 43 12 
4 58 | 138,79 
46 8 15 72100,00 £7 20 14 * 32711,62 — 43 16 
4 58 138,60 
46 13 13 72200,00 17 19 41 3257302 — 43 19 
4 59 138,41 
| 46 18 12 172300, oo 17 21 7 32434,01 — 43 23 
4 $9 I 38,22 
46 23 11 72400, oo 17 23 34 32296,39 43 26 
4 59 138,03 
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| Arcus Circuli | Sinus ſeu Nu- | Partes viceſimæ rithmi cum | Partes ſexa- 
cum diffe- meri abſoluti. quartæ. differentiis. genariæ. 
rentus. 

4 $9 138,03 

46 28 10 72 500,00 17 24 © 32158,36 + 43 30 
s © 137,03 

46 33 10 72600,00 17 25 26 32020,53 43 34 
$ 137,05 

46 38 10 72700, oo 17 26 53 31882,88 43 37 
8 1 137,46 

46 43 11 72800, oo 17 28 19 31745,42 + 43 41 
1 137,27 

46 48 12 72900,00 17 29 46 31608,15 + | 43 44 
$3 137,07 

46 53 13 73000, oo 17 31 12 3147,08 — 43 48 
"In 136,90 

46 58 15 73100,00 17 32 38 3133418 43 52 
1 136,70 

47 $ 87 73200,00 » & 31197,48 — 43 55 
. 136,53 | 

47 8 20 73300, oo 17 35 31 31060,95 43 59 
$ 3 136,33 

47 13 23 73400, oo 17 36 58 30924, 62 44 2 

A 136,14 

47 18 27 73500, oo 17 38 24 30788, 48 44 6 
5 5 135,96 

47 23 32 73600, oo 17 39 50 306 52,52 44 10 
1 135,78 

47 18 37 73700,00 17 41 17 305106,74 44 13 
3 135,60 

47 33 43 73800, oo 17 42 43 30381,14 + 44 17 
5 6 135,40 

47 38 49 73900, oo 17 44 10 30245,74 — | 44 20 
8 135,23 

47 43 56 74000,00 17 45 36 30110,51 44 24 
3 I 35,04 

27 49 3 74100,00 17 47 2 2997 5,47 44 28 
3B | 134,86 

47 54 10 74200, oo 17 48 29 29840, 61 — 44 31 
3 | 134,08 

47 59 18 74300,00 17 49 55 29705,93 44 35 
1 134,50 | 

48 4 26 74400,00 17 51 22 29571,43 44 38 

* 5 9 134732 
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Arcus Circuli Sinus ſeu Nu- | Partes viceſime Logarithmi cum Partes ſexa- | 
cum diffe- mer! abſoluti. quartæ. differentiis. genariæ. 
rentus. . 
32 134,32 
48 9 35 74500,00 17 52 49 2943711 44 42 
SP 134,14 
48 14 44 74600,00 | 17 54 14 29302,97 44 46 
- So” 133,90 
48 19 $4 747 Oo, oo 17 55 41 29169,01 44 49 
5 10 133,76 
45 25 4 74800, oo 17-57 7 29035,23 44 53 
8 11 13 3,00 
48 30 15 74900, oo 17 58 34 2890,63 44 56 
[ET 133,42 
48 35 25 7 ooo, oo 18 0 o 28708,21 — 45 © 
5 12 133,25 
48 40 38 75 loo, oo 18 1 26 28634,96 + 45 4 
5 13 133,06 
48 45 51 75 200, oo $6 2:53 28501,90 8 
8 13 132,90 
48 51 4 75300, oo 18 4 19 28369, 0 + 45 11 
5 14 1 
48 56 18 7 5400,00 6 28236,29 45 14 
5 14 ” 132,54 
49 1732 7 5 500,00 W713 28103,75 + 45 18 
5 15 132,36 
49 6 47 7 5600,00 18 8 38 27971239 45 22 
41 132,19 
49 12 2 75 7oo, oo 10 3 27839, 20 + 45 25 
5 16 132,01 
49-7 18 75800,00 18 11 31 27707,19 45 29 
# 70 131,84 
49 22 34 7 5900,00 18 12 58 275151335 + | 45 32 
317 131,66 
49 27 51 76000,00 18 14 24 27443,09 — 45 36 
5 16 131,50 
49 33 9 76100,00 18 15 50 27312,19 45 40 
5 18 131,32 
49 38 27 76200,00 x7 19 27180,87 + 45 43 
. 131,14 
49 43 46 763 O0, oo 18 18 43 27049,73 = | 45 47 
5 -<Y 1 30,98 
76400,00 10 26918,75 45 50 
| 130,81 
„ 
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TT” | 
| Arcus Circuli | Sinus ſeu Nu- | Partes vicefimz rithmi cum Partes ſexa- 
cum diffe- meri abſoluti. quartz, ifferentiis, genariæ. 
rentus. 
5 20 | 130, 81 
49 54 25 76500, oo 18 21 36 2678,94 + 45 54 
8 130, 63 
49 59 46 760, oo 18 23 2 26657,31 45 58 
$22 130,46 
$63: 9 76700,00 18 24 29 26526,85 46 1 
5 22 130,29 
50 10 29 76800,00 18 25 55 26396,566— | 46 5 
3 23 130,13 
50 15 51 76900, oo 16 27 22 26266,43 + 46 8 
3 $3 129,95 
50 21 14 77000,00 18 28 48 26136,48 46 12 
5 24 129,79 
50 26 38 77100,00 18 30 14 26006, 69 + 46 16 
5 24 129,62 
50 32 2 77200, oo 18 31 41 2587707 + | 46 19 
5. 25 | 129,45 
50 37 27 77300,00 18 33 7 25747,02 + | 46 23 
5 26 129,28 
50 42 53 77400,00 18 34 34 25618,34 46 26 
5 26 129,11 
50 48 19 77500, oo 18 36 25489, 23 — | 46 30 
5 27 128,95 
50 53 46 77600,00 18 37 26 25360,28 — | 46 34 
3 27 128,79 
50 59 13 777 oo, oo 18 38 35 25231,49 + | 46 37 
5 26 128,61 
51 4 41 77800,00 18 40 19 25102,88 46 41 
5 28 128,46 
51 10 9 77900, oo 18 41 46 2497442 + | 46 44 
5 29 128,29 
51 15 38 78000,00 18 43 12 24846,13 + | 46 48 
5 380 128,12 
gr -22 8 78100,00 18 44 38 24718,01 + | 46 52 
5 31 127,95 
51 26 39 78200,00 18 46 5 24590,06 — | 46 55 
33 127, 80 
51 32 10 78 300,00 18 47 31 24462,26 — 46 59 
5 32 127,03 
51 37 42 78400,00 18 48 58 24334903 — |. 47 2 
5 33 1275.47 
1 => KEN; ALE VoCF Tc ANN 


— ee ERS 


o > os > , by Tt 
——  —— . 


| 


32 JOANNIS KEPLERI 
| 1 
Arcus Circuli Sinus ſeu Nu- | Partes viceſime -» Logatithmi cum | Partes ſexa- 
cum diffe- mori abſoluti. quartæ. differentiis. genariæ. 
rentlis. ; ' * 
5 33 { | 127547 
5 43 15 78500,00 j| 18 50 24 24207, 16 47 6 
5 33 3 127,31 
51 48 48 78600, oo 18 51 80 24079, 85 47 10 
5 34 | 127,15 | 
51 54 22 78700, oo 18 53 17 23952470 + | 47 13 
5 34 | 126,98 | 
51 59 56 78800, oo 18 54 43 2382 5,72 47 17 
6 35 | 136,98 | 
| $2 „ 38 | 78900,00 18 56 10 23698,90 — 45 20 | 
1 5 3b 126,67 | 
$2 21 #F 79000,00 16 57 36 23572,23 + 47 24 
j $37 | 3 126,50 
i 52 16 44 || 79100,00 | 18 59 2 23445573 47 28 
1 4 38 | 126,34 
1 32 22 22 79200, oo 19 © 29 23319,39 — 47 31 
5 5 38 126,19 
4 52 as © 79300,00 Ig 1 55 23193,20 + | 47 35 
1 5 39 126,02 
Wi 52 33 39 79490,00 19 3 22 23067,18 47 38 
44 5 40 | 125,80 ) 
4} 52 39 19 79500,00 19 4 48 22941,32 47 42 
1 5 41 | 125,71 
$2 45 © 79600,00 | 19 14 22815,61 47 46 
i! 5 41 | 125955 |] 
Þ 52 50 41 79700,00 | 19 7 47 22690,00 47 49 
| k 5 42 ö 125,36 : 
Þ 52 56 3 | 7980000 | 19 9 7 | 2256467 | 47 53 
Þ 5 42 | 125,24 | 
4 | 53 2 5 79900,00 | 19 10 34 | 22439,43 + | 47 56 
ll 1 125,07 
44 53 7 48 80000,00 | 19 120 22314,36 — | 48 © 
+] 5 44 ? | 124,93 | 
41 1 53 13 32 80100,00 19 13 26 22189,43 + | 48 4 | 
44 | 5 45 | 124,76 
11 53 19 17 80200,00 19 14 53 22064,67 48 19 
i 5 46 I 124,61 : 
I 53 25 3 | 80300,00 19 16 19 | 21940, 48 11 
| is 5 46 | — 3 : 
53 30 49 80400,00 19 17 46 21815,60 + | 48 14 
5 47 2 
— — —— — * 


—ſ 
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Arcus Circuli | Sinus ſeu Nu- | Partes viceſime | Logarithmi cum | Partes ſexa- 
cum diffe- meri abſoluti. quartz, ifferentiis. genariæ. 
rentus, 
5 47 124,30 
53 36 36 80500,00 19 19 12 21691,30 48 18 
5 46 124,15 
53 42 24 80600,00 19 20 38 21567,15 48 22 
5 49 123,98 
53 84 13, 80700,00 19 22 5 21443,17 — 48 25 
5 50 123,05 
$3 54 3 80800,00 19 23 31 21319,32 + | 48 29 
5 51 12 3,08 
53 59 54 80900,00 19 24 58 21195,64 — | 48 32 
5 32 123,54 
54 5 46 8 1000, oo 19 26 24 21072, 10 + 48 36 
5 52 123,38 
54 11 38 81100,00 19 27 50 20948,72 + 48 40 
53.35 123,23 
54 17 31 81200, oo 19 29 17 2082 5,49 + 48 43 
5 54 123,07 
54 23 25 81300, oo 19 30 43 20702, 42 48 47 
38 122,93 
54 29 20 81400, oo 19 32 10 20579549 + 48 50 
5 56 122,77 
54 35 16 81 500, oo 19 33 36 2045672 — 48 54 
3 57 122,63 
54 41 13 8 1600, oo 19 35 2 20334,09 + 48 58 
5 58 122,47 
$4 47 11 81700, oo 19 36 29 2021162 — 49 1 
5 58 122,32 
54 53 9 81800,00 | 19 37 55 20089,30 = | 49 5 
5 59 122,18 
54 59 8 81900, oo 19 39 22 19967,12 49 8 
O | 122,03 
HE 82000,00 19 40 48 19845509 + 49 12 
1 | 121,87 | 
55 11 9 82100,00 | 19 42 14 19723,22— | 49 16 | 
6 2 +” « Wy | 
55 17 11 82200, oo 19 43 41 19601,49 49 19 | 
3 | 121,58 . 
55 23 14 82300, oo 19 45 7 19479,91 49 23 
3 121,43 
55 29 17 82400, oo 19 46 34 19358,48 49 26 
4 121,29 ' 
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Arcus Circuli 


Sinus ſeu Nu- 


Partes viceſimæ 


Logarithmi cum 


Partes ſexa- 


cum diffe- meri abſoluti. quartæ. differentiis. genariæ. 
rentus. N ; 
6 4 121,29 
55 35 21 82 500,00 19 48 © 1 9237,19 49 30 
8 121514 
55 41 26 82600, oo 19 40 26 19116,05 49 34 
6 6 120,99 
55 47 32 | 82700,00 | 19 50 53 18995,00 49 37 
"3 120,84 
55 53 39 82800, oo 19 52 19 188 74,22 — 49 41 
6 8 I20,71 
55 59 47 82900,00 19 53 46 1875351 + | 49 44 
Wo 120,55 
56 5 56 83000, oo 19 55 12 8632,96 49 48 
6 10 | 120,41 
56 12 6 83 100, oo 19 56 38 185 12,55 49 52 
| 6 11 120,27 
56 18 17 83200,00 19 58 5 18392,28 + 49 55 
6 12 : 120,12 
56 24 29 $3300,00 | 19 59 31 18272,16 + | 49 59 
6 13 119,97 
56 30 42 83400, oo 20 © 58 18152,19 9 
6 14 119,83 
56 36 56 83500, oo a 2 24 8032,36 50 6 
6 15 119,69 
56 43 11 8 3600,00 20 3 50 17912,67 — 50 10 
6 16 119,55 
56 49 27 83700, oo 1 1779312 50 13 
6 18 119,40 
56 55 45 83800, oo 20 6 43 17673,72 — 50 17 
6 19 119,26 
$7 9 6 83900, oo 20 8 10 I7554,46 — 50 20 
6 20 | 119,12 
57 8 24 84000, oo 20 9 36 174357h4 50 24 
6 21 118,98 
57 14 45 84100, oo 20 11 2 17316,36 + 50 28 
6 22 118,83 
£7 1 7 84200, oo 20 12 29 17197,53 — 50 31 
6 23 118,70 
57 27 30 843 oo, oo 913 85 17078, 83 50 35 
6 24 118,55 
57 33 54 84.400,00 20 15 22 16960,28 — 50 38 
6 25 118,41 


| 


LOGARITH MI. 


Arcus Circuli | Sinus ſeu Nu- | Partes viceſimz 
cum diffe- meri abſoluti. quartæ. 
rentus. 

6 25 

57 40 19 84500, oo 20 16 48 
6 26 

57 46 45 84600, oo 20 18 14 
6 27 

57 53 12 84700, oo 20 19 41 
6 28 

57 59 40 84800, oo 20” 21 7 
6 30 

58 6 10 84900, oo 20 22 34 
6 31 | 

58 12 41 85 ooo, oo 20 24 © 
6 32 

58 19 13 8 5 ioo, oo 20 25 26 
6 33 

58 25 46 85200, 0 20 26 53 
0 35 

58 32 21 85300, oo 20 28 19 
6 36 

58 38 57 83 5400,00 20 29 46 
6 37 

58 45 34 85 500,00 20 31 12 
6 39 

58 52 13 8 5600,00 20 32 38 
6 40 

58 58 53 $5700,00 | 20 34 5 
6 41 

59 5 34 8 5800, oo 20 35 31 
6 42 

59 12 16 85900, oo 20 36 58 
6 44 

59 19 © 86000,00 20 38 24 
6 45 

59 25 45 86100,00 20 39 50 
6 46 

59 32 31 86200, oo 20 41 17 
6 47 

59 39 18 86 zoo, oo 20 42 43 
6 49 

59 46 7 86400, oo | 20 44 10 
6 51 


Logarithmi cum Partes ſexa- 
differentiis. genariz, 
118,41 
16841,87 — 50 42 
118,28 | 
16723,59 + 50 46 
118,13 
16605, 46 50 49 
117599 
1648,47 — [30 53 
117,86 
16369,61 + | 50 56 
117,71 
16251,90 — 00 
117,58 
16134,32 14 
117,44 
1601688 — 917 
11741 
15899, 57 + 51 11 
117,16 
1 5782,41 51 14 
117,03 
15065,38 5118 
116,89 
15548, 49 + 51 22 
116,75 
1543174 25 
116,62 
15315, 12 51 29 
116,48 
15198,04 — 51 32 
116,35 
15082, 29 51 36 
116,21 
14966,08 — 51 40 
116,06 
148 50,02 — 51 43 
115,95 
1473407 + 51 47 
115,82 
14018,25 + 51 50 
115,08 
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Arcus Cireuli Sinus ſeu -Nu- | Partes viceſimæ Logarithmi cum Partes ſexa- 
cum diffe- meri abſoluti. quartæ. differentiis. genariæ. 
rentius, - 
6 51 115,68 
59 52 58 8650, oo 20 45 36 14502,57 51 34 
6 52 115,53 
59 59 50 86600, oo 20 47 2 14387, 4 — | 51 58 
6 53 | 11541 
60 6 43 86700, oo 20 48 29 14271, 63 8 
6 54 115,27 
60 13 37 86800, oo 20 49 55 14156,36 52 5 
6 56 115,14 
60 20 33 8690, oo 20 51 22 1404122 52 8 
6 57 115,01 
60 27 30 87000,00 20 52 48 13926,21 — 6212 
6 59 — 11 
60 34 29 87 100,0 20 54 14 13811, 33 52 16 
3 114,74 
60 41 30 87200, oo 20 55 41 13696,59 52 19 
2 3 114,72 
60 48 33 87300, oo 20 57 7 1358187 52 23 
1 4 114,38 
60 55 37 87400, oo 20 58 34 13467, 49 * 52 26 
7 8 114,35 
br 1 43 87500, oo 0 13353714 52 30 
: 8 114,22 
61 9 51 87600,00 1 6 13238,92 52 34 
8 114,09 
51 17 0 87700, oo 14 39 13124, 83 + 32 37 
7 10 113,96 
61 24 10 87800, oo 21 4 19 13010, 87 52 41 
1 22 113,83 
6131 22 87900, oo 21 5 46 12897, 4 52 44 
7 13 113,70 
61 38 35 88000,00 1 12783,34 — 52 48 
7 15 113,57 
61 45 50 88100,00 21 8 38 12669,77 — 52 52 
7 16 113,45 
61 53 6 88200,00 t 10 3 125 56,32 
| 7 18 113,31 
62 O 24 88 zoo, oo . 12443,01 — 
7 20 113,19 
62 7 44 88400,00 21 12 58 12329,82 
7 is 113,0 
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Arcus Circuli Sinus ſeu Nu- | Partes viceſimæ Lo arithmi cum 

cum diffe- meri abſoluti, quartz, fferentiis. 
rentiis. 

7 22 113,06 

62 15 6 88 500, oo 21 14 24 12216,76 + 
7] 24 I12,93 

62 22 30 88600,00 21 15 50 12103,83 + 
7 26 112,80 
62 29 56 88700,00 $027 27 11991,03 
7 27 112,08 

62 37 23 88800,00 21 18 43 11878,35 + 
7 E9 112,55 

62 44 52 88900,00 21 20 10 11765,80 + 
1 1125,42 
62 53 23 89000,00 21 21 36 11653,38 
7 33 112,29 

62 59 56 89 100, oo 43 2 1154109 — 
7 35 112,17 

63 7 31 89200, oo 21 24 29 1142892 — 
7 37 | 112,05 
63 15 8 89300, oo 21 25 55 11316,87 
7 40 111,92 
63 22 48 89400,00 21 2% 22 11204,95 
7 42 111,79 

63 30 30 89500,00 21 28 48 11093,16 — 
7 44 111,07 
63 38 14 89600, oo 21 30 14 1098 1,49 
7 46 111,55 

63 46 © 89700,00 21 31 41 10869,94 + 
7 4B 111,42 
63 53 48 89800,00 22: 23 9 10758,52 
7 58 111,29 

64 1 38 89900,00 21 34 34 10047,23 — 
7 52 I11,18 
64 9 30 90000,00 21 36 © 10530,05 
7 54 111,05 
64 17 24 90100,00 21 37 26 1042 5,00 
7 56 110,92 

64 25 20 90200,00 21 38 53 10314,08 — 
7 58 110, 81 

64 33 18 90300,00 21 40 19 10203,27 + 
SI 110,08 
64 41 19 90400,C0 21 41 46 10092,59 
110,50 


Partes ſexa- 
genariz, 
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Arcus Circuli 


Sinus ſeu Nu- 


Partes viceſimæ 


Logarithmi cum 


cum diffe- meri abſoluti. quartæ. differentus. 
rents. 
8-3 110, 56 
64 49 22 90500,00 21 43 12 9982,03 + 
8 6 110,43 
64 57 28 g0600,00 21 44 39 9871,60 
3 9 | 110,32 
7 go/oo, oo 5 9761,28 + | 
8 12 110,19 
65 13 49 god oo, oo 21 47 31 9651,09 
8 14 I 10,07 
65 22 3 9ogoo, oo | 21 48 58 9541,02 
8 17 109,95 
65 30 20 91000,00 21. 50 24 9431,07 
8 19 109, 83 
65 38 39 91100,00 21 51 50 9321,24 
8 21 109,71 
65 47 O 91200, oo 17 9211,53 
8 24 109,59 
65 55 24 91300,00 21 $4 43 9101,94 
8 26 109,47 
66 3 50 91400,00 21 56 10 8992,47 
8 29 | 109,35 
66 12 19 91500,00 21 57 36 8883,12 + | 
> 2 109,23 
66 29 51 91600,00 ar 59 2 8773,89 + 
8 35 109,11 
66 29 26 91700,00 22 © 29 8664,78 
8 39 108,99 
66 38 5 91800,00 8 1 85 8555,79 
8 42 108,87 
66 46 47 91900,00 22 3 $2 8446,92 — 
> S: 40 108,76 
66 55 33 92000,00 22 4 48 8338,16 
8 49 108,63 | 
67 4 22 92100,00 22 6 14 8229,53 = 
8 51 108,52 | 
67 13 13 92200,00 6 7 42 8121,01 — 
8 54 108, 40 
8 92300, oo 22 9 7 8012,61 — 
8 58 108,29 
67 31 5 92400, oo 22 10 34 7904, 32 
9 1 108, 16 


Partes ſexa- 
genariæ. 
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Arcus Circuli Sinus ſeu Nu- | Partes viceſimæ rithmi cum | Partes ſexa- 
cum diffe- meri abſoluti. quartz, differentlis. genariæ. 
rentiis. 
9 1 108,16 
67 40 6 92 500,00 22 12 O 7796,16 — $5 30 
9 4 108,05 
67 49 10 92600,00 [ 22 13 26 7688,11 — 55 34 
9 8 : 107,94 | 
67 58 18 92700,00 22 14 53 7590,17 + 55 37 
9 13 107,81 
68 7 3! 92800,00 22 16 19 7472,36 — | 55 41 
9 15 107,70 
68 16 46 92900,00 22 17 46 7364,06 — 55 44 
9 20 107,59 
68 26 6 93000,00 22 19 12 7257507 55 48 
9 23 107,47 
68 35 29 93100,00 22 20 38 7149,60 55 52 
927 107,35 
68 44 56 93200,00 22 35 $ 1042,25 55 55 
Be. 107,24 
63 54 27 93300,00 22 23 31 6935,01 23 59 
9 35 107512 
69 4 2 93400,00 | 22 24 58 6827,89 — | 56 2 
9 39 IO7,C1 
69 13 41 93 500,00 22 26 24 6720,88 — 56 6 
9 44 106,90 
69 23 25 93600,00 22 27 50 6613,98 56 10 
9 48 106,78 
69 33 13 93700,00 22 29 17 6507,20 56 13 
9 53 106,67 
69 43 6 93800,00 22 30 43 6400,53 + 56 17 
9 5] 106,55 
69 53 3 93900,00 22 32 10 6293,98 56 20 
Io 3 106,44 
1 94000,00 22 33 36 6187,54 56 24 
lo 7 106,32 
70 13 13 94102,00 2 235-3 6081,22 — 56 28 
10 12 106,22 
70 23 25 94200,00 22 36 29 597 5,00 56 31 
10 17 106,10 
70 33 42 94300,00 22 37 55 5868, 90 56 35 
10 22 | 105,99 
70 44 4 | 94400,00 | 22 39 22 5762,91 56 38 
Io 27 105,87 
— — —_—_——— - — — 


N 
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Arcus Circuli | Sinus ſeu Nu- | Partes viceſimz Aarithmi cum | Partes ſexa- 
cum ditfe- meri abſoluti. quartæ. itferentiis. genariæ. 
rentus. 
10 27 105, 87 
70 54 31 94500,00 22 40 48 5657,04 — | 56 42 
x0-938 {| * 105,77 
8 94600, oo 22 42 14 5551,27 56 46 
10 39 105,05 | 
71 15 44 | 9g4700,00 22 43 41 5445,62 56 49 
| IO 4 105,54 
71 26 30 94800,00 | 22 45 7 3340, 8 56 53 
10 51 105,43 | 
71 37 21 94900,00 22 46 34 5234,65 56 56 
| 10 57 105,32 
1 71 48 18 95000,00 22 48 © 5129,33 T7 
| 1 FL | 105,21 
| 71 59 22 95100,00 | 22 49 26 5024, 12 57 4 
11 12 ö 105, 9 jp 
72 10 34 95200, oo 22 50 53 4919,03 — $7 7 
11 18 104,99 
1 1 $2 95300,00 22 52 19 48147504 57 11 
1 11 24 104,88 
| 72 33 16 | 95400,00 | 22 53 46 4709,16 $7 14 
| II 3I 104,77 
72 44 47 9 5500,00 432 66 12 4604,39 + 57 18 
11 39 104, 65 
72 56. 26 95 oo, oo 22 56 38 4499,74 — 57 22 
11 47 | 104,55 
13 $113 | 95700,00 | 22 58 5 4395,19 57 25 
11 54 | 104,44 
73 20: 7 95300,00 22 59 31 4290,75 57 29 
5 104,33 
73 32 10 95900,00 23 0 58 4186,42 57 32 
12 12 104,22 
73 44 22 96000,00 23 2 24 4082,20 57 36 
14 23 104, 11 
73 56 45 96 100, oo 23 3 50 3978,09 57 40 
I2 30 104,01 
74 9 15 -| 96200,00 | 23 5 17 3874,08 + | 57 43 
12 40 103,89 
74 21 55 96300,00 | 23 6 43 3779,19 = | 57 47 
12 50 103579 
74 34 45 96400,00 $3 5:20 3666,40 57 50 
| 103,68 


LOGARITHMY, 


Arcus Circuli Sinus ſeu Nu- | Partes viceſimæ arithmi cum | Partes ſexa- 

cum ditfe- mert abſoluti. quartz. ifferentiis, - genariz, |f 
rentus, | 
13 © | 103,08 | 

74 47 45 96 500, é | 23 9 36 3562,72 57 54 
13 12 103,57 | 

75 © 57 96600,00 | 23 11 2 345915 — | $57 58 | 
13 25 103,47 

75 14 22960, oo 23 12 29 3355,08 58 1 | 
13 38 103,36 

75 28 0 96800, | 23 13 55 3252,32 58 5 
13 50 103,25 

75 41 50 96900, oo 23 15 22 3149,07 — 58 8 
14 3 103,15 

75 55 53 97000,00 23 16 48 3045,92 58 12 
14 16 103,04 

76 10 9 97 100,00 23 18 14 2942,88 58 16 
14 30 102,93 

76 24 39 97200, oo 23 19 41 2839,95 58 19 
14 45 102, 83 

76 39 24 97300,00 23 * 1 2737,12 58 23 
2 102,72 

76 54 25 97400, oo 23 22 34 2634, 40 58 26 1 
15 18 102, 62 

77 9 43 97500,00 | 23 24 0 2531,78 58 30 
Is 37 102,51 

77 25 2 97600,00 23 25 26 2429,27 58 34 | 
Is 66 102,41 | 

77 41 15 97700,00 | 23 26 53 2326,86 + | 58 37 
16 17 102,30 

77 87 32 97800, oo 23 28 19 2224, 56 58 41 
16 40 102, 20 

78 14 12 97900, oo 23 29 46 2122,36 + 58 44 
3 102,09 

78 31 17 98000, oo 23 34 12 2020, 27 58 48 
17 32 101,99 

78 48 48 98100,00 23 32 38 1918,28 58 52 
17 59 101,88 

79 6 47 98200, oo 23 34 6 1816,40 — 58 55 1 
18 27 101,78 

79 25 14 98300,00 | 23 35 31 1714,62 — | 58 59 
18 58 101,68 | 

79 44 12 98400,00 23 36 58 1612,94 59 2 | 
19 34 101,58 


92 JOANNIS KEPLERI LOGARITHMI. 
Arcus Circuli Sinus ſeu Nu- | Partes viceſimæ Logarithmi cum Partes ſexa- 
cum diffe- meri abſoluti. quartz, differentiis, genariæ. 
rentus, 8 N 
19 34 | 101,58 
80 3 46 98 500,00 23 38 24 1511,36 + 59 6 
20 12 | 101,47 
80 23 58 98600, oo 23 39 50 1409,89 + 59 10 
20 53 101,37 
80 44 51 98700,00 23 41 17 1308,52 + 59 13 
21 42 | 101,26 
81 6 33 98800,00 23 42 43 1207,26 59 17 
22 53 IO1,17 | 
81 29 26 98900,00 23 44 10 1106, + 59 20 
24 6 101,06 
81 53 32 99000,00 23 45 36 1005,03 + 59 24 
25 6 100, 96 
82 18 38 99100,00 23 47 B 904,07 + 59 28 
| 26 28 100,85 
82 45 6 99200,00 23 48 29 803,22 — 59 31 
27 54 100,76 
83 13 © | 99300,00 | 23 49 55 792,46 59 35 
30 20 100, 65 
83 43 20 994oo, oo 23 51 22 601,81 59 38 
| 32 40 100,56 
84 16 © 99 500,00 23 52 46 501,5 + | 59 42 
36 30 100,45 
84 52 30 99600,00 3 54 14 400,80 59 46 
41 9 100,35 
85 33 39 99700,00 23 55 41 300,45 59 49 
49 54 100,25 
86 22 33 99$00,00 $457 9 200,20 59 53 
1 2 | 100, 15 
87 26 15 99900,00 23 58 34 100, o 5 59 56 
2 33 45 100,05 
go © O 100000,00 24. 0 8 ©000000,00 60 O 
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PRAECEPTA DE EORUM USU. 


„ 


UM anno 1621, veniſſem in Germaniam ſuperiorem, paſſimque 

cum peritis rerum Mathematicarum de Logarithmis Neperianis con- 
tuliſſem; deprehendi eos, quibus ætas prudentiam addebat, promptitu- 
dinem minuebat, ſuper hoc genere numerorum, loco Canonis Sinuum in 
uſum recipiendo, cunctari: quod dicerent turpe eſſe Profeſſori Mathe- 
matico, ſuper compendio aliquo calculi pueriliter exultare, interimque ſine 
demonſtratione legitima formam calculi in uſum recipere, quæ olim, 
cum minimè metueres, in erroris inſidias te pertrahere poſſet. Que- 
rebantur Neperi demonſtrationem niti figmento motus cujuſdam Geome- 
trici; cujus lubricitas & fluxibilitas inepta eſſet, in qua ſolidus ille ſtilus 
Rationis Demonſtrationumque firmum poneret veſtigium. Hæc mihi 
cauſa fuit, ſtatim tunc concipiendi rudimentum aliquod Demonſtrationis 
legitimæ; quod poſterius, ut primùm Lincium reverſus ſam, excolui 
diligentius: maximè poſtquam initio anni 1622, ſupra ea re cum Illuſtri 
& Generoſo D. D. Petro Henrico a Stralendorff, S. Cæſ. n in con- 
ſiſtorio Imperiali Aulico, vice Præſide, &c. contuliſſem; qui ut eſt harum 
artium avidiſſimus, rogando plurium me rerum admonuit, quam liber 
aliquis bene craſſus præcipiendo admonere poſſet. Per illam igitur 
hyemem ſolennem rei demonſtrationem ſum aggreſſus; ſubjectum hujus 
ſpeculationis, quodnam eſſet genuinum, deſcripſi; quodque id non eſſet 
verè ſub genere vel linearum, vel motus fluxuſque, aut cujuſquam alterius 
quantitatis ſenſilis, ut fic dicam, fed ſub genere Relationum, quanti- 


eattique mentalis, evidentibus enunciationibus conſtitui: deinde, -cum, 
2 ut 
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ut omnes cæteræ, ſic etiam mentalis iſta quantitas (9e Græcis dicta, 
quod Latini Rationem minus uſitatè, crebrius Proportionem transferunt) 
diviſionem in infinitum recipiat: metas etiam hujus diviſionis congruas, 
ex eodem, ſcilicet, genere rerum, conſtitui: Line enim punctis, motus 
articulis temporum dividi ſolet; at Proportionem diſpeſcunt termini inter 
extremos magnitudine medii. Hiſce ſie conſtitutis feliciter, procedebat 
demonſtratio: vera proportionum omnium communicantium commu— 
niſque menſura, facta eſt & ipſa de genere proportionum: locus eſt 
factus Arbitrio, in eligendo proportionis Elemento, quodnam deberet 
haberi pro minimo, proque menſura: demonſtratum etiam eſt plerunque 
eſſe proportiones inter ſe incommunicabiles ; eoque minimum unius 
Elementum quod placuiſſet, non poſſe eſſe menſuram genuinam pro- 
portionis cujuſcunque alterius : ſemper enim peccari vel exceſlu, vel 
defectu. Ea de cauſa factus jam eſt hic alter locus Arbitrio, ut quinam 
defectus, que minimorum Elementorum incommunicabilium differentia 
diſſimulari poſſet, inque profundum inſenſibilitatis demergi, conſti- 
tueretur: ut fic tandem in uſum ipſum numerorum redundaret, abſurda 
quidem demonſtranti, ſed utiliſſima computanti, incommunicabilium pro- 

portionum.communts menſura, Logarithmus dicta. | | 
Simul autem fuit ipſo opere monendus Lector meus, Logarithmos non 
primum naſci cum Sinubus, ſeu rectis in Circulo, quod Neperiana de- 
ſeriptio incautius inſpecta præ ſe ferre videtur, ſed foris extra Geometriam 
Circuli conſtitui, tanquam intra metas libri Quinti Euclidis: inde vero 
tranſſumptos, applicari Sinubus; eoque concipiendam eſſe animo (quam 
ipſe dudum deſcripſeram in Tabula) Matricem quandam Logarith- 
morum, ex qua omnis per numeros expreſſa quantitas, etiam Sinus ipſi, 
ſuos Logarithmos peterent, ea ipſa numerorum fide, qua Sinus ipſi ſunt 
in Geometria Circuli deſiniti: ut ſi qui Sinus non legitimo numero ſit 
expreſſus, idem etiam ex hac Matrice Logarithmum imperfectum hau- 
ſurus ſit, nullo Matricis, ſed ſuo proprio vitio. Hoc igitur propoſito & 
computata eſt à me Chilias Logarithorum, & adornata etiam demon- 
ſtratio; quæ ordinem præcipuè numerorum Chiliadis eſt complexa, 
cauſaſque ejus in lucem profert. De uſu Chiliadis populari cogitatio 
zqualis quidem tempore, natura tamen fuit poſterior. Chiliada cum 
demonſtratione, ut primum perfecta fuit, tranſmiſi Lincio tanquam ad 
PruiippuM LANDGRAVIUM Hass, fed per ambages itinerum, in 
quibus libellus hæſit in tertium annum uſque. Spes interdum affulſit 
mihi, libellum excuſum iri cura peritorum : ſed ea ſubinde iterum 
extincta fuit. Itaque refrixit etiam apud me ſtudium libelli exornandi. 
Tandem in manus Patroni ſui Illuſtriſſimi perlatus, me penitus ignaro, nec 
quicquam tale opinante, typis mandatus fuit; ut prius ex Catalogo 
Nundinarum 
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Nundinarum Francofurtenſium, quam ex Literis Celf. ſuæ (quas ad- 
hucdum in itinere eſſe nuper admodum reſcivi) quid ageretur perce- 
perim. Non dubito, quin Celf. ſua in literis me moneat, ſi quid de uſu 
Chiliadis conceperim, ut id ſubſidio mittam, quo commendatior & utilior 
libellus exeat. Nam illi jam ſuperius commemorati fines ſeriptionis, 
reconditiorem ſenſum habent, adque paucos pertinent. Et habet ſane 
ipſa Chilias tres columnas ſuperadditas, que totæ ſe a ſubtilitate illa 
demonſtrationum ſubducunt, adque uſum conferunt. Ut igitur, quod in 
hac editione, temporum et locorum culpa fuit omiſſum, ſuppleatur, ut 
ſcilicet Chilias iſta, è penetralibus illis ſpeculationum & demonſtrationum, 
quarum præcipuè cauſa compoſita fuit, etiam ad populares uſus edu- 
catur, prius ſunt aliqua mihi præfanda de Titulo. Is profitetur Demon- 
ſtrationem legitimam ortus Logarithmorum. Et ſpero faſſuros eſſe Geo- 
metras, quod in chartis excuſis hunc ſcopum ſim conſecutus. Profitetur 
vero etiam Demonſtrationem uſus Logarithmorum. Hic ſubſiſte, Lector. 
Dum enim rei demonſtrationem polliceor, rem ipſam præſuppono jam antea 
notam, vulgoque tritam. Quænam verò res iſta? quis uſus Logarith- 
morum ? Nimirum is ipſe, qui jam ante decem annos a primo authore 
Nepero fuit traditus, quique tribus verbis poteſt concipi: Licunque 
occurrunt in Arithmetica commun, ingue Regula Trium duo numeri inter je 
multiplicandi, ibi ſunt eorum Logarithmi in unam ſummam addendi ; ubi vero 
Numerus abſolutus jubetur ſactum dividere, ibi Logarithmus illius eff auf erendus 
d Logaruthmorum ſummd : ut Logarithmus illic acervatus, hie refiduus, monſtret 
numerum in qualibet operatione quafitum. Hic, inquam, eſt uſus Loga- 
rithmorum. Hujus uſus demonſtrationem habes in Propoſitionibus 
XVIII, XIX, XX, ut vides in earum Corollariis expreſſis verbis indicatum. 
Perpende rem, dices, ſcio, nihil promiſſum eſſe in tituli verbis allegatis, 
quod non fit præſtitum in his tribus Propoſitionibus. Quod vero pulli 
Arithmeticorum implumes, facilitatum avidi, roſtra ad hanc uſus menti- 
onem in immenſum pandunt, velut hauſuri omnes præceptiuncularum par- 
ticularium bolos, quibus exſatientur; id equidem præſtare in chartis iſtis, 
quæ demonſtrationi fundamentorum erant deſtinatæ, non potui. At 
dixeris, ſequentia verba Tituli de nova Arithmetica omninò plura pol- 
liceri? Video equidem irritamenta cupiditatum talium, & rideo ; mi- 
rorque non incidiſſe mihi, cum ſubito tabellarii deceſſu ad properandum 
compulſus, illud Elogium inventi Neperiani, quo Typographus aliquis 
illiceretur, titulo libelli mei ſubjungerem ; fore ut in majus acciperetur, 
veluti propria mea gloriatio. Sed utcunque quis hoc meum confilium 
accipiat, de intentione ſaltem, me excuſat conſtructio Grammatica, Non 
de Chiliadis libello, non de mea demonſtratione uſus, dictum vides, ſed 
de Logarithmis ipſis, invento ſcilicet Neperiano; quod iis nova tradatur 

O Arithmetica. 
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Arithmetica. Nec ego hæc ſequentia præcepta de uſu Chiliadis hujus in 


id ſubmittenda libello jam excuſo ſtatui, ut hanc poſteriorem tituli partem 
penitus ad ipſam meam Chiliada traducerem : ſegregetur ea pars tituli a 
labore meo, adque inventum ipſum Neperianum, & ad Canonem Lo- 
garithmorum Quadrantis referatur. Non titulus iſte ſubitò conceptus, 
ſed utilitas ipſa emptoris me monet, ut quomodo ſingulæ Chiliadis 
columnz poſlint ad uſum popularem referri & quatenus, pauculis præ- 
ceptis docerem. Ea verd referam in certa Capita. In primo paucula 
præmittam de Tabula Chiliadis. In ſecundum Caput referam compa- 
rationem Columnz arcuum, cum Columna Rotundorum. Tertio dicam 
de comparatione Columnæ ſecundæ Sinuum, cum tertia Quadrivicenaria, 
& quinta ſexageſimorum. Quarto comparabo Quadrivicenariam cum 
Sexagenaria, In quinto Capite erit uſus Quadrivicenariz, & Logarith- 


micæ columnarum junctarum. In ſexto Sexagenariæ & Logarithmicæ. 


In ſeptimo comparabitur Columna prima arcuum, cum quarta Logarith- 
morum. In octavo jungentur Columna ſecunda Abſolutorum, & 
Quarta Logarithmorum. In nono denique Columna Logarithorum 
jungetur duabus aliis columnis. 
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DE TAB U LA CHIL FARLIS 


EJUSQUE COLUMNIS. 


fuiſſe in veſtibulum Chiliadis, & in Chiliada ipſam. In veſtibulum accen- 

ntur lineæ 36, ut Chiliadis ipſius principium habeatur ibi, ubi eſt numerus 100, oo. 
Hac monitione opus eſt. Nam veſtibuli non eſt eadem proportionum ſequela, 
que Chiliadis ipſius, ut apparet ex ipſis Logarithmorum differenuis : quarum 
ſeries quater ad idem revertitur initium. Quare nec potuit eſſe uſus idem trium 
columnarum in veſtibulo, qui in Chiliade, eaque de cauſa relictæ ſunt vacantes: 
denique totum veſtibulum abeſſe poſſet, niſi capite octavo tribuendum id eſſet 
analogiæ cum arithmetica communi, & integrationi numerorum omnium. 

Jam columnas Chiliadis ipſius vides eſſe quinque, lineas mille. Prima eſt 
columna arcuum quadrantis, qui habent pro ſinubus rotundos illos ſecundæ 
columnæ numeros. Arcus iſti ſunt expreſſi ternis membris, in primo ſunt 

adus, in ſecundo ſcrupula prima, in tertio ſcrupula ſecunda, quæ, cum 
— tertiis & quartis careant, non poſſunt exacta eſſe, præterquam in 
unico arcu 30 inque fine quadrantis. Quanquam inepta eſt cura de 
parte unius ſecundi, cùm ipſa applicatio areuum horum ad ſuas lineas, 
rotundis numeris expreflas, eoque effabiles, non fit ſecuta demonſtrationis 
alicujus ſubtilitatem ; ſed ſoldm popularem inquiſitionem partis proportionalis 
ex canone finuum. Itaque fieri poteſt, preſertim circa finem 1 ut 
ſcrupula ſecunda paucula paſſim vel deficiant, vel abundent. Inter lineas 
inſertæ ſunt differentiæ, quantæ arcubus per ſingulas milleſimas totius ſemidia- 
metri accreſcunt ; earum minima in principio quadrantis eſt 3 26" +, max- 
ima in fine quadrantis eſt 153 45, ſeu 2* 33' 45”, quadragecupla quintupla 
minimæ. 

Sequitur ſecunda columna numerorum : ipſorum rotundorum. Rotundos 
hic appello, qui continent exactè partes milleſimas ſui maximi in fine poſiti, 
ſcilicet 100000,00, hoc eſt, Rotundi habentur, qui terminantur in quatuor 
minimum cyphras rotundas, nullas dictas. 

Viciſſim numer ſcrupuloſi habentur reſpectu chiliadis hujus, qui deſinunt in 
cyphras ſignificativas, aut qui minus quam quatuor nullas habent in fine. Ut 
96300,00 eſt rotundus, fic etiam goooo, oo. At 96350,00, & 96357,00, 
& 96300, 68, & goooo, og, ſunt ſcrupuloſi. Atque hi rotundi noſtræ Chiliadis, 
reſpectu quidem arcuum ad latus ſiniſtrum poſitorum, appellantur Sinus, re- 
ſpectu verò columnarum cæterarum ad dextram appellantur Abſoluti, quia in 
cæteris columnis intelliguntur — ſignificatione aliqua certa revincti. 

2 Hic 


P frac » ſciat Lector, exemplar meum in forma folii ſcriptum, diviſum 
e 
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Hic venit obſervanda cauſa, cur, chm Chiliada ſcribere propoſuerim, numerus 
tamen maximus non fit 1000, fed potius 100000,00, ejuſque unitas non 1, ſed 
100,00. Deinde cur ſemper ultimæ duæ numeri cujuſque figure interpoſito 
puncto fint ſeparate, & velut abſciſſæ a reliquis verſus ſiniſtram. Cauſa igitur 
utriuſque rei eſt eadem, quia nimirum in vulgato canone ſinuum, maximus ſeu 
ſemidiameter circuli conſtat figuris totidem, vel enim 100000, vel 10000000, 
ſolet uſurpari. Et quia radius ille ad quinque cyphras continuatus plerunque 
ſufficit ad calculum, alterius qui ſeptem cyphris exprimitur, rarior eſt neceſſitas: 
hinc poſtremi canonis ſinuum excultores cœperunt duas ultimas, tanquam minus 
neceſſarias, puncto ſeparare. Atque hoc ego mihi ratus ſum obſervandum in 
rotundis meis, ut qui unt etiam loco ſinuum. Si quis 11s, ut abſolutis, velit uti, 
poterit quatuor ultimas cyphras rejicere, quoties 1d uſus aut præcepta ſequentia 
exegerint. 

Porrò hæc cauſa attinet etiam columnam quartam, quæ præcipua eſt, Loga- 
rithmorum ſcilicet cum differentiis, de qua nunc plura dicam. 

Primum operæ pretium fecerit computiſta, qui hàc Chiliade eſt uſurus, fi 
ſubordinationem differentiarum : ſub ſuos Logarithmos ſubtilibus lineolis ad- 
juvet, ut ſingulæ figure illarum ſingulis horum reſpondeant. 

Deinde notet calculator, numeros hos non efle 44s; abſolutos, ſed eſſe 
Aoyepilues, numeros ſcilicet relatos ſingulos ad binos alios, numeros proportionem 
ſignificantes, quz eſt inter abſolutum ad latus ſiniſtrum poſitum, & inter max- 
imum Chiliadis ſeu 100000,00. 

Tertiò hi Logarithmi omnes ſunt ſcrupuloſi, hoc eſt, non rotundi. Non 
tamen exhauſta eſt omnis eorum ſcrupuloſitas, continuatione hac eorum uſque ad 
duas figuras ultra punctum. Atque hoc indicatur ibi per ſigna + plus & — 
minus paſſim appoſita. | 

Nam quibus nullum tale adeſt fignum, 11s intellige non unam quadrantem 
unitatis neque deficere, neque abundare : qui verò habent ſignum +, ii habent 
inſuper plus quam quadrantem, minus quam ſemiſſem unitatis, aut ſummum ſe- 
miſſem: qui denique habent ſignum —, eos intellige minuendos aliqua particulz 
unitatis, quæ fit inter quadrantem & ſemiſſem. Qui 1gitur vult accuratiſſimè com- 
putare; 1s fi duos logarithmos eſt additurus cum ſigno +, ſummæ poterit addere 
unum inſuper ſemiſſem: Sin duos cum ſigno -, de ſumma detrahet ſemiſſem. 
Et in ſubtractione, fi qui eſt cum ſigno - ſubtrahendus erit ab aliquo cum 
ſigno +, eis reſiduum faciet ſemiſſe auctius. Sin è contrario is qui habet +, 
ſubtrahi debet ab eo qui habet —. Reſiduum ſemiſſe minuendum erit. 


Exempla additionis. 12783,34 — | 59783, 704 
230258,52 — | 61618,61+ 


—— 


24304 1,852 121402,314 
ſive 86 — ſive 32 — 
Exempla ſubtractionis. 59783, 0 + | 231263, 55 — 
12783,34 — | 1005, o3 + 


— — ů — 


47000, 36 | 230258, 512 
five 37 five 52 — 
Hæc 
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Hæc ſcrupuloſitas locum habet tantim in logarithmis, qui ſunt expreſſi in 
Chiliade, in aliis intercidentibus præſtari non facilè poteſt: nuſpiam verò eſt 
abſolute neceſſaria. Immò plerumque contemni poſſunt duæ ultime poſt 
punctum. Denique quantò major logarithmus, tantò minus periculi in neglectu 
figurarum differentiæ, poſt duas ad ſiniſtram primas omnium. 

Reſtant columnæ tertia & quinta. Et in tertia quidem ſunt numeri lo- 
giſtici non abſoluti; maximus habet 24? quot ſcilicet ſunt unius diet horæ, 
etſi poſſunt ſignificare promiſcuè vel horas, vel gradus. 

In quinta rurſum ſunt numeri logiſtici, complectentes collectionem ſexage- 
nariam : itaque maximus eſt 6 Tertia quidem numeros exhibet ſuos tribus 
membris, in primo ſunt integri gradus vel horæ, in ſecundo ſerupula prima 
unius integri, in tertio ſcrupula ſecunda. Quinta duobus membris eſt contenta, 
ſcrupulis nimirum & ſecundis. Cùm autem diviſio millenaria non fit apta nu- 
meris 24 & 60, fit ut in his duabus columnis, ultima unitas ſcrupulorum 
ſecundorum non ſit exacta: nam minutiæ ejus, quæ minus ſemiſſe efficiunt, 
neglectæ ſunt, quæ plus, ea completione unitatis ſunt confuſæ & obliteratæ. 
Pars enim milleſima de 24 eſt o* 1' 26“ 24”, pro qua ſcripta ſunt 

6:8 . " I : 1 " 
o 1 26', Duæ tales partes ſunt 2 52 48 , pro hoc ſcripta ſunt 2 53. 
Et in ſexagenaria pars milleſima eſt o' 3 36”. pro qua ſcripta ſunt G 4 
Duæ milleſimæ ſunt o)“ 120“, pro quo ſcripta ſunt o' 5”. Itaque quaternis 
lineis ſemper exceſſu vel defectu peccantibus, ſolæ quintæ ſunt exactæ. Pro- 
priam vero & accommodatam he columnæ ſubdiviſionem ſortientur in tabulis 
Rudolphi. In præſens Chiliadi dandæ fuerunt partes potiores: et electus eſt 
a me millenarius, tanquam propria collectio numerorum abſolutorum: quia, ut 
initio dictum, ſcopus meus fuit, monere lectorem, quod proportiones, earumque 
menſuræ, logarithmi, accidant primò numeris abſolutis. Nihil tamen impedit 
has duas columnas, tertiam & quintam etiam per hanc diſpoſitionem minus 
exactam, & impropriam, millenariam ſcilicet, fieri utiles: ut in ſequentibus 
dicetur. 


C SY EE IT. 
De Aſſociatione Columnæ Arcuum, & Columne Rotundorum.. 


IXI cur in columnà numerorum abſolutorum ſtatuerim progreſſionem 

arithmeticam continuam ab unitate ad mille, ſeu a 100,00 ad 

100000,00, & qua ratione, cuilibet ex hiſce rotundis in columna arcuum, 
aſſociaverim ſuum arcum. 

Cam autem arcus hi omnes ſint ſcrupuloſi, fit creberrimè, ut oblato arcu non 
ſcrupuloſo, aut ſcrupuloſo quidem, ſed ſic, ut non exactè reperiatur inter arcus 
Chiliadis, ſed inter binos intercidat, ut his, inquam, arcubus jubeamur aſſignare 
ſuos ſinus; ut ita Chilias noſtra, quadamtenus etiam ſerviat loco canonis ſinuum, 
ejuſque vices ſuppleat. Id autem fieri poterit hac ratione. 

| Per 
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Per arcum Chiliadis proximè minorem propoſito excerpe ſinum rotundum; 
eundem arcum aufer a propoſito : reſidua ſcrupula, prima & ſecunda colloca in 
regula detri ad dextram, differentiam verò binorum arcuum, inter quos poſitus 
intercidit, colloca ad ſiniſtram, in medio colloca numerum progreſſionis per- 
petuum ſcilicet 100,00, & operare per regulam detri prodibunt enim figuræ 4, 
ultimæ ſcrupuloſæ adjiciende ex ſcripto ſinui rotundo, ſeu loco deletarum ejus 4, 
cyphrarum finalium ſcribendæ. | 

Viciſſum dato ſinu ſcrupuloſo, indagabimus etiam ejus arcum ; fi cum ſinu 
rotundo Chiliadis proxime minore quam eſt propoſitus, hoc eſt, cùm ejus 
tribus primis figuris ex ſeptem, excerpamus arcum, deinde de differentia inter- 
jecta inter duos arcus proximos, ſumamus partem proportionalem ſcrupuloſitati, 
quam 4, ultimæ ſinus dati figure complectuntur. 

Hic cam miſceantur numer diverſorum generum, facile compendium aliquod 
invenies ex teipſo, fi bonus es arithmeticus, ingenioque polles. Si verò neſcis 
compendium, utere noſtro, quod huic rei ſerviturum in cap. 1x num. vil 
& v111 rejectum eſt, 

Non quidem erit exactiſſima vel una, vel altera operatio, præſertim in fine 
quadrantis ; quia differentia tunc fit ſubits magna. Itaque conduceret, decem 
ultimas differentias in denas ſubdividere. Et interpoſitis ſinubus uſque ad 
quartam figuram ſcrupuloſis, ſuos illis ex canone quadrantis aſſignare arcus, quod 
quilibet privata opera poterit. Exceptis verò decem ultimis differentiis, per 
reliquum quadrantis perveniemus in notitiam ſinuum ad 5, ſaltem figuras 
continuatorum, non multò incertius, facilius etiam, quam per canonem ſinuum, 
ad ſingula ſcrupula prima extenforum : quia laborem quærendæ partis, que fit 
proportionalis adhærentibus ſecundis, per logarithmos ſublevamus, ut capite 
1x doceberis. Quomodo etiam ſecantes arcuum, quodammodo haberi ex hic 
Chiliade poſſint, intra apparebit capite v111. 

Jam quorſum ſint nobis utiles ſinus arcuum; id non eſt hujus loci docere, ubi 
omnia per logarithmos perficimus. Adeantur libri qui tradunt doctrinam 
triangulorum, per rectos quadrantis. 


„„ 3 ML 


De Comparatione Columna ſecundæ Sinuum, cum tertid Quadrivicenarid, 
vel cum quinid ſexagefimorum, 


IT interdum, fic exigente parte arithmetice, que logiſtica dicitur ; ut 
ſemidiameter circuli aliter diviſa offeratur, quam. in partes denarias, cen- 
tenarias, millenarias, &c. Verbi cauſa diameter ſolis vel lunæ deficientis dividi- 
tur in partes 12, quas digitos appellamus. Quod fi igitur detur aliqua portio 
diametri in partibus, Ar eſt ſemidiameter 100000. Ea portio quæſita inter 
abſolutos, ſtatim monſtrat è regione ſub quadrivicenaria quadruplum numerum 


digitorum, quos valet illa portio. 
4 Ur 
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Ut fi deficiat ſexta pars de ipſa circumferentia lunz ; ad ſciendum quot digit 
ſuperſint in lumine, poſito quod umbra terre ſecet diametrum, ut recta linea ad 
rectos angulos : ſuperſunt igitur in lumine 300 gradus. Horum dimidium 
eſt 150*, hoc eſt go®, & 60% Partes igitur diametri reſpondentes erunt 
100000, & 86603. IIla in quadrivicenaria oſtendit 24* iſta 20* 47 2” ſumma 
44 47 2”. Hinc quarta pars eſt 11* 11' 45”. Et tot ſunt digiti reſciſſi de 
diametro. 

Viciſſim fi deficiat digitus, quid is valet in dimenſione, qualium ſemidiameter, 
hoc eſt, 6 digiti, ſunt 100000 ? Quia igitur 24, numerus hujus columnæ maxi- 
mus eſt quadruplum de 6, ſume etiam quadruplum digiti unius, id eſt, 40. 
Hoc vero quæſitum in quadrivicenaria, offert inter abſolutos 1667 5,00 circiter. 

Eodem modo fit interdum, ut ſemidiameter valeat authoribus non 100000, 
ſed 60', ut ſolet Ptolomæus, et plerique aſtronomorum in indicatione propor- 
tionis orbium. Ii authores, fi exprimant in hac dimenſione ſinus arcuum, aut 
partes quaſcunque ſemidiametri; quæſitæ ez partes in ſexagenaria, exhibent in 
abſolutis, valorem illius partis in dimenſione hodierni ſinuum progreſſionis 
denariæ. 

Exempli cauſa, quæritur 38“ 47“, quantum faciat ſinum, qualium 60 eſt 
100000, reſpondetur 64630 circiter. 

Sic etiam viciſſim quæritur 9265, eccentricitas Martis, quot faciat ſcrupula, 
qualium 100000 facit 600, reſpondetur 5 33”. 


Co A OS. F-. 28s 


De Comparatione Quadrivicenariæ cum Sexagenarid, 


OLET eſſe pars tabularum aſtronomicarum converſio horarum in ſcrupula 
diei, & viciſſim. 

Hæc converſio habetur per has duas tabulas ſatis exactè, præſertim in quintis 
lineis, quas rotundas dicere poſſumus. 

Verbi cauſa horæ 6? 28“ 54”, quot valeant ſcrupula diei? In columna tertia 
occurrunt 6 28“ 48”, quæ faciunt in quinta 16 12” exactè, quia linea eſt 
rotunda & quinarii ultima. Reſiduum igitur 6” unius minuti horarii, quæſita ut 
hore, dant 15, o“, quæ jam valent 15", junctis ſcilicet apicibus reſidui horarii 
6”, et horum 15 horis 67 reſpondentium. Ergo totus numerus 6“ 28“ 54” 
valet ſcrupula diei 16 12” 15”. 

Viciſſim 47 39” ſcrupula diei quot valent horas ? 

In quinta 47 38“ + valent horas 19% 3' 22" reſiduum ſecundum 
unicum ſeu 60“, quæſita ut 60' oftendunt 24” (duobus apicibus, quos illis 60” 
detraxeramus, numero oſtenſo 24* ſuperpoſitis.) Ergo propoſita ſcrupula 4) 
39” valent horas 19* 3' 46—Non prodit enim hic exactum, quia linea eſt 
{crupuloſa, quarta ſcilicet ſui quinarii. 

Sed 
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Sed fi memor eris eorum, quæ capite primo ſunt dicta de his linearum qui- 
nariis, quod ſcilicet in primis intelligantur accedere quadrivicenario numero 24”, 
in ſecundo deficere 12”, in tertio accedere 12“ in quarto deficere 24”, Er 
ſexagenario numero in prima linea deficere 24 5„ in ſecunda accedere 12“, in 
tertia deficere 12“; in quarta accedere 24”, poteris etiam ex quatuor _— 
quinarii lineis exacte excerpere converfiones iſtas. Nam exactè 47 38“ 24” 

valent 197 3 21” 36". Ergo refidua 36”, unius ſecundi quzſita, 3 
oltendunt horas 14 24, valentque 14” 24 Itaque totus 47 39“ valet 
exacte horas 1973“ 36“ 0 

In tabulis Rudolphi exacta erit iſta converſio in lineis omnibus, quia ſervabitur 
naturalis, & propria diviſio numerorum 24 & 60? in lineis omnibus. 

Alia quoque converſio eſt in uſu crebro, horarum 24 in gradus æquatoris 
360, & viciſſim. Et poteſt hac quoque converſio perfici ope harum 2 tabula- 
rum in hunc modum. 

Quæritur horæ 19 25 37”, quot faciunt gradus, & ſcrupula æquatoris. In 
columna igitur tertia 195 26 "of dat 48 36“ exactè. Sed temporaria 
4% queſita ut temporaria 47, dant 1' 58“, quæ valent 1“ 58”, Ergo pro- 
polite „7% dant 48 34 2”, que multiplica in 6, & diminue 
apices, roveniunt 291* 24 12“, gradus æquatoris. 

Viciſſim gradus æquatoris ſic convertes in horas: divide eos per 6, & auge 
apices: quotiens in ſexagenariam immiſſus, oſtendit è regione horas quæſitas. 

Quzruntur 259? 34 17“ quot ſint horx ? 

Sexta pars eſt — * 43 15 43. Quere igitur 43' 15” 43“, & monſtrabunt in 
tertia 17 18 14'— 


5 


c 
De Quadrivicenarid cum Logarithmis compoſita. 
I. 7 ABULA diurnorum & horariorum ſolet Ephemeridibus præfigi, pro- 


lixa admodùm: ubi docemur, dato diurno excerpere horarium, ad 
datum horarum numerum. Excerptio ipſa licet non fatiget mentem multipli- 


catione, fatigat tamen & mentem additione, & oculos manuſque excerptione. 


At hic conjunctio columnæ quartæ cum tertia, & tollit neceſſitatem tabulæ diur- 
norum, & opus peragere docet longe facilius, quippe additione ſimplici (non 
logiſtica) logarithmorum. 

Quzre enim tam diurnum, quam horas in quadrivicenaria, & logarithmos ab 
lis monſtratos adde in unam ſummam; que inter logarithmos quæſita, monſtrabit 
© regione in columna tertia portionem motus competentem horis. 

Utile eſt hoc præceptum, ubi magnus eſt diurnus, non major tamen quam gr. 

4, ut in luna & cometarum nonnullis. 


ETEM- 
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EX EMPLU M. 


Sit diurnus lunæ 14* 23. Quzritur quantum. 
competat horis 19 42 

Logarithmus ad 14 23 o eſt 51200 circiter. 
Logarithmus ad 19 42 o eſt 19730 circiter. 


— 


Summa 70930 


Hæc queſita inter logarithmos, oſtendit in quadrivicenaria 11* 48“ O. 
Tot gradus competunt horis 19 427 


ALIUD EXEMPLUM. 


Sit diurnus 29 15'. Horæ 938". 


Logarithmus 2 15 eſt 237000 circiter. 
Logarithmus 9 38 eſt 9g1200 circiter. 


Summa 328200 dat o 54 O. 


Poteſt vero hoc exemplum, ubi diurnus eft adeò parvus, aliter etiam & 
faciliori via computari, quam referam in caput 1x, 

II. Huc pertinet etiam ratio computandi adſpectus lunæ cum ſtellis. Ut 
fi detur ſeparatio diurna duorum planetarum, & diſtantia eorum, minor quam 
illa; quæraturque quot horis ea conficiatur ? 

Tunc enim a logarithmo diſtantiæ, auferatur logarithmus ſeparationis diurnæ, 
reſiduum inter logarithmos quæſitum, oſtendit e regione ſub quadrivicenaria 
horas competentes. 


EX EMY LVM. 


Sit mercurii diurnus retrogradus 2% 15" 


Lunæ directus - „ 
Separatio igitur diurna 3. a 
Logarithmus eſt — =» 432840 circiter. 
Sit diſtantia lunæ & mercurii 12 23 
Logarithmus = - 66170 circiter. 


Reſiduum 33330 dat 17* 12“ 


Tot igitur horis fit aſpectus lunæ, ante vel poſt momentum, quo invenitur 
hec diſtantia, prout luna poſt vel ante mercurium fuerit. 

Si uterque directus, vel uterque retrogradus eſſet; minor diurnus a majori 
ſubtraheretur, ad eruendam ſeparationem diurnam, uti docemur in aſtronomia. 


De aſpectibus tardiorum inter ſe infra, cap. 1x, 


P III. Diurnum 
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III. Diurnum indagare (minorem quidem quam 24*) ex motu 
| | aliquot horarum. 


Tunc logarithmum horarum aufer & logarithmo motus competentis, reſtabit 
logarithmus motus diurni. 


EX EMP LVU Mu. 


Promotum deprehendatur ſidus aliquod in horis 4 27. 
Gradus 1 53' quantus erit diurnus ? 
Gradus 1 53 logar. 254500 circiter 
Hor. 4 27 logar. 168400 


Reſiduum 36100 dat gr. 10 9 diurnum. 
Infra cap. 1x, erit alius modus pro diurnis parvis. 


IV. Datis tribus ſtellis in uni rea, datiſque ſingularum latitudinibus, 
- duarum vero ſolarum longitudinibus ; indagare. & tertiæ 
longitudinem. 


Idem, fi pro latitudinibus notz fuerint declinationes, pro longitudine 
vero ſumatur aſſenſio recta. 


Cam he rectæ plerumque ſint breves & infra 245 nihil nobis nocebit, 
abuſus d re curvilineorum ut rectilineorum triangulorum. 

Pone in regula detri, ad finiftram, differentiam latitudinum duarum, in 
medio differentiam longitudinum earundem; ad dextram differentiam iterum 
latitudinis ſtellæ tertiæ & priorum unius; quæſitiſque his arcubus in quadrivi- 
cenaria, exſcribantur logarithmi ; additiſque ſecundo & tertio, de ſumma 
dematur primus; reſtabit logarithmus differentiæ longitudinis ſtellæ tertiæ. 

Uſus hujus præcepti peropportunus eſt in tractatione obſervationum per 
lineas rectas trium ſtellarum. 


— 


Pp U-T VI. 


De Sexagenarid cum Logarithmis compgſitd. 


ABULZ hexacontid0n uſus eſt in logiſtick multiplex, præcipuus 

L quidem ad multiplicationes & diviſiones logiſticas, ſcrupuloſitatis infinite, 

ubi fit progreſſio ad tertia, quarta, quinta, ſexta, & fic deinceps. Tantam 

ſubtilitatem non profitetur uſus Chiliadis noſtræ. Maneat igitur hæc utilitas 
propria tabulæ hexacontid6n. 

Sed quia hæc tabula præfigi ſolet etiam tabulis aſtronomicis & 2 

| ibus, 
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dibus, in quibus non fit progreſſio ultra ſecunda, vel ad ſummum tertia : hunc 
ejus uſum tabula noſtra ſexagenaria pleniſſimè preſtat, ejuſque neceſſitatem 
penitus tollit: quod docebo præceptis ſequentibus. | 


I. Multiplicationes logiſticas perficere compendioſiſſimè. 


Primum capiant numeri, qui ſunt in ſe mutuò multiplicandi, denominationes 
ſeu apices familiares tabulæ Chiliadis. Nam quia in logiſtica apices antecedentes 
integra 1“ verſus ſiniſtram, ſunt indices ſexagenarum, ſemcntes verò integra 
15 ſunt indices ſexageſimorum ſcrupulorum, ſeu fractionum unius integri: 
ſciendum igitur, numeros in columna ſexagenaria proprie intelligi de ſexa- 
geſimis ſcrupulis primis & ſecundis, tanquam fractionibus unius integri. Erg6 
fi offerantur gradus & minuta in datorum alterutro, pro gradibus ſcribantur 
minuta, pro minutis ſecunda. Tunc 1s in ſexagenaria quæſitis, excerpantur 
logarithmi, addanturque in unam ſummam ; que inter logarithmos quæſita 
exhibebit ſub ſexagenaria factum in primis & ſecundis. Sed fi prius apices 
multiplicandorum fuerunt mutati, nunc etiam facti apices erunt mutandi in 
contrarium, nam quot apices utrique junctim additi ſunt, totidem jam uni oli 
quotienti ſunt adimendi, & viciſſim. | | 


EXEMPLUM. 


Sint multiplicandi 25 35” log. $5240 
& 49 50“ log. 18566 


Summa 103806 dat 21' 14” factum. 


ALIUD, 


15 38˙ 40“ ſint multiplicanda in 53 49”. | | 
Scribe 15 38” 40” log. 134400. Hic apices aucti ſunt unitate, 
& 53 49 log. 10900 . 


Summa 145300 dat 14' 2”. 
Sed ſcribe 14* 2' detracta ab apicibus unitate viciſſim. 


ALIUD. 


Sexagenæ. Sexageſimæ. 

39* 20' ſint multiplicanda 46 1 5? 

Scribe 39' 20” log. 42227. Hic apices aucti unitate 
46” 15” log. 26028. Hic apices aucti binario. 


Summa 682 55 dat 30 19” o“. 


Sed ſcribe 30 19 o detracto ternario ab apicibus ſexageſimariis. 
Scilicet hic factus non eſt 30“ ſcrupula ſexageſima prima, & 19” ſecunda, 

ſed 30 ſexagenæ ſecundæ & 19 prime, &c, ie 

| 8 


ALIUD 
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ALIUD EXEMPLUM, 
Sint multiplicandæ ſexagenæ 3) 41* in ſexageſima 32” 29“. 
Scribe 37 41” log. 46513, Hic apices ſunt aucti binario 
32' 29” log. 61362. Hic apices deminuti unitate 


Summa 107875 dat 20' 24” 
Sed ſcribe 20 24. 


Nam propter primum detrahendus eſſet ab apicibus binarius, propter ſecundum 
addenda unitas viciſſim. Compenſatione igitur contrariorum facta, adhuc de- 
trahenda fuit à facti apicibus unitas. 


II. Quadrare numerum logiſticum facillimè. 


Rurſum eſto memor, quod numeri in ſexagenaria ſint fractiones, eoque 
numerus quadratus prodiens, quod æſtimationem apicum attinet, minor ſeu 
minoris valoris fit, quam quadrandus. Propriiſſimè quidem quadratus, de quo 
quæritur: fic eſt ad quadrandum, ut hic ad unitatem 1“ ſeu 60 ſcr. ut fit 
quadrare logiſticè nihil aliud, quàm tertiam proportionalem a max imo co- 
lumnæ ſexagenariæ invenire. 

Numeri igitur quadrandi in ſexagenaria quæſiti logarithmum duplica, duplum 
in Jogarithmis quæſitum exhibet ex ſexagenaria quadratum, quod quære- 
datur. | | 4 


EXEMPLUM. 


Sit quadrandus 49' 53”. Ejus logarithmus 18450 dupletur ut fit 36900 hoc 
in logarithmis queſitum exhibet 41 29“. Dico igitur 41' 29” O O eſſe 
quadratum numeri 49 53”. | 

Si quid mutandum in apicibus, ut quadrandus inveniri poſſit in Chiliade, 
tunc valent præcepta eadem, quæ prius in multiplicatione, tantummodò ut 
memineris, quadrandum eſſe vice duorum in ſe multiplicandorum. 


HI. Diviſiones logiſticas perficere compendioſiſſimè. 


Primo obſerventur eadem de aptatione apicum, que prius circa multipli- 
candos. Deinde obſerva, num dividendus. (fic aptatus fi opus fuit) major 
fuerit, quam diviſor, an minor. Nam fi major, non proprie pertinet operatio 
ad Chiliada; fed ejus loco dividendus eſt, vel exceſſus ejus ſupra diviſorem, 
vel ejus pars aliquota, minor diviſore. 

Si igitur hoc pacto dividendus logiſticus fuerit minor ipſo diviſore, tunc lo- 
garithmus diviſoris, auferatur à logarithmo dividendi ; reſtabitque logarithmus 
quotientis. Atque is quotiens vel erit exceſſus itidem, addendus dividendo, 
ut conſtituatur verus quotiens, vel erit itidem pars æquè multiplex quotientis, 
vel denique, ſi nulla permutatio facta in datis numeris, erit — quotiens. 

At mutatio in apicibus facta adhuc eſt compenſanda. Nam quantum fuit 
additum vel ſubtractum apicibus diviſoris, tantum etiam addendum vel ſub- 

| 2 trahen- 


- 
* 
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trahendum apicibus quotientis. Quantum verò apicibus dividendi vel additum, 
vel ſubtractum: tantum contrarit ratione ſubtrahendum vel addendum apicibus 
quotientis, ſeorſim utrumque. | 
| | EX EMPLUM:. 
Dividantur- 29' 30“ log. 70995 

in 59 o“ log. 1681 


69314 dat 300 o” 


Hic nulla eſt facta mutatio apicum, nec in diviſore, nec in dividendo, 
quippe dividendus erat minor diviſore, caſuſque proprius Chiliadi. Ergd. 
30 o” erit quotiens juſtus. Quod mirari non debes 29. diſtributa in 
59, facere portiones magnitudine 30“ majore, quam erat totus dividendus. bes 
enim cogitare, illa 39 non eſſe integra, ſed fractionem unius. integri, proinde 
quotiens 300 eſt portio debita non uni 1“ ſcrupulo primo, ſed uni 1 integro. 


ꝙALIVU d. 


Dividantur Gr. 6 O Scribe 6“ o“ log. 230258 
In dies 59 3 59 3“ log. 1550 
; Reſiduum 228708 


Hoc reſiduum oftendit. 6'. 8”. Si ergò dati habuiſſent illos apices, cum 
uibus excerpſimus logarithmos, tunc quotiens hic fuiſſet. At quia apicibus 
dividendi ſunt adjectæ duæ unitates, fic ut ex oꝰ fierent ſexageſima o ex 
ſexagenis vero '6 fierent ſexageſima 6: Viciſſim igitur quotienti huic 6' 6” 
adimendi duo apices ſexageſimarii, ut fiat 6 6? Quia vero etiam diviſoris 
apicibus fuit adjecta unitas ſexageſimaria, ut pro 59 ſcriberentur 59', & pro 
30 ſcriberentur 3”, rurſum igitur idem eſt faciendum quotienti. primo mutato, - 
ut pro 6 6* ſcribatur itidem 6* 6, | 


EXEMPLUM UBI DIVIDENDUS MAJOR, 


Dividantur 57 23” major 


in 41' 15” ut minorem 


Subtrahe manet 16' 8” refiduum jam minus diviſore 
Ergò divide 16' 8” log. 131350 
in 417 15” log. 37470 

Reſiduum 93880 oſlendit 23 29” 


Cui adde diviſorem ipſum totum ſemel, quia ſemel tantum erat ſubtractus à 
dividendo, colligitur 1* 4 44”, Quotiens debitus uni integro, cujus diviſor 


41' 15” erat pars ſeu fractio. 


EX- 
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EXEMPLUM DE PARTE ALIQUOTA. 


Sint dividendi 3* 45 13” per 57 8”. Chm igitur contineatur diviſor in 
dividendo crafla æſtimatione, minus quam quater : operabor per dividendi par- 
tem quartam, que facile ſumitur, eſtque | 

56" 18” 15” log. 6360 
Diviſoris 577 8” log. 4900 


Reſiduum 1460 


Hoc oſtendit quotientem 59 8“. Hujus igitur ſumendum eſt iterum quadru- 
plum ſcilicet 35 56 32“. i 
Nota hoc exemplum potuiſſet etiam tractari aliter pro 3* 45 13” ſcribendo 
3' 45 13“ log. 277000 
Diviſor 57' 8” log. 4900 


Reſiduum 272100 


Hzc enim oſtendit 3 56 30“. Quia verd apicibus dividendi fuit appoſita 
unitas : detrahatur viciſſim apicibus quotientis unitas, fietque quotiens 3* 56' 
30” ut prius. . 

Quomodo compendiol? fit agendum, fi dividendus fuerit aliquoties major di- 
viſore, tradetur infra capite 1x, modus etiam alius. 


IV. Operari per regulam proportionum, detri dictam, in logiſticis. 


Si trium datorum unus fit pura unitas, fic ut ea poſſit aptari pro 15 
ſeu 60: fiquidem hec unitas fuerit primo loco ad ſiniſtram; tunc operatio ab- 
ſolvitur per meram additionem logarithmorum, loco primo traditam: ſin autem 
fuerit hæc pura unitas 1* ſeu 60 loco ſecundo vel tertio ; tunc operatio per- 
ficitur per ſimplicem ſubtractionem logarithmorum loco ſecundo propoſitam. 
At ſi nuſpiam fuerit pura unitas, tunc ſiniſtimi logarithmus, aufertur à ſumma 
duorum logarithmorum reſiduorum, ſi poteſt: vel quod idem eſt, ſiniſtimi 
logarithmus aufertur ab uno duorum reſiduorum, ſi poteſt; reſiduum addetur 
logarithmo tertii: utroque modo conficitur logarithmus quotientis. 


EXEMPLUM. 


29 45 dat - 15 43” - quid - 58' 47”? | Vel 133970 

log. 70150 133970 2050 Aufer 70150 
Adde 133970 — — 

— Reſid. 63820 


Summa 136020 Adde 2050 
Aufer 70150 — 
65870 


Reſiduum 65870 ut prius. 
Quotiens oftenditur 31 3”. | 


Si 
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Si ſiniſtimi logarithmus à ſummi reliquorum ſubtrahi non poteſt, fi nimirum 
finiſtimus datus, minor fuerit utroque reliquorum dato ſeorſim: id indicio 
eſt, quotientem excreſcere ſupra 15 ſeu 60. Quare operare per ſecundi vel 
tertii partem aliquotam, quotientiſque prodeuntis ſume æquè multiplicem: 
vel operare per exceſſum alterutrius datorum, ſupra datum! ſiniſtimum; quo · 
tientique emergenti adjunge ipſum ſiniſtimum: uti in diviſione doc us es. 


V. A numero logiſtico propoſito, radicem extrahere quadratam 


facillimè. 


an 


Ne turberis, quod radix fit major ſuo quadrato : fit enim hoc propterea» 
ui numeri ſexagenariæ ſunt fractiones unius integri : ut ſupra dictum. Ra- 
tix enim logiſtica nihil eſt aliud, quam medium proportionale inter integrum 
1 & numerum logiſticum integro minorem, vel etiam majorem, 
Ergò numeri propoſiti logiſtici logarithmum bipartire, ſemiſſis enim quæſitus 
inter logarithmos in ſexagenaria oſtendet radicem quæſitam. 


EXEMPLUM., 


Quadratus eſto 50' 27” logar. 17360 
ſemiſſ. 8680. 


Jo Hic * oſtendit radicem 535 o” eritque ut 15 ad 55 o” ſic hoc 
50 27” ferè. 
Quod / quadratus habuerit alios apices, quam in ſexagenaril, quæratur ejus 
rtis quadratæ, quæ minor fuerit integro, puta quartz, vel none, vel ſedecimæ, 
&c. radix, eaque inventa viciſſim duplicetur, triplicetur, vel quadruplicetur, 
Ke. | | 
Sit quadratum 1* 39“ 26”. Hic cùm excurrat ſupra int „ fic ut in- 
veniri non poſſit in ſexagenaria, tantò ejus quadrantem 24 50. Hic cùm jam 
inveniatur in ſexagenaria, ejus ergò log. 88 190, ſemiſſis 44095 oſtendit 38 36 
radicem quadrantis; ejus ergo duplum 1917 12” eſt radix quæſita; ſeu ma- 
gis proprie eſt medium proportionale inter 1* o' O & 139 28”. 

Mirabitur hoc imperitus, quomodo 1* 17 fit radix de 1* 39“, reputans 
illic eſſe 7 hic 99, & verd radicem de 99' effe pauld minorem quam 100. 
At memineris integrum in ſexagenari non eſſe unum ſcrupulum, ſed unum 
gradum : proinde hujus unitatis Iinearis quadratum, itidem eſt unitas ſuperficiaria 
valens 1* ſeu 60', Et fic unitatis linearis, cum fractione appendice, per 
x7 expreſſa, quadratum rectè fit unitas ſuperfictaria cum fractione -appendice 
per 39 expreſia. Si verd cogitationem ab hac unitate gradus transferas ad 
unitatem ſcrupulariam ; tunc unitas linearis ſcrupularia, quadratum habet, uni- 
tatem ſuperficiariam, que valet ſcrupulum ; Et fic prioris unitatis graduariz 60 
ſcrupula in formam redacta quadratam, latus habebunt pauld brevius 8, uni- 
tatibus linez ſcrupulariæ. Unde elucet conſenſui rei utriuſque. 


VI. Inter 
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VI. Inter duos numeros logiſticos medium proportionale con- 
ſtituere. 


| Si datorum unus eſt 1* Oo jam modò dockus es idem facere per ex- 
tractionem radicis. Hæc eſt enim medium proportionale. Si verò non eſt 
integrum ſexagenariæ, ſcilicet 1“ interdatos, adde datorum logarithmos, 


ſummæ ſemiſſem quære inter logarithmos, & GOAPLs ex {exagenaria queſitum 
medium * 


EXEMPLUM. 


Sint dati 25 35" logarith, 85240 
& 49 50' Ke 56 


Summa 103806 2 
Semiſſis 51903 dat 35 43˙ 
Erit igicur ut 25 35 ad 35 43" ic hoc ad 49 go”. 


VII. In ſpecie hie docemur partem proportionalem venari, in 
tabulis æquationum & alibi. 


Fit autem ſecundum præc . Per multò compendioſiſſimè, quoties 
totum, quod debetur uni & ui, horæ, ſeu 60 minutis, non ſuperat 60 


minuta. Adduntur enim logarithmi 1. Differentiæ uni gradui, vel hore 
reſpondentis, & 2 ſcrupulorum, integris af dibus vel horis adhærentium, 
ſumma inter logarithmos quæſita exhibet, ad latus ſub ſexagenaria partem pro- 
portionalem quæſita m. 
Sit anomalia 136* 47 14", & excerpatur cum integris 136" æquatio— 
4 15 2 3". Sitque differentia æquationum duarum vicinarum decreſcentium 

37 29“. Quzritur pars proportionalis ſcrupulis 47 14”, 

Logarith. 47, 14, eſt 23920 circiter 

_ Logarith, 37 29 eſt 47050 circiter 


| Summa 79970 dat 2 300 partem proportion- 
alem decrementi, ablata igitur hæc à 4 15 2 3 reli * 3* 41 55 æqua- 
tiohem correctam. | | 


EXEMPLUM ALIUD. 


Sit horarius 31 24“, ſint minuta unius hore 41 48”, queritur quantum tis de- 
beatur de horario? Adde logarithmos 64770, & 36150, Summa 100920, 
oſtendit partem proportionalem 21 52. 


VIII. Dato 
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VIII. Dato horario lunz à ſole, datiſque ſcrupulis incideatle, more 
dimidiz, vel durationis dimidiz ; eruere tempus incidentiæ, 
moram dimidiam, vel durationem dimidiam in 
eclipſibus. 


VEL, 


Dato horario, datoque arcu per currendo, indagare numerum 
|  horarum & minutorum, intra quos arcus k 
percurritur. 


Primum — horarium lunæ à ſole quoties potes à datis Comal totiefque 
ſcribe unam horam. 
Deinde à logarithmo reſidui, quod minus erit horario, aufer logarithmum 
horarii, reſtabit logarithmus minutorum horis integris adjiciendorum. 
Sint ſcrupula 


3 1 
Horar, lunæ a ſole 53, 24 aufer ſemel & ſcribe hor. 1 


Reſiduum 21 52” logar. 100920 
Horarii g1' 24” logar. 64770 


Reſiduum 36150 dat 4048” 
Ergo tempus eſt 1 41 48”, 


IX. Dato numero horarum & minutorum, cui reſpondeat datus 
minor numerus graduum & ſcrupulorum, inquirere | 


horarium: oportet autem horarum numerum 
infra 60 eſſe. 


Quære 3 (diminutis ſignis) in ſexagenaria, & logarithmum horarum, 
aufer à logarithmo graduum ; reſiduum eſt logarithmus horarii ex eadem ſexa- 
genaria gry 0194 cum ipſis ſignis. | 

Ut fi horis, 50 26“ luna promoveatur 28* 3 

Diminue ſigna, ut ſtent illic 50 26 hic 2830 | 
Jam igitur a logarithmo 28' 3“ ſc. 76036 : 19 
Aufer 2 —— Fo 26“ ſc. 17469 | 


Reſiduum 58 567 oftendit horarium - - * 
33' 24”, retentis ſignis. 


APPENDIX, 


Si plures eſſent gradus quim hore, aufer numerum horarum à numero 
graduum quoties potes, totieſque ſcribe unum gradum in quotiente. Deinde 
cum eo, quod de — fuerit reſiduum, operare, ut jam dictum, prodi- 

2 buntque 


= * 
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2 ſcrupula & ſecunda, gradibus integris in quociente ſcriptis, ad- 
den 

Sed ber tap, 1x wadantur per alium modum ſimpliciorem, & magis pro- 
prium, ut mutatione aprcum non fit opus. 


COMPENDIUM. 


Conducit etiam ad brevietem, « major munerus foerit infra 30, uti tunc 
operemur per utriuſque duplum. 

Ut fi horis 25 13 luna 3 gr. 14 14, hoc perinde eſſet ac fi horis 
50 26' reſponderent gr. 28 3 


X. Si triangulum rectangulum, ſeu planum, ſeu ſpleericem, omnia 
latera minora habuerit, quam 1“ feu 680“: runc datis 
dus lateribus circa rectum, per logarithmos 


invenire latus tertram recto fubtenſum, 
| | ſeu baſin. 


Facilius quidem fit, in ſpdericis quidem per antilogarithmos canonis, ſeu 
ut cap. vii dicatur, per * cemplementi: fi tamen per opportunitatem 
etiam ſexagenariã placeat uti: fic poterit operatio inſtitui. 

Logaritmos laterum 3 ſeorſim duplica, cum his duplis, ut 
logarithmis, excerpe laterum quadrata ex ſexagenaria, eaque in unam ſum- 
mam adde, ſumma quæſita in ſexagenari, exhibebit © regione logarithmum, 
cujus ſemiſſis, ut logarithmus Jones, ex eadem ſ{exagenaria exhibebit baſin 

N 
» Ut & fint latera 28' 17“ & go' an”, eorum logarithmi 73200 & 17200, dupli 
horum 150400 & © 50 yo; Brace quadrata laterum 15' 20" & 4 32”, Summa 
utriuſque eſt 55 52; hujus logarithmus 540, et hujus ſemiſſis 3570, oſtendit 
baſin 57“ 54”. 


Mk Vicifim daz bat im fic comparatis, & latere alterutro, in- 
venire latus reliquum. 


Rurſum duplicia logarithmos baſis & lateris dati; per hæc dupla excerpe 
quadrata ex ſexagenaria, minuſque à majori ſubrrahe ; reſidui logarichmus eſt 

uplus logarithm lateris quteſiti: ut fi bafis 57 54”, larus 28, 17”, logarithmi 
3 92 duplicati ſunt 7140,150400, quadrata 55 52” & 13 20”, reſiduum 
42 us g4400, dimidium 17200, un oſtendit 50 31” latus 
quæ — 
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CAPU T: vn. 
De Copulatione Columne Arcuum cum Columns Logarithmaran. 


Per ſolos Logarithmos Arcuum & Angularum, omnia Triangula 
Sphærica ſolvere, omnia ſcilicet quæſita ex tribus datis eruere. 


P * MA autem ſunt rectangula, eorumque _ ſedecim, in n inter 
tria data intelligitur ſemper ipſe rectus angu 

Hic autem vox complementi crebro uſur bac cam fic ſolitariè ſumitur, 
ſemper dat ſubintelligi ad verò vox pro latere maximo 
ſumitur, quod ſeilicet angulo recto opponitur. Et 1 de talibus * 


angulis, quorum latera ſunt minora quadrante ſingula. 


I. Ex baſi & angulo latus oppoſitum. 


Addantur invicem r datorum, conficitur logarithmus queſici 


n. Ex lateribus baſin. 


Addantur invicem logarithmi complementorum datorum laterum, dia 
4 complementi quæſitæ baſis. Vide cap. vi numero x modum 
um 


| III. Ex angulo & latere adjacente angulum reliquum. 
Addantur invicem logarithmi anguli, & complementi lateris, conficietur 
logarithmus complement: quefiti anguli. 
IV. Ex baſi & latere angulum oppoſitum. 
Auferatur logarithmus baſis I logarithmo lateris, reſtabit logarithmus anguli 
d 
V. Ex angulo & latere oppofito baſin. 


Auferatur logarichmus _ a logarithmo lateris oppoſiti, reſtabit loga- 
rithmus baſis. 


VI. Ex angulo & latere ſubtenſo angus reliquum. 


Auferatur logarithmus complementi lateris dati a logarithmo complemegti 
anguli dato oppoſiti, reſtat logarithmus ipſius anguli reſidui quæſiti. 


Q 2 VIII. Ex 
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VII. Ex latere & baſi latus reliquum. 


Auferatur logarithmus complementi lateris à logarithmo complementi baſis, 
reſtabit logarithmus complement lateris reliqui. Vide ſupra cap. vi num. x1 
modum alum. | | Me | | 


VIII. Ex angulis latns. 


Auferatur logarithmus anguli, qui lateri quæſito adjacet, à logarithmo com- 
plementi anguli oppoſiti, reſtat logarithmus complement lateris queſiti. 


Pro his com- 
poſitis caſibus, 


aptior eſt canon 


ipſe logariih- 
morum qua- 
drantis, quàm 
Chilias noſtra: 
quia in illo non 
geſt excerp- 
tione arcus, 
quippe cum 
ejus comple- 
mentum ſta- 
tim cum lo- 


7 — ſao 
regione 1n 
— um 
veniat. Ut 
jam non di- 
cam quod me- 
ſologarithmi 
canonis, qui- 
bus caret Chi- 
lias noſtra, 
pizitent hos 
compeſitos 
etiam ſimpli- 
ces. 


menti logarithmus, auferatur a lo 


IX. Ex lateribus angulum. 


Addantur in unam ſummam logarithmi complementorum da- 
torum, laterum ſumma excerpat arcum: Ejus arcus comple- 
ithmo lateris quæſito angulo 
oppoſiti, reſtat logarithmus anguli quæſiti. | 


X. Ex baſi & angulo reſiduus angulus. 


Addantur in unam ſummam logarithmi datorum, ſumma ex- 
cerpat arcum: ejus complementi logarithmus auferatur à loga- 
rithmo complementi anguli dati, reſtabit logarithmus anguli 
quæſiti. 


XI. Ex angulo & latere adjacente, latus oppoſitum re- 
liquum. 


Addantur in unam ſummam logarithmi, anguli & comple- 
ment lateris, ſumma excerpat arcum: ejus complementi loga- 
rithmus auferatur à logarithmo complementi anguli dati, reſta- 
bit logarithmus complementi lateris quæſiti. 


XII. Ex baſi & angulo latus adjacens. 


Addantur logarithmi datorum, ſumma excerpat arcum; ejus complementi lo- 
garithmus auferatur à logarithmo complementi baſis, reſtabit logarithmus com- 


plementi lateris quæſiti, angulo adjacentis. 


XIII. Ex baſi & latere angulum adjacentem. 


Auferatur logarithmus complementi lateris à logarithmo complementi 8 
reſiduum excerpat arcum, ab hujus complementi arcu, auferatur logarithmus 
baſis, reſtabit logarithmus anguli adjacentis. | 


XIV. Ex 


CHILIADIS COMPLEMENT. 117 


XIV. Ex angulo & latere oppoſito latus reliquum. 


Auferatur logarithmus anguli à logarithmo lateris, reſiduum excerpat arcum, 
a cujus complementi logarithmo, auferatur logarithmus complement lateris + 
reſtabit logarithmus complementi lateris reliqui. 


XV. Ex angulo & latere adjacente baſin. 


Addantur invicem logarithmi anguli & complementi lateris ; ſumma ex- 
cerpat arcum ; hujus complementi logarithmus auferatur à logarithmo lateris 
dati, reſtabit logarithmus bafis. 


XVI. Ex angulis baſin. 
Auferatur logarithmus anguli unius a logarithmo complementi anguli 


alterius ; reſiduum excerpat arcum, ab hujus complementi logarithmo, aufer 
logarichmum ipſius anguli alterius, ſeu — av fo hic adhibiti, reſtat logarith- 
mus baſis. 

EXEMPLUM CASUUM OMNIUM. 


Sit Baſis 72* o'. Angulus 50? O. 


Logarithmi, Complementa. Logarithmi, 

Baſis 72* o' x 5030 A 182 of L 117440 O 

Angulus 50 0 6 20650 B 40 0 M 44190 2 

Latus oppoſitum 46 45 nu | 31680 „ 43 15 N 37805 . 

Latus majus 03 28 2 11370 D 26 48 Rn 79635 T 

Angulus major 69 48 K 6340 E | 20 12 s] 106350 v 
"4 | 


Hoc exemplum fic fuit conſtructum. 


r, o, ſunt ex arbitrio, quæ dant L, M. Ergo habentur 4, B, o, 7, jam per 1 
ex A, B, habetur c hinc H hinc x hinc q. Tunc per vii. ex o, & habetur 
, hinc x hinc 1 hinc v, etiam per Iv. ex A, D habetur E hinc K 
hinc s hinc v. Reliqua præcepta omnia erunt loco probationis, verbi causa 
3 prim. Ex baſi r & angulo K latus 1 illi oppoſitum, invenitur enim Þ qui 

1. 


Ex primo. Ex ſecundo. Ex Tertio. 
5030 A 37805 . 266 50 B 6340 K 
6340 E 79635 T 79635 T 37805 
11370 D 117440 O 106285 » 44145 P 

| | Pro 106350 Pro 44190 


Ex 


„ 1 


— 


————— ——U—U— m 2 ñ2 . —— — 


2 CO LIES 


| 
| 
| 
' 
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Ex quarto. Ex quinto. Ex Sexto. 
5030 4A [ 26650 * 6340 2 - | 44190 P . - 106350 v 
31680 c 31680 c 11370 D 37805 c. | 79635 T 
266 50 272 12 50JO 4 | 5030 1 6385 K 26715 B 
wot pro 6340 pro 26650 
Ex ſeptimo. Ex octavo. 5 Ex nono. = 
117440 0 26650 B 6340 = | 73805 . 
79635 T | 106350 v 44190 FF } 79635 T 
37805 @ 797500 r 37850 | 117440 0 18* & 117440 0 
pro 79635 Pro 37805 | 31680 c 11370 D 
| 5030 A 72 © 5030 A 
f | 26650 B 3640 E 
| Ex decimo. Ex undecimo. Ex duodecimo. 
5030 4 5030 A | 26660 8 6340 K 5030 A 5030 A 
26650 B 6340 E | 79635 r 37805 Q 26650 B 6340 E 
316860 c 11370 D | 106285 v 44145 P 31680 c 11370 D 
738056 @ 79635 Th 6340 Ex 26650 B | 37805 @ 79635 r 
44190 PF 106350 v | 44190 P 106350 v | 117440 0 117440 o 
6385 26715 s | 37850 . 79700 T| 796357 37805 @ 
pro 6340 pro 26650 | 


Ex decimo tertio. 


—_ 


Ex decimo quarto. 


37805 @ 79635 T | 26650 B 6340 E 
117440 © 117440 O 31680 c 11370 D 
79635 1 37805 Q 5030 A 5030 a 
11370 D 31680 c c | 117440 o 117440 O 
2 5030 4 | 37805 & 79635 r 
3 6340 E 26650 B | 79635 T 37805 . 
Ex decimo quinto. Ex decimo ſexto. 7 
26650 B 6340 E 26650 B 6340 E 
79635 T 37805 Q 106350 v 44190 P 
106285 v 44145 P 79700 T 37850 & 
6340 E 26650 B | 11370 D 31680 c 
11370 D 31680 c | 6340 * 26650 » 
W IR | — — 
5030.4 5030 A | 5030 A 5030 A 


Primi 
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Primi igitur octo caſus perficiuatur operationem ſimplicem 3 reliqui 
octo per duplicem, in quibus foilicet —2 aliquid aliud quæritur ante id, 
quod proponitur, per unum ex octo prioribus. 

Reſolvuntur itaque gin 2 & 4. Sic 10 in 1 & 6. Sic 11 in 3 & 8. Sic 
IO 7. Sic 13 in 2 & 14. Sic 13 in g & 7. Siciging & 5. Sic 
16 in 5. 

Excerpſi autem ſtudio lagarithmos rudes, ut fi arcus propoſitus caderet 
medius inter duos ex preſſos in Chilade, medium etiam aliquid inter duos 
illorum logarithmos eligerem, rotundo fine; ut monerem, etſi neque arcus, 
neque eorum logarithmi in Chiliade rotundi ſint, nihil tamen opus eſſe, ut 
calculator ſeſe ubique maceret, minutias conſectando, quod equidem grave 
eſſet in hac chiliade : facilius aliquantd in canvne quadrantis ; in quo arcus 
rotundi ſunt, & ſingula minuta ſuos habent logarithmos. 

Aliud etiam compendium non contemnendum (ut ad marginem monui) 
habet canon pre mea chihade, quod is arcuum complementa cum ſuis 


logarichmis exhibet è regione. Itaque quod ego in chiliade cop circumloqui 
| b 


longius, logarithmum ſcilioet complementi arcus, lateris, 5 uli: 
id in canone brevius exprimimus, antilogarithmum arcus, lateris, baſis & 
1 dioentes: ut inmamus excerpendim eie untilogurihmum e vegione 
arichmi. 
ertiom compendium canonis eſt in eo, quod is habet etiam meſologarithmos, 
quos, caſus octo pofteriores fiunt ſimplices, qui ſunt hic duplices: verum 
oc canons compendium apud inexercitatos conjunctum eſt cum diſpendio, 


quod diſtrahitur animus additionibus & ſubtractionibus meſologarithmorum 


coſſicis, hoc eſt, multitudine cautionum, quibus arithmetica coſſica conſtat. 

Sed quod attinet logarithmos, pauld exactiores ex ipſa etiam chiliade ex- 
cerpendos, ut etiam in hoc fatisfiat curioſitati quorundam : tradam cap. 
ſequenti viii modum elaborandi logaruhmum cuique ſinui reſpondentem: 
capite verò 1x modum alium ſubſidmrium, capiendi pro logarithmis partem 
proportionalem vulgarem, idque fine labore, mediantibus aliis logarithmis. 

Hactenus igitur de triangulis ſphæricis rectangulis egimus. Nunc ad obli - 
quangula tranſeamus. 5 


DE TRIAWGULTS OBLIQUANGULIS SPHARICIS, IN QUIBUS CASUS 


— SUNT 12. 


I. Si dentur duo latera, & angulus uni oppoſitus: quæraturque angulus 
alteri datorum laterum oppoſitus: ad logarithmum anguli, adde logarithmum 
lateris dati, quæſito oppoſiti, à ſumma aufer logarithmum lateris angulo dato 
oppoſiti, reſtabit logarithmus anguli quæſiti, recto ſeu majoris, ſeu minoris. 


EXEMPLUM CASUS PRIMI, LOGARITHMIS RUDIBUS SEU ROTUNDIS. 


In triangulo v vs data {unto latera duo py g8* go', vs 40? o', angulus yes 327 
34', oppoſitus ipſi vs, Quaritur angulus vse lateri v oppolitus. 


2 VPS 


1 <td. Hin. Ht 


| 
[ 
| 
' 
i 
' 
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P < * | ves 31* 34 logarith, 64720 
| ve 38 30 logarith. 47480 


Summa 112200 
vs 40% logarith. 44190 ſubt. 


4 Reſiduum 68010 ut. 
Logarithmus dat vse 30* 26“ circiter. 


Hic ſitne ipſe quæſitus, an ejus reſiduum ad ſemicirculum, facilè diſcerni 
poterit ex habitudine laterum, præſertim oppoſiti v. Non eſt enim mei 
inſtituti minimas cautiones hic vice conſectari. | 


IT. Si iiſdem datis, quzratur latus tertium : Tunc adde logarithmos anguli 
dati, & lateris attigui dati, prodit logarithmus perpendiculi dictus. Ejus per- 
pendiculi logarithmus complementi ablatus à datorum laterum logarithmis 
complementi, relinquit logarithmos duorum arcuum, quorum vel differentia, 
vel complementorum ſumma, eſt latus quæſitum tertium. 


III. Si aifdem datis, quæratur angulus inter latera data comprehenſus. 


Tunc quzratur latus tertium, ut præcepto ſecundo horum. Ejus logarithmo 
adde logarithmum anguli. dati, a ſummà aufer logarithmum lateris, cui datus 
angulus opponitur : reſtat logarithmus anguli comprehenſi, ejuſque comple- 
menti ad duos rectos. 


EXEMPLUM II. ET III. ASU UM. 


Iiſdem datis, quæratur ys & yvs, 


i | Logaritn. 
Fa * vs 40% o 44190 Compl. 50 o Log. 26660 
vPs 31 34 64720 

'n | ve 38 30 47480 Compl. 51 30 Log. 24510 
VR 19 © 112200 Compl. 21 o Log. 5600 
SR 35 54 Compl. 54 6 Log. 21060 
8 | PR 34 8 Compl. 55 52 Log. 18910 

SP 70 2 Log. 6190 | 

70910 


SVP 49 57 log. 26720 


Reſiduum hoc eſt, ſeu complementum anguli ad duos rectos, quod facile 
patet ex magni proportione Ps ad pv, vs. Quando vers dubitari poteſt, tunc 
quærenda ſunt ejus elementa vx, Rvs. - | 


IV. St 
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IV. Si datis duobus lateribus & angulo comprehenſo, quæratur latus 
tertium. | 


Tunc ad logarithmum lateris minoris, adde logarithmum comprehenſi, 
prodit logarithmus perpendiculi in latus majus, quod perpendiculum conſtituit 
duo illius lateris elementa : Hujus enim perpendiculi logarithmus complementi 
ablatus à logarithmo complementi lateris minoris, dat logarithmum arcus, cujus 
complementum eſt alterum ex illis elementis, eoque vel addi, vel auferri debet à 
toto latere majori, ſummæ vel reſidui, ut elementi alterius, logarithmum com- 
plementi, adde logarithmo complementi perpendiculi, fietque logarithmus com- 


plementi lateris tertii quæſiti. Prior caſus eſt, quando angulus comprehenſus 
& datus obtuſus eſt; poſterior, quando acutus, | | 


V. Si datis duobus lateribus & angulo comprehenſo, queratur angulorum 
reſiduorum unus. 


Tunc quære latus tertium, ut in quarto præcepto horum. Ejus loga- 
rithmum aufer à ſumma logarithmorum anguli initio dati, & lateris angulo 
quæſito oppoſiti, reſtabit logarithmus anguli quæſiti. 


EXEMPLUM IV. ET v. CASUUM. 


Dentur ve, es & ves, queratur vs & vs. 


Logar. Compl. Logar. 
ry 30* 3o' 47480 51* 3o' 24510 
vrs 31 34 64720 


Perpendiculum VR 19 © 112200 71 © 5600 

Elementum unum PR 34 8 55 52 18910 
ps. 6 2 0190 

Elementum alterum RS 35 $4 54 6 21070 

Quæſitum latus vs 40 © 44190 50 o 26670 

Summa log. vrs & ps 70910 

Quæſit. angulus PVS 49 57 26720. 


VI. Si datis tribus lateribus queritur angulus. 


Tunc laterum circa quæſitum angulum exquire differentiam ; illam à latere 


tertio aufer, eidemque adde, & tam refidui quam ſummæ conſtitue ſemiſſes. 
Hic præparatione premiſsa, jam excerpe quatuor logarithmos, duos ſemiſſium, 
& duos laterum circa quæſitum angulum, ſummamque horum aufer à ſumma 
R 


illorum : 


| 
| 
= 
i 
| 
| 
| 
| 


— —— ũ : — — — 


, 


122 ' — JOANNIS KEPLERI 


illorum: Differentiz, que futura eſt, ſemiſſis, ut logarithmus, ee ſe- 
miſſem anguli quæſiti. 


EXEM PLUM SEXTI CAS US. 


Dentur ve, ps, sy queratur vrs. 


vr 38* 30 Log. 47480 / 


Ps 70 2 Log. 6190 | - 
Diff. 31 32 53670 ſumma " 
vs 40 0 
Semiſſes 
Reſiduum 8 28 4 14 Log. 260400 a 
Summa 71 32 35 46 Log. 53700 


| 314100 ſumma 


| 260430 ſummar. diff. 
Queſitus ves 31 34 15 47 Log. 130215 ſemiſſis, quæratur. 


Queratur pus. 
Logarithmi. 
vr 389 30 47480 
vs 40 © 44190 
I 30 91670 
va 90 2 
Semiſſes 


111140 


19470 ſummar. diff. 
Quæſitus PVs 130 14 65 7 9735 dimid. 


Quzratur 
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Queratur psv. 


sw 40* o 44190 
9 6190 
30 2 50380 
38 30 
—— Semiſles 


8 28 4 14 260400 
68 32 34 16 57440 


317840 


267460 ſummar. diff. 
Quæſitus vs? 30 26 15 13 133730 dimidium. 


VII. Si datis duobus angulis, & latere alteri datorum ſubtenſo, quæratur 
latus reliquo ſubtenſum: Ad logarithmum lateris dati, adde logarithmum 
anguli adjacentis dati, a ſumma aufer logarithmum anguli, lateri dato oppoſiti; 
reſtabit logarithmus lateris quæſiti, ejuſque complementi ad ſemicirculum: 
ubi pro ratione quantitatis datorum, vel ipſe logarithmi arcus, vel ejus com- 
plementum ad ſemicirculum ſumendum eſt pro latere. 


EXEMPLUM VII CASUS., 


Dentur yvs. ves, vs, queratur ps. 


Logarith. ALIUD. 
vs 40* o 44190 Latus 40? o 44194 
pPVs 130 3 26720 Ang. 30 28 67917 
| — — 
70910 112111 
ves 31934 64720 Ang. 80˙ O 1531 
Queſitum vs 70 2 6190 Lat. quæſ. 19 19 110580 


VIII. Si üſdem datis quæratur angulus tertius. 


Tunc adde logarithmos lateris dati, & anguli alterius adjacentis: prodit 
logarithmus perpendiculi ex angulo quæſito demiſſi; cujus logarithmus com- 
5 ablatus à datorum angulorum logarithmis complementi, relinquit 
ogarithmos duorum elementorum anguli quæſiti, à perpendiculo conſtitutorum: 
quorum ideò vel ſumma conſtituit quæſitum, ſi perpendiculum cadit intra 
triangulum, vel differentia, ſi extra. 


4 R 2 IX. Si 


124 ; JOANNIS "KEPLERIT 


IX. Si iiſdem datis, quæratur latus interjectum datis angulis. 


Tunc quæratur angulus tertius, ut præcepto vii. horum. jus logarithmo 
adde logarithmum lateris dati; à ſumma aufer logarithmum anguli, qui lateri 
illi dato opponitur, reſtabit logarithmus lateris interjecti. 

EXEMPLUM VIII. ET IX. CASUUM. 


Dentur evs, ves, vs, quæratur vsP & vr. 


; Logarith. 
vs 40 o 44190 Compl. Logar. 
vs 130 3 26720 40* 3“ 44080 7 1 

Perpendic. ex angulo s 29 29 70910 60 31 13870 ” 
| ves 31 34 58 26 16000 
Elementum unum 47 40 30210 
Elementum alterum 78 14 2130 6 
vsP quæſitus 30 34 per ſubtractionem. 
| N O T A. 


vst 30 34 67630 Arcus130* 3 
* 


Logarithmus 
111820 & 49 75 * | 


VPS 64720 At 40 3 eſt minoris qua- 
drante complementum; majoris qua- 


Quæſitus VP 38 37 47100 drante exce us. 


ALIUD EXEMPLUM, 
Logarith. Compl. 
0 , 


Latus 40˙ O 44194 Logarith. 
Ang. adjac. 30 28 67917 59 32 14859 
Perpendic. ex angulo 19 1 112111 70 59 5613 
Ang. alter. lateri 80 o 1531 10 o 175072 
oppoſ. | — 


Elementum unum 56 44 99247 
Elementum alterum 10 35 169470 


Ang. queſitus 76 19 per addit. 
Angulus tertius © 7619“ 2879 | 


- 


Latus quæſitum angulo 39 22 45542 
tertio quæſito oppoſitum. 


X. Si 
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X. Si datis duobus angulis & latere interjecto, quæratur angulus tertius, 
lateri dato oppoſitus. Tunc ad logarithmum anguli minoris, adde logarith- 
mum lateris interjecti, prodit logarithmus perpendiculi ex majori angulo; 
cujus perpendiculi logarithmus complementi & aſſervari debet, et auferri ab 
anguli illius ejuſdem logarithmo complementi, relinquetur logarithmus unius 
elementi illius anguli, unde perpendiculum eſt demiſſum. Hoc igitur ablatum 
ab angulo ipſo toto, vel ille ab hoc, relinquit ejus elementum alterum. | 


Hujus iterum logarithmus addatur logarithmo affervato, ita fiet logarithmus 
complementi anguli tertii quæſiti, vel ejus exceſſus ſupra quadrantem. 

Si datorum angulorum alter eſt major quadrante, latus datum minus eſſe 
debet quadrante. 

Si latus datum eſt quadrante majus, tunc elementum anguli, quod illi 
reſpondet, eſt etiam quadrante majus, & fic triangulum obtuſangulum, ubi 
perpendicularis cadit extra, 


XI. Si datis duobus angulis, & latere interjecto, quæratur laterum reſi- 
duorum unum : Tunc quære angulum tertium, ut in præcepto x horum, 
ejus logarithmum aufer à ſumma logarithmorum lateris initio dati, & anguli 
lateri quæſito oppoſiti, reſtabit logarithmus lateris quæſiti. 


EXEM PLUM X. ET XI. CASU UM. 


— 
Dentur evs, ves, vr, quæratur vsP & vs. 


Logar. Compl. 
Ang. tot. vs 130* 3 26720 40? 3 , 
ves 31 34 64720 58 26 16000 


ve 38 30 47480 


* 


Perpendic. ex v 19 1 1 70 59 5610 aſſervandus. 


Unius elementi ang. 64 23 64 23 10390 


— 


Alterum elementum ang. 65 40 9300 
5610 aſſervatus 


39 29 14910 
Quæſitus vsp 30 31 67780 


Quæſitum vs 39 54 44420 
XII. Si datis tribus ſphærici angulis, quæratur laterum aliquod. 


Tunc primum pro angulo maximo ſcribe & uſurpa ejus complementum 
ad ſemicirculum, deinde angulorum latus quæſitum attingentium exquira dif- 
ferentiam: illam ab angulo tertio aufer, eidemque adde, & tam reſidui quàm 
ſummæ conſtitue ſemiſſes. 


Horum 
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Horum logarithmos adde in unam fummam, a qui aufer ſummam loga- 
rithmorum duorum angulorum latus attingentium : reſidui ſemiſſis, ut loga- 
rithmus, dat ſemiſſem lateris quæſiti ex columni arcuum ; excipe caſum 
unum, fi nimirum in acutangulo triangulo, latus quæſitum ſubtenſum fuerit - 
angulorum maximo : tunc operatione per ejus complementum ad ſemicirculum 
peractà, ut prius, prodit ſemiſſis, non ipfius lateris quæſiti, ſed ejus itidem 
complementi ad ſemicirculum. | | 

At in obtuſangulo, etiam fi latus quæſitum ſubtenſum fuerit obtuſo, & ſic 
maximo, valet nihilominus regula generalis, proditque ſemiſſis lateris quæſiti 
ipſius. | 


EXEMPLUM XII. CA8 USB. 


Dentur anguli vs, vs, sro, quæratur PS. 


Logarithmi. 
vsP 309 28 6790 
vrs 31 34 64720 
Differentia x: 132630 ſumma 


Complementum ad ſemicirc. ps 49 57 
Differentia £3 5x 24 252 38309 
Summa $3 43 25 3135 CTqi7 


172496 ſumma. 


; 39866 diff. ſum. 
Quæſitum xs 70 o 35 o 19933 ſemiſ, 


Quæratur PV. 
pvs 130* 37 | Logarithmi. 
Compl. ad ſemicirc. . 49 57 26725 
vPs 31 34 64724 
18 23 91449 
vsP 30 28 ſemiſſes. 
18 8 6 25 225142 
48 51 24 252 88309 
313451 
222002 


Queſitum ve 38 29 19 142 111001 


CHILIADIS COMPLEMENT, 127 = 


ves 31 34 ſemiſſes 


Quæratur vs, || 

vs 130* 37 Logarithmi. | 

Compl. ad ſemicirc. 49 57 26725 | 
VsP 30 28 67917 

* 19 29 94642 


1 6 22 225142 
$1.3: 25 317 84187 


Quæſitum vs 39 57 19 58 107343 


ALIUD EXEMPLUM. 


Sint anguli circa latus quæſitum. 


30? 28 67917 

76 19 2879 
Differentia 45 51 70796 ſumma 
Ang. oppoſ. 8 o maximus trium 
Compl. ad ſemicirc. 100 © 


54 9 27 4+ 78712 
145 51 72 555 4508 


83220 ſumma 


12424 diff. ſum. 
r 6212 ſemiſſis. 


Quæſitus 39 38. 


'; Vicidim 
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Viciflim ſint anguli circa quæſitum hi: 


Logarithmi. 
Maximus trium 80 74 FO 
Compl. ad ſemicirc. 100 o 53 
Alter 76 19 2879 
Differentia 23 41 | 4410 ſumma 
Tertius 30 28 ſemiſſes 
Differentia = 47 3 23+ 282750 
Summa 54 9 27 „½ 7875182 


361462 ſumma 
357052 diff, ſum. 
Quæſitum latus 19 19 9 392 178526 ſemiſſ. 


Atque hæc de obliquangulis, & in univerſum de ſphæricæ ſuperficiei 
- triangulis curvilineis, que formantur arcubus circulorum maximorum. 

De rectilineis verò triangulis, ſeu quæ formantur in ſuperficiei plana, capite 
nono agetur. - | 


CAP UT. VIII. 


De Copulatione Columnæ Sinuum, ſeu Numerorum Abſolutorum, & Colummæ 
Logarithmorum. 


PRACEPTUM HI. 


Logarithmum excerpere accuratum Numeri ſcrupuloſi propoſiti. 


T f rariſſimè eſt opus tantà ſcrupuloſitate, quoties tamen eſt opus, fit 
per prop. xxvii corollarium 111 in hunc modum. 

Propoſiti numeri ſcrupuloſi exceſſum ſuper rotundum chiliadis proxime 
minorem, continua, appoſitis verſus dextram ſeptem cyphris; ſic continua 
tum divide per hunc ipſum proximè minorem, elaboratum tamen prius ſeu 
continuatum per unam inſuper vel duas figuras ſcrupuloſas, que contineant 
dimidiym duarum primarum figurarum exceſſus, vel aliquid . 

5 io: 
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dimidio : Quotientem aufer à logarithmo ad dictum rotundum proximè mi 
norem, reſtabit logarithmus propoſiti ſcrupuloſi. 


EXEMPLUM. 


Propoſitus eſto ſcrupuloſus 23456, 78 
Chilias exhibet ad rotundum | 
roxime minorem 23400, 0 Log. 145243, 42 


Igitur exceſſus ſcrupuloſi eſt 56,78 242, 36 quotiens auferatur 
145001, 66 hic eſt logarith. quæ - 
Ei apponantur 7 cyphræ 56780000000 ſitus accuratius 


Hunc divide per inventum rotun- 
dum chiliadis proximi minorem 2340000 


Sed elaboratum per duas figuras ſig- Diviſio compendioſa 
nificativas, quæ ſint dimidium de 56780 
6 primis duabus figuris in exceſſu | 23428 
cilicet per 28. Ut 2 342800 468 56 2 
| ALIUD EXEMPLUM. 9924 
Sing. gr. 81 ſcrupuloſus 987] 68,835 log. | 93714 
Minor chiliadis 987 oo, oo, 1308, ; a 
Exceſſus appoſitis cyphris 68834000000 | | 272 |, 
Diviſor 98734 oo [6 RD) #4 
592404 84 
959360 | PU. 
Logarith. 1 308, 52 888606 9 ; 25 
Quotiens 69, 72 — — + 6 
— 707540 K 
1238, 80 691138 7 
quæſitus — 
164020 
197468 2 Quotiens. 


Hic prodeunt tantum quatuor figuræ. 


8 8 ALIUD 


| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
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ALIUD EXEMPLUM. 


Sit finus 9* 15643,45 
Rotundi ergo 15600,00 Log. 185789,93 

Excefſus 43,45 278, 15 quotiens ſubt. 
Diviſor 15621 


$1242 _— | 185711775 log. quæſitus. 
2 


12208 


109347 
4 7 
127330 
124960 


23620 | 
15621 


I 
80000 | 5 


PC v T1310 


Rard uſu venit, ut opus nobis fit logarithmo tam ſcrupuloſo & accurato : 
plerunque ſufficit logarithmus rotundus, cui non fint plures a ſiniſtris figure 


ſignificantes, quam in quot figuris logarithmi bini chiliadis, proximi invicem, 
nihil inter ſe differunt, una plus. 


Ut quia logarithmus ad 23400,00 eſt 1452 | 43,40 
Sed logarithmus ad . 23500,00 eſt 1448 | 16,97 
Sufficit 1gitur logarithmus rotundus 1450 | 00,00 
Quia 1450 eſt medium inter 1452 & 1448 


CAUTIO ALIA. 


Si vero omninò eſſet opus logarithmo accuratione, tunc ſcito, quod in 
logarithmis valde magnis, ad numeros parvos chiliadis, diviſor debeat eſſe 
viciniſſimus medio geometrico, inter numerum datum ſcrupuloſum, & inter 
proximè eo minorem chiliadis: paulo tamen major medio geometrico: ut 


docet allegata propoſitio. 


EXEMPLI CAU SA. 


Si quæratur logarithmus numeri 150, oo. Hic numerus ſcrupuloſus eſt, 
quia cadit inter duos chiliadis proximos, ſcilicet inter 100,00 & 200,00. 


Exceſſus eſt 50, oo. Si hunc divideres per 12500, quod eſt inter 1 $000 * 
crupuloſum, 
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ſcrupuloſum, & inter datum proximè minorem 100 medium arithmeticum, 
prodiret quotiens 40000, oo auferendus a 690775, 54, reſtaretque 6 50775, 54. 
Sin autem dividas per 1 2000, geometricum medium inter 15000 & 10000 
quotiens erit 41666, 67, qui ablatus a logarithmo proximè minoris, ſcilicet à 
690775, 54, relinquit 649 108, 87, quaſi logarithmum ad propoſitum abſolutum 
ſeu ſinum 125,00. | ; f 

Quod verò logarithmus iſte fit jam minor juſto, ſic patet per uſum præcepti 
ſequentis. ; | 

Pro 150,00 ſume centuplum 1 500, oo, ejuſque logarithmum 189712, oo 
adde logarithmo centuplicationis 4605 17,3. Sic colligitur logarithmus numeri 
150, oo, ſcilicet 650229, og. ; 

Quare quotiens 4166667 quam ſubtrahebamus, erat major juſto, ac proinde 
medium proportionale inter ſcrupuloſum, & chiliadis proxime minorem, ſci- 
licet 120,00, erat diviſor minor juſto, 


ALIA EXEMPLARIS OBSERVATIO, 
Pro ſcrupuloſorum magnorum logarithmis accuratis indagandis. 


Sit numerus ſcrupuloſu | 
Seu ſinus 81? 98768,834 log. accuratus eſt 1238, 80 


Sagitta 1231,166 | 
Secantis complementi (9 exc. 1246,513 
Summa N; 2477,679 
Horum med. arithmeticum 1238, 840 
Differentia medii arith. & ſagitt. 7,673 
Adde ad ſagittam fit  1238,839 logarithmus ferè: qui differt 
Vel differentia exceſſ. & ſag. 15,3447 A logarithmo accurato ſolis 4. 
Ejus dimidium 7,673 unitatibus loco ſecundo poſt 


punctum, ſcilicet quia logarithmus eſt adhuc parvus. 


8 2 Sic 
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Sic per complementum ſcrupuloſi parvum. 


Sin 84* 16 994999762 
Chiliadis numerus major 99500,000 dat log. 501,25 ; 
Complementum ſcrupuloſi par- 24 quotientem adde 
yum 238000000 
Diviſor 9950000 [+ o, 49 log. 
quotiens 
| ic ſagitta 500,238 
& exceſſ. ſecantis in canone 502,753 
Faciunt ſummam 1002, 991 a 
Dimidium 501,496 paulo majus eſt logarithmo accurato. 


Vide ſuper hac re etiam prop. xx11 corollaria & præcepta, fol. 21. 


Ut compendiosè excerpas logarithmos numerorum quorundam ſcrupu- 
loſorum, ſcilicet fine diviſione. 


CASUS PRIMUS 


Si propoſitus numerus ſcrupuloſus fuerit minor quàm loooo, oo, minor 
ſcilicet quam decima pars maximi in chiliade: fic ut logarithmus ejus fit valdè 
magnus, & differentiz logarithmorum circa illa loca non magnæ tantum, ſed 
inſuper etiam notabilibus incrementis creſcentes. Tunc 3282 propoſiti 
decupli (qui facilius elaboratur) adde logarithmum decuplicationis, vel lo- 
garithmo centupli, logarithmum centuplationis, &c ; ita habetur logarithmus 
propoſiti numeri. | 


EXEMPLUM. 


Propoſitus eſto ſcrupuloſus 2345,68. Hic cùm fit minor quàm 10000.00, 
ergd quære logarithmum ejus decupli, ſc. 23456, 80. Is autem invenitur 
ſuperiori methodo 145001, oo. Huic igitur adde logarithmum decuplationis 

230258,51 


ſumma 375259, 51 eſt log. quæſitus numeri 2345,68. 


ALIUD EXEMPLUM, 


Propoſitus eſto numerus ſcrupuloſus 175,00 ut ejus logarithmus exactus 
habeatur : quære centupli 17 500,00 logarithmum, qui eſt 174296, 93 
Et pro appoſitis oo adde centuplat. 460517,03 


Emergit numeri 17 5,00 log. 63481 3,96 
| 4 ALIUD 
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ALIUD EXEMPLUM. 


Sinus unius minuti ſolet exprimi hoc numero 29,09 quæritur hujus numeri 
logarithmus. 


Scribe milleeuplum 29090, oo 
Hoc proximè minor invenitur 29000, oo log. 12378743 
Exceſſus 90, o. Hic continuatus ſeptem 
cyphris, & diviſus per 29045, oo medium arithmeticum inter datum & ex- 
cerptum : ſeu ille continuatus 5 cyphris, & diviſus per 29045, dat quo- 
tientem 309,87 „ qui ablatus ab exſcripto logarithmo, relinquit logarithmum 


millecupli 123477,56 
Huic igitur adde millecuplatorem 690775,54 
Provenit logarithmus quæſitus 814253, 10 


Quod ſi numerus 29, og exactè exprimeret ſinum unius minuti, tunc hic 
etiam exactus eſſet logarithmus unius minuti : at quia in 29,09 ultima unitas 
non eſt omninò plena, ideò etiam logarithmus unius minuti eſt paulò major: 
ut quidem Urſinus eum exprimit fic 8 14257. 


CASUS SECUNDUS, 


Idem fere proceſſus eſt, fi datus ſcrupuloſus fuerit major quidem quam 
10000,00 parvus tamen etiamnum & minor quam maximus chiliadis. Tunc 
enim logarithmo dupli, vel tripli, vel quadrupli (quod quidem non excedat 
maximum chiliadis) additur logarithmus totuplans. 

Ut fi detur numerus ſcrupuloſus 234 56,78. 

Hic etſi major eſt quam 10000,00, eſt adhuc tam parvus, ut ejus quadruplus 
ſcilicet 93827,12 fit adhuc minor maximo chiliadis. Quæratur igitur hujus 
logarithmus : 


Adde 93800,00 eſt log. 6400, 53 
Appendix ſcrupuloſa 27,12 aufert 28,82 quotiens auferend. 
138629,44 log. 4 druplans add. 


—_ 


Hæc dividitur per 938135 
| | 2 145001, 15 logarithmus quæſitus. 


18,76270 


— 


8357300 | 
7505080 | 8 


852220 
835730 


8 


16490 | 2 
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Hie caſus generaliter proponi poteſt, ut circumſpicias, in qua proportione 
(terminorum quidem rotundorum) fir numerus propoſitus ad aliquem proxime 
minorem maximo chiliadis. Tunc conſtituitur proportionis illius logarithmus, 
& per eum augetur logarithmus illius proxime minoris. 

Sit ſinus quicunque, puta 15643, 45; hic continetur in 100000, oo ſexies, 
ſextuplum enim eſt 93860, 0. Huc poteſt accedere triens 52 14, 48, & con- 
ficitur 9907 5, 18. Eſt igitur 1 5643, 45 ad 99075, 18 ut 19 ad 3, logarithmus 
novem decupli eſt 299443, 90. Hinc aufer triplicantem 10986 1,23 

Logarithmus! igitur proportionis eſt 189582, 67. 


Quare logarithmus illius multiplicis proximè minoris maximo Cluliadis per 
diviſionem elaboratus eſt iſte: 


Exc. 75180000000 9907 5,18 1005,03 
Div. 9903700000 99000,00 75,91 quotiens 
693259 7 3 = 
| Exc. 75718 929,12 
385410 184582,67 
495185 5 . 
— — Adde log. prop. 18551 1579 
902250 Log. quæſitus numeri abſoluti 15643, 45 
891333 [9 
10917 1 quotiens. 


Asus TERTIUS. 


Si ſcrupuloſus, minor quam 50000,00 habuerit non plures quam 4 figuras 


ſignificativas, earumque ultima fuerit quinarius. 
Tunc dupli vel quadrupli logarithmo in chiliade inv ento, adde logarithmum 
duplicantem vel quadruplicantem. 


EX EMP LA. 


Ut ſi datus ſit numerus ſcrupuloſus 49 ai minor ſcilicet quam ʒoooo, oo, 
ejus dupli 99900, oo logarithmo 100,05, adde logarithmum duplicationis 6931 4,72, 
fit 69414, 77 logarithmus quæſitus. 


ALIVU D. 


Suprà caſu primo quærendus fuit logarithmus ad numerum 17500, oo, 
propter ſcilicet ejus centefime 175, oo logarithmum 9 Hic ſi non 
poſitus eſſet in ipsa chiliade, poſſet fic inveſtigari. 


Duplum 
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Duplum eſt 35000,00, quadruplum 3 Hujus verò logarithmus 
35007, 49. 
Huic adde logarithmum quadruplatorem 138629, 44 


Prodit qui ſupra 174296, 93 


CASUS QUARTUS. 


Si datus ſcrupuloſus, duplicatus continue, tandem ſortiatur non plures 
figuras ſignificativas, quam tres primas A ſiniſtris, ſed tunc exceſſerit maximum 
chiliadis, tum logarithmo partes 10 vel 100 de hoc fic multiplicato, adde - loga- 

rithmum duplicationis vel quadruplicationis, &c, à ſummã aufer logarithmum 
decuplationis vel centuplationis, &c. 


Ut ſi proponatur numerus ſcrupuloſus 5 12 5, oo 
Hujus duplus eſt 102 f, oo 

| Et hujus duplus eſt 205000,00 habens 
4 ſignificativas figuras non ultra tres. 


Hic verò jam eſt major quam 100000,00. Ego ejus partis decimæ 20500,00 
Logarithmo 8 158474, 53 
Adde logarithmum quadruplicantem hoc loco 138629, 44 
Et aufer logarithmum decuplantem hoc loco 2302 58,51 


Reſtat numeri 512 50, oo logarith. 66845, 46 

Potuit etiam ſumi duplus ipſius 205, &c, ſcilicet 410, &c, & rurſum 
hujus duplus 820, &c, hujus log. 19845, 09 
Adde ſedecuplatorem 277258, 88 
297103,97 
Et aufer decuplatorem 2302 58,51 
Reſtat idem quod prius 66845, 46 


CASUS QUINTUS. 


Si datus ſcrupuloſus habuerit partem aliquotam, quæ ſolas tres figuras à 
ſiniſtris habeat ſignificativas: Tunc logarithmo illius partis aufer logarithmum 


totuplantem. 


Ut 
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Ut ſi proponatur numerus 19980,00 ſcrupuloſus. 
Hujus ſemiſſis eſt 9990, oo. Hujus numeri logarithmus per præ- 
ceptum primi caſus invenitur ſic: | 


Decupli 99900,00. Logarith. eſt 100,05 
Huic adde logarithmum decuplationis 230258,51 


Ita fit log. 9990,00 partis dimidiæ 230358, 56 
Hinc aufer logarithmum duplationis 69314, 72 


Reſtat log. numeri 19980, oo quæſitus 161043,84 


PRE CEPTUM II. 


Dato numero abſoluto, qui excedit maximum chiliadis (ut ſunt 
ſecantes arcuum) invenire ejus logarithmum. 


Excedentis dati conſtitue partem aliquotam, quæ non excedat, puta decimam, 
centeſimam, milleſimam, &c; vel etiam dimidiam, tertiam, quartam, per 
Caf, II præced. 

Ejus partis in chiliade quæſitæ logarithmus, auferatur à logarithmo totu- 
plationis (ut decuplationis, centuplationis, millecuplationis, vel etiam dupla- 
tionis, triplationis, quadruplationis) reſtabitque logarithmus excedentis pri- 
vativus. : | 

Ut ſi quæratur logarithmus numer: 102400, oo. Hic numerus habet loca 
octo, cum chiliadis maximus 100000, oo, habens loca itidem octo, fir tamen 
minor. Quare ſumatur numeri dati pars decima 10240, oo utpote que 
jam fit minor maximo chiliadis. Hic numerus chm jam fit in quarto loco 
ſcrupuloſus, logarithmum exactum non invenit in chiliade, quare per præ- 
cept, præcedens elaborandus eſt ejus logarithmus fic : 


Numerus 


CHILIADIS CQMPLEMENT. 137 


Numerus 10240, oo 


In chil. prox. mina. 10200, o habens log. . 228278, * 
Exeeſ. noſtri prolong, 40,000000000; — — 
Diviſor eſt 1022 000 __ 227886,86., Hic eſt lo- 
Medium ſcil. 3066 3  garithmus partis decime : qui 
Arithmeticum inter — ablatus à lagarithmo 2302 58,51 
datum, & proxime 9340 decuplationis, relinquit loga- 
minorem chiliadis 9198 9 rithmum 2371,65 privativum, 
1420 |  excedentis 102400, o0. 
1022 I 
— ———_— 
3980 
3066 3 
140 
| $108 s 


In hoc exemplo, quia pars decima numeri propoſiti fuit ſcrupuloſa, præ- 
ſtabat nos uti præcepti prioris caſu v. # 
Ecc. numeri 102400,00 propoſiti. 
Semiſſis 51 200, oo rotundus, habet log. 66943, o) ſubt. 
Logarithmus duplicationis eſt 693 14,72 
Reſtat quod prius 2371, | 
In genere, fi fuerint tres numeri continue proportionales, eorumque medius 
idem, qui & maximus chiliadis; tunc excedens maximum hunc chiliadis lo- 
garithmum habet eundem cum minimo trium, ſed privativum, ſigno — præ- 
ponendo, ne videatur nihil aliud ſignificare, quam defectum in figuri ultima, 
ut cap. 1. | | | 


Ut fi fit 80000,00 ad 100000,00, ut hic ad 125000,00. 


Quaa igitur numeri 80000,00, logarithmus eſt 22 2 14,36 poſitivus, erit ergo & 
numer! 12 5000,00, logarithmus 22314,36 ſed privativus. 


Aliter & facilitate inopinabili. 


A dato numero excedente rejice tres ultimas figuras ad dextram. Sic 
curtatum quære inter logarithmorum differentias interlineares : & logarithmum 
ipſum ei differentie proximum, planeque reſpondentem exſcribe ; erit enim 
hic ipſe logarithmus numeri propoſiti excedentis, ſed privativus. 

Ut fi quæratur, quis fit logarithmus intervalli Martis & ſolis 152500, ſeu 
prolongati 152500,00, ut fit W ſolis & terræ mediocre Mn 
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deletis ergo tribus ultimis, reſtat 152,50. Huic verd numero proximus invenitur 
inter logarithmorum incrementa interlinearia iſte 1 52,55, habens ante ſe logarith- 
mum 42312, oo, poſt ſe 42159,45, ut fic ipſi differentiæ 152,55 intermediæ, 
reſpondeat etiam intermedius 42230,00 circiter. Hic igitur eſt numeri 1 52 500,00 


logarithmus privativus. 


ADMONITIO DE SECANTIBUS. - 


| 


- Atque hinc apparet, etiam ſecantes ipſos arcuum complementorum quodam- 


modo haberi per differentias logarithmorum, ad illos arcus, prolongatas tribus 


locis, quod ſupra cap. 11. promiſi me indicaturum. 
ADMONITIO AL 14. 


Hic poteſt vicem chiliadis implere, canonis Neperiani columna media, me- 
ſologarithmorum, juncto canone tangentum in hunc modum. 

Datum numerum excedentem quære inter tangentes, et nota ejus arcum in gra- 
dibus & ſcrupulis : cum hoc excerpe ex canone meſologarithmorum, meſolo- 


garithmum pnvativum, habebis fic excedentis logarithmum privativum. 


1 : PRECEPTUM II. 


Dato logarithmo, qui non exactè reperiatur in chiliade, aſſignare 
| numerum abſolutum juſtum cum ſcrupuloſitate ſua, 
| ſicubi ea fit opus. | 


Dato logarithmo proxime majorem exſcribe ex chiliade, cum numero ab- 
ſoluto rotundo reſpondente, factàque ſubtractione dati ab exſcripto, reſiduum 
duc in abſolutum exſcriptum ut multi plicantem, factus, abſectis ſeptem ultimis 


ad dextram locis, collocetur loco quatuor cyphrarum exſcripti abſoluti: Ita 


prodit quam proxime juſtus abſolutus, dato logarithmo competens. Sed quia 
ei adhuc deeſt aliquid, corrigetur fre, ſi facti curtati dimidium colloces loco 
ultimarum cy phrarum multiplicantis, & multiplicationem repetas. 5 


BX EMGYV LVU M. 


Datus eſto log. 145001, 10 ſubtr. 
Hoc prox. major 


Chiliadis log 145243, 42 ei reſp. abſol. 2 3400, oo 
Reſiduum 8 242, 32 
Duc in abſ. exſcript. 234, oo, oo 
43.3404 
72696 : 
9619280000 h 


Factus abſeAis 7 ultimis 567c| Hic effet addendus ad exſcrip- 
tum 
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tum abſolutum, fieretque 23456, 70. Sed quia pars addenda nondum eſt 
perfecta; ided dimidium ejus 2835 appono ad multiplicantem, ut fiat 2342835, 
repetoque multiplicationem ſic: | £ | * 


234,2835 Compendiose fic, 242,32 
—— quia ultimi 35, 234,28 
4846[4 | parum aut nihikwaa 
72696 efficiunt. 484664 
96928 7270 
413464 9619 
1193856 418 
72696 19 
| 121160 I 
Factus correctior 5677 5677 


Facile autem videbit exercitatus calculator, non totar 6bi rnukiplicationem 
eſſe repetendam, ſed multiplicatione per anteriores figuras multiplicantis pers 
& ſumma conſtitutä, jam 10 quod per figuras anteriores ſemiſts de emergente 
facto, fit, tantummodò ſubjiciendum eſſe decenter facto priori, in hunc 
modum, N 


0 ad primo exſcriptum 23400, oo 


"7276 Hoc igitur correctiori facto appoſito 
9 Fit abſolutus juſtus 23456,77 ' 


CAUTIO. 
In logarithmis valdè magnis, non eſt accuratiſſima hæc ratio: id tamen, 


quod peccatur, utcunque magnum, in logarithmis magnis, non efficit tamen 
ſenſibile quippiam in lis, quorum causa ſunt logarithm. 


T 2 ALIA 


* 
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ALIA ADMONITIO. 


Plerunque non eſt nobis opus ſcrupuloſitate numori queſiti:; fic ut ſufficiat 
exſcribere aliquem abſolutum medium inter duorum circumſtantium loga- 
rithmorum abſolutos. Et tunc etiam ſufficit ſcribere tam numeros, quam lo- 
1 uſque ad punctum; quod quidem punctum huic ipſi compendio 
ervit. 


PRECEPTUM IV, 
Dato numeri logarithmo privativo, invenire numerum. 


Privativum datum aufer à multiplicatore aliquo majore, ut a decuplatore 
vel centuplatore, &c, vel etiam a duplicante, triplicante, &c; cùm reſiduo 
quære pumerum in chiliade, qui erit quæſiti pars decima vel centeſima, &c, 
vel etiam dimidia, tertia, &c. 

Ut ſi detur logaxithmus—2 37 1, 65 privativus : ut ſcias quis ei reſpondeat 
numerus : aufer eum à logarithmo decuplationis 2302 58,51, quippe qui jam eſt 
lo major, reſtabit 227886, 86. Hic indicat in chiliade numerum 10240, oo, 
qui erit pars decima quzfiti : quare quæſitus pe erm 10240,00 ferè. 

Vel aufer datum privativum a 693 14,72 duphcationis logarithmo, quia etiam 
hic jam eſt major dato privativo, reſtabit 66943, o), qui oſtendit in chiliade 
51200, oo, qui eſt pars dimidia quæſiti: quare ipſe quæſitus eſt 102400, oo. 


Aliter & facilitate inopinabili. 


Privativum datum quære inter logarithmos chiliadis, & incrementum duorum 
roximorum, illi reſpondens, exſcriptum, auge tribus figuris ad dextram, 
ic formatus erit numerus logarithmi dati quæſitus. | 

Ut fi datus fit idem, qui prius 2371,65. Hic inter logarithmos quæſitus, 

cadit medius inter 2429,27 & 2326,86 & differentia horum, itidem media, eſt 


102,41. Hanc auge tribus locis, fiet 102410,00, numerus reſpundens, ferè. 


ADMONITIO, 


Atque hic iterum vicem chiliadis ſupplet ex canone logarithmorum qua- 
drantis, columna media meſologarithmorum. Quæſitus enim in ei logarithmus 
excerpat arcum, gradus {cilicet in calce (quippe, cum fit, privativus) minuta in 
nargine dextro. Hic arcus tranſfatus in canonem ſinuum & tangentum, 
oſtendit inter tangentes numerum quæſitum. 


PR A- 
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PRECEPTUM v. 
De uſu Differentiarum interlinearium:. 


Et ſi incrementa logarithmorum chiliadis reſpiciunt (intra eam) ſolos nu- 
meros abſolutos, ad latus poſitos, eorumque logarithmos, inter quos ſunt in- 
ſerta: ſciendum tamen eſt, illa eadem, eodem ordine à primo chiliadis ipſius 
(diſſimulato jam ejus veſtibulo) ſervire cuicunque alii tabulæ conſtruendæ, quæ 
alios numeros (progreſſione tamen arithmetici æquabili ſurgentes), alios etiam 
eorum logarithmos habuerit, dummodò pauciores mille fuerint. 

Verbi causa, fi pro numero maximo 100000, os placeat ſtatuere maximum 
60 o”, & hujus partes facere 720, fic ut una pars ſit o'- 5, pro eo quod 
in chiliade 100,00 logarithmus in chiliade ad numerum 720 eſt 328 50, m. 
Hunc aufer à logarithmo- ad 100,00, ſeilicet 69077, 57, reſiduus erit loga- 
richmus ad o 5” nove tabulæ, ſeilicet 657925, 13. Quod fi jam ſubtraxeris 
ordine omnia incrementa (ſeu potius decrementa) logarithmica chiliadis ipſius 
(excluſo jam ejus veſtibulo) orſus à primo 69314, 72 uſque ad ultimum ex 
720, ſcilicet 138,98, conſtituti erunt logarithm ad omnes partium novarum 
collectiones, puta ad o' 10“ & O 15“, &c. Idem fiet, fi unum & eundem 
logarithmum, qui eſt ad numerum 720 ſew 72000, oo ſubtraxeris ab omnibus 
& ſingulis 720 logarithmis, ordine invicem was ee: in chiliade. 


94L IVD EXEMPLUM. 


Si quis in ſubſidium rei monetariæ vellet conſtruere tabulam, cujus maximus 
numerus fit una marea, hoc eſt 16 unciæ, hoc eſt 256 oboli; logarithmus 
ad abſolutum 2.5600,00- chiliadis ſeilicet 136257,79 

Ablatus à logarithmo primo chiliadis ſcilicet 690775, 54 


Relinquit logarithmum unius abok ſcilicet 55457,75 


Ab hoc logarithmo ablata prima 256 inerementa logarithmica chiliadis,, 
quorum primum fit 693 14, 72, ultimum vero 391,39, conſtituent omnium nu» 
merorum monetariorum logarithmos. | 

Ufus vers talis tabulæ facile intelligatur ex comparatione harum præ- 


ceptionum. 2 
Ego quidem illum hac vice pretereo, cùm nulla pars chiliadis A re mo- 
netaria nomen ſortiatur. 4 


Alius uſus indicatus eſt præcepto 11. 


XA 


| 
| 
[ 

| 

| 

| 
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PRECEPTUM Vl. 


Duos numeros abſolutos in ſe mutud multiplicare per logarithmos, 
& factum invenire. 


Multa quidem ſequentium præceptorum, ſeipſis inutilia videbuntur, cùm 


facilius & exactius operationes aliquæ peragantur via communi : at propter 


cognationem cum aliis utilioribus, negligenda non fuerunt, lucis causa. 

Quando igitur numeri duo abſoluti ſunt inter ſe multiplicandi, ut ſciatur 
factus: tunc hoc eſt perinde, ac fi in regula trium, poneretur primo loco ad 
ſiniſtram unitas, loco ſecundo & tertio multiplicans, & multiplicandus; ut factus 
occupet locum quartum, veluti peractà regula trium, quotientem. | 

Igitur adde logarithmos duorum numerorum, excerptos ex chiliade : ſumma 
quæſita rurſum inter logarithmos, monſtrat abſolutum in illorum columna nu- 
merum, qui ſemper eſt quæſiti pars multiplex, proportionis decuplæ continue, 
Nam fi uterque numerorum abſolutorum fuit minor maximo chiliadis ; tunc 
numero per ſummam logarithmorum monſtrato ſunt apponendæ ſeptem cyphræ 
ad dextram, ut ita factus hic rectè comparari poſſit cum facientibus. 


EXEMPL UM. 


Sint invicem multiplicandi 51200,00 log. 66943, oy 
& 76800,00 log. 26396,55 


Summa 93339, 62 


Hæc ſumma dat abſolutum 39 330,00 circiter. | 
Igitur factus ex multiplicantibus eſt 39 3300000000,00 circiter. 


Sin autem facientes excedunt maximum chiliadis, tunc per eos excerpi non 
poteſt, ſed per eorum partes decimas vel centeſimas, &c. & tunc etiam facto, 
fic conformato, ut vult præceptum ſuperius, apponendæ ſunt inſuper omnes 
cyphre, quæ facientium utrique junctim fuerunt adimendæ, ut excerptio fieri 

et 


Ut ſi numerorum ſuperiorum alter fuiſſet uno loco longior, ſcilicet 768000, oo, 
etiam factus prodiret uno loco Jongior, ſcilicet 393 300000, oo. Sin autem 
etiam alter fuiſſet duobus locis longior, ſcilicet 51 20000, oo, factus prodiret in 
univerſum tribus locis longior, ſcilicet 393 300000000000, oo. 


CAU T1 O. 


Si logarithmus ex additione excreſceret ſupra maximum chiliadis loga- 
rithmum, ipſius etiam veſtibuli : aufer ab eo decuplatorem vel centuplatorem, 
cc. fic ut remaneat minor maximo chiliadis : per hoc reſiduum excerptus 
numerus abſolutus, & per præceptum conformatus, debet jam viciſſim curtari 
una, duabus, &c, figuris. 

RAK 


CHILIADIS COMPLEMENT. 1343 


 PRACEPTUM VIL 
Numerum abſolutum quadrare, ſeu ejus quadratum præter propter 


invenire. 

Duplica logarithmum numeri quadrandi, duplum hoc inter logarithmos 
quæſitum, exhibet ex columna ſua numerum abſolutum, cui ſunt apponendæ 

ad dextram ſeptem cyphræ; fic habebitur quadratum numeri propoſiti, ſaltem 


in 2 ejus figuris ad ſiniſtram. Nam loca —. ad dextram cyphris 
mp 


eta, nullius ſunt momenti, etiam fi vel ſcrupuloſiſſimè exprimerentur. 


EXEMPLUM. 


Quadrandus fit 3100,00 log. 347376,81 
Ejus duplum 694753,62 
Hoc duplum indicat abſolutum 96, 10 
Ergò quadratum quæſitum eſt 96 1000, ooo 


VEL, 


Sit quadrandus 3 1000, o0 Ibg;.117118;300 
Duplum 234236, 60 

Hoc duplum indicat abſolutum 96 10, oo 

Ergo quadratum quæſitum eſt 9g61000000,0000.. 


PRACEPTUM VIIk 
Numeri abſoluti cubum invenire. 
Triplica logarithmum numeri; triplum hoc inter logarithmos quæſitum, ex- 
hibebit primas cubi quæſiti figuras, quibus apponendæ ſunt aliæ 14. 


EX EMP I. U NM. 


Numeri abſoluti 90000,00, logarithmus 10536,05 triplicatus facit 31608,15, 


qui ut logarithmus dat ex columnã numerorum abfolutorum 72900, oo. 
Ergò cubus eſt 7 29000000000000,000009. 


PREACEPTUM IX. 


| $i duorum numerorum abſolutorum major dividendus eſt. per 
minorem; quotientem. eruere per logarithmos. 


Quando dividendus eſt major per minorem: tunc hoc eſt perinde ac ſi in 
regula trium, primo loco ſiniſtram collocaretur minor, ſecundo major, 
tertio unitas, quartoque loco ad dextram quotiens. Nam ut minor eſt ad 
majorem, ſic unitas ad quotientem. ; 1 

Aufer igitur logarithmum minoris, à log. unitatis abſolutæ in veſtibulo 
chiliadis, leer ab 1611809, 590, reſiduo adde logarithmum majoris, ſumma 
inter logarithmos quæſita oſtendit inter abſolutos quotientem. 
EXE M HIL M- 


— — 


— —— 
— —— —᷑—C — — — 
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EXEMPLUM, 


Sit dividendus 99200,00 pro 3200, 0. Hujus ergò logarithmum 344201,94 
aufer, & viciſſim illius logarithmum 803, 22 adde, ad 1611809, 59, conficietur 
logarithmus 1266412, 87, qui oſtendit abſolutum e, 31. Erg0 0,31 ell 
quotiens. 

a VE L, 


Aufer logarithmum minoris 3 proximè majori logarithme unitatis cujuſ- 
cunque in chiliade, reſiduo adde logarithmum majoris, provenit logarithmus 
numeri, à quo ſunt abſcindenda totidem loca, quot cyphras habuit unitas illa- 
quæ logarithmum dedit. „ 

Ut ſi in exemplo ſuperiori logarichmum minoris 344201, 94 abſtuliſſes a 
460517, o; logarithmo numeri 1000,00, reſiduus fuiſſet 116315, 9 


Cui additus majoris log. 39903, 22 
Confeciſſet logarithmum 117118,31 


Hic verò indicat 3 1000, o. Quia verò numerus ſeu unitas illa 1000,00 
habet 5 cyphras, decurta igitur hunc viciſſim 5 ultimis locis, manetque 31. 


O BS ERVATION ES. 


Si per diviſoris decuplum diviſeris ; prodibit pars decima quotientis quæſiti: 
& ſic conſequenter. 
Si unus vel ambo exceſſerint maximum chiliadis : decurtatis ambobus æquali 
numero locorum, fic ut fiant minores maximo chiliadis, operatio peragatur, 
prodibitque quotzens juſtus. 


EXEMPLA DIMISSIS FIGURIS POST PUNCTUM, 


Dividendus fit 100000 per 4362. 

Hic poſſum uti diviſoris decuplo 43620, cujus log. cam fit 82965, auferam 
eum a logarithmo proximè majori unitatis alicujus ex chiliade, ſcilicet à 
numeris 10000 logarithmo 2302 59, reſtat 147294, cui jam nihil additur, quia 
logarithmus numeri 100000 eſt o. Hic ergo logarithmus oſtendit abſolutum 
22950. Sed quia unitas uſurpata habet quatuor cyphras, debent ergo viciſſini 
rent ab hoc abſoluto, quatuor quidem loca, ut formetur pars decima quo- 
tients, tria vers, ut ipſe quotiens. Erit igitur iHe 23 vel 22.2... 

Dad fi diyidendus fuiſſet 1000000, diviſor 4362: tunc pro 1000000, 
chiliadis maximum (uſque ad punctum) . ſcripſiſſem 100000, ut qui 
non ſuperat, & pro 43652, 436 utrumque ſcilicet curtaſſem æqualiter. | 

Tunc uſus priore procefſu, pro 4365 uſus eſſem ejus centuplo 43620. Et 
prodiſſet 2p centelima quotientis, ipſe igitur quotiens 22 5 L | 


3 2 ALIUS 
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ALIUS DIVIDENDI MODUS. 


Dividendum majorem decurta, uti curtatus fiat minor diviſore. Tunc à 
logarithmo curtati aufer logarithmum diviſoris, reſiduum erit logarithmus nu- 
meri, qui decurtandus eſt tot locis, ut decurtatio utraque deleat loca 7 (vel, 
fi omittimus figuras poſt punctum, loca 5.) 

Ut fi fit dividendus 99200 per 3200. 

Rejectis a dividendo duabus figuris fit 992 jam minor diviſore. Jam igitur 
per obſervationes ſuperiores ſume utriuſque decuplum, ut fiant proximi maxi- 
mo chiliadis. 


Ergo 32000 logar. 113943 
9920 logar. 231062 


Reſiduum T 7119 


Eft logarithmus numeri 31000. Quia igitur 2 dividendo rejectæ ſunt figuræ 
due, rejiciantur jam à quotiente tres, ut rejectarum ſint 5 formabitur quo- 
tiens 31. hee 


PRACEPTUM X. 
Ex numero abſoluto, ut quadrato, radicem extrahere quadrati. 


A numero abſoluto propoſito reſeca loca bina & bina, tantiſper, quoad 
loca reſidua ad ſiniſtram repreſentent numerum non majorem maximo chi- 
liadis : numeri fic decurtati logarithmum adde logarithmo unitatis puræ in 
veſtibulo chiliadis : ſumme ſemiſſis quæſitus inter logarithmos, oftendet e 
regione inter abſolutos, primas figuras radicis quæſitæ, cui numero pro 


binis locis prius reſectis, reſtituendæ ſunt ſingulæ cyphræ. Ita formatur 
radix quadrata quæſita. | 


EXEMPLUM. 


Quadratum eſto 961000000, quæritur ejus radix quadrata, Numerus igitur 
iſte habet loca 9, cam maximus chiliadis habeat tantym 8. Abſcinde duo 


ultima (numero pari) ut reſtent ſeptem. 


Ergo 96 100, oo habet log. 3978, oo 
Sed puræ unitatis in veſtib. log. 1611809, 59 


Summa 1615787, 59 
Semiſſis 807893, 80 


Hic ſemiſſis indicat abſolutum 31,00, huic vers pro duobus locis prius re- 


jectis jam reſtitue unam cyphram, fietque vera radix 310,00, 
U ALIUS 
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ALIUS MODUS SINE LOGARITHMO UNITATIS 


A numero propoſito rejice loca ad dextram numero impari, ut fiat minor 
maximo chiliadis: 

Hujus numeri decurtati logarithmum ipſum bipartire, cam ſemiſſe inter lo- 
garithmos quæſito, excerpe ex columna abſolutorum numerum competentem, 
qui offert primas ad ſiniſtram figuras radicis quæſitæ: ſed niſi ſeptem omninò 
loca dempta fuerint initio, nondum erit hic numerus radix ipſa. Pro binis enim 
minus quam ſeptem illic ademptis, fingule cyphræ hic ſunt adimendæ, pro 
binis pluſquàm ſeptem ademptis, ſingulæ reſtituendæ. 

Et nota, quod etiam ſi numerus ipſe ſtatim initio fuerit minor maximo 
chiliadis; tamen unus illi locus ſit demendus, ut radici demantur tria loca, 
vel unus adjiciendus, ut radici demantur quatuor, vel fi tam eſt parvus, tres 
adjiciendi, ut radici demantur quinque. 


EXEM PLUM. 


Ut fi quadratus proponatur 961000000, Hic chm habent loca , fi 
auferres unum, adhuc haberet nimium, octo ſcilicet, & in primo novenarium, 
cam maximus chiliadis habeat octo quidem & ipſe, ſed in eorum primo unitatem. 
Aufer ergo loca tria (numero ſcilicet impari) reſtant ſex, numerus ſcilicet 
961000. Hujus logarithmus eſt 234236 uſque ad punctum, ſemiſſis hujus 
117118 oftendit 31000,00. 

- Quia igitur quadrato, loca ſunt dempta 4 minus quam 7 demenda jam 
ſunt huic numero duo ; formaturque radix 310,00. 

Si quadratus fuifſet 9610000000000, conſtans ſcilicet locis 13, ut igitur 
minor reſtet numerus, quim maximus chiliadis : oportet reſcindere loca 7, 

numero ſcilicet impari : & tunc peractà operatione de invento abſoluto reſcin- 
deretur nihil, quia loca à quadrato reſciſſa, fuerunt numero ſeptenario, quot 
cyphras habet maximus chiliadis. 

Si verò quadratus habuiſſet loca 15, reſcindenda fuiſſent loca 9, numero 
ſcilicet impari, ut ſemper in hoc modo: ut ſcilicet reſtaret numerus minor 
maximo chiliadis. Chm autem 9 excedat 7 binario, jam igitur ad nume- 
rum per operationem inventum, viciſſim fuiſſet apponenda una cyphra. 

Denique ſi quadratus fuiſſet 9610000, adhuc rejiciendus fuiſſet ab illo locus 
unus, ſemper enim in hoc modo aliquid impari numero mutandum eſt. Unum 
verd 2 7 ablatum relinquit 6, tres igitur cyphræ tunc fuiſſent rejiciendæ, 
ut radix tunc fiat 31,00. 

Et fi quadratus fuiſſet 96100, rejici poterit unus locus, poterit & addi unus, 
ut prolongatus nihilominus fit minor maximo chiliadis. Sed tunc qui apponit 
unum, is demit uno minus nihil. Differentia vero inter 7, & inter 
unum minus. quam nihil, 8, quatuor ergo demeret loca de invento 
31000,00, ut fic formetur ipſius 96100 radix 310. 

Ita ſi quadratus fuiſſet 96 10, potuiſſent addi loca tria, fuiſſetque 96 100, oo 

2 


minor 
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minor maximo chiliadis, habens logarithmum 3978. Semiſſis verd 1989 oſten- 

difſet abſolutum 98029,00. | 
Tria vero loca prius appoſita pro vir delendis, faciunt decem: quinque 

igitur hie dele, ut reſtet radix 98 plus, numeri quadrati 9610 ferè. 


PRECEPTUM xt. 
Medium proportionale inter duos abſolutos datos invenire. 


Quia hoe fit in arithmetica vulgari, multiplicatis in ſe mutuò duobus datis, 
factique radice quefita ; fir 1gitur per logarithmos ſimiliter, conjunctione in 
unum, ſexti & decimi præceptorum; in hunc tamen modum commodiſſimè. 

Abſolutus ut acquirat loca 7, niſi fortè unus eorum fuerit ipſe maximus 
chiliadis, huic relinqui unt loca octo. Tunc fic aptatorum logarithmi ad- 
duntur, cum ſummæ ſemiſſe, ut hmo, excerpitur numerus abſblutus; 
cui ſunt reſtituenda loca prius abſciſſa, vel demenda que erant prius adjecta 
facientibus utriſque. | 


EXEMPLUM, 


Sint duo numeri 987654321 & 59643, 2 eorum medius proportionalis. 
A primo rejice loca duo ad dextram, ad ſecundum appone duas cyphras: 


Ergò 9876543 log. 1242, 25 
5964300 log. 51679,34 


K 


Summa 52927, 59 
Semiſſis 26460, 80. 


Hic dat abſolutum 767 50, 65. Cùm igitur uni datorum dempta ſint loca 
duo, alteri totidem appoſita: viciſſim huic invento duo ſunt apponenda, duo 
viciſſim demenda, hoc eſt, compenſatione factà nihil mutandum. Ita hic ipſe 
eſt medium proportionale quæſitum. 5 

Hic operæ precium eſt videre, quantus error fuiffet commiſſus, fi logarithmi 
fuiſſent excerpti per proximè minores vel majores abſolutos ſine elaboratione 
ſcrupulosa. | 


Numero 98765,43 

Vicinior chiliadis & major 98800,00 dat log, 1207,26 minorem juſto. 
Et numero 59643, oo 

Vicinior chiliadis & minor 59600, oo dat log. 51751, 46 majorem juſto. 


Summa 52958, 52 propè vera 
Semiſſis 26479, 36 


Jam logarithmus chihadis hoc proximè major, ut qui propior, dat abſo- 


lutum 76700, oo. Ergò ſemiſſe ipſi reſpondebit plus aliquid. Itaque fi 
U 2 medium 
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medium eligam inter 56700 & 76800, puta 767 50,00, id erit proximum vero, 
Sane ſupra vides inventum 767 50, 65. : 


PRACEPTUM XﬆKL 


Propoſiti numeri radicem invenire cubicam, ejuſque radicis qua- 
| 24 50h dratum. I") | 


Quia unitas eſt ad radicem cubicam, ut hæc ad quadratum ejus, & hoe ad 
cubum ejus: ergo à numero abſoluto, qui ut cubus proponitur, rejice ad 
dextram loca terna & terna tantiſper, quoad uſque loca reſidua repræſentent 
non majorem maximo chiliadis: Numeri ſic decurtati logarithmum, aufer à 
logarithmo unitatis puræ in chiliadis veſtibulo, reſidui tertiam partem, ſi adjeceris 
logarithmo numeri, conſtitues logarithmum utilem indagando cubicæ radicis 
quadrato, ſi duas tertias adjeceris, fiet logarithmus pro ipſa radice cubica. 
Excerpe igitur abſolutos, cum utraque ſumma conſtituta, inter logarithmos 
quzſita, & pro ternis locis prius demptis, appone radicis quidem numero 
cyphras ſingulas, ejus verò quadrati numero binas: ita formabitur, & radix 
cubica & ejus quadratum. 


EXEMPLUM, 


Propoſitus eſto cubicus numerus 729 cum 18 cyphris, loca ſcilicet habens 21. 
Rejice loca 15 quinquies ſcilicet terna: quia ſi 12 rejiceres, reſtarent 9, plura 
ſcilicet quàm habet maximus chiliadis. 


Jam igitur 72900, oo dat log. 261866, 63 
Sed unitatis prime in veſtib. log. eſt 1611809, 59 


Differentia 1349942 9 

5 Seu quod idem eſt 72900, oo f 
5 Dat log. 31608, 15 
Sed unitatis ſecundæ in veſtibus log. 1381551, 08 


Differentia 1 349942, 93 
Hujus pars tertia 449980, 98 


Summa pro quadrato 711847, 61 


Summa pro rad, cub. 1161828,59 


Ergd ſumma prior dat 81,00, cui appone propter loca 15 prius rejecta, cy- 
phras 10 fiet 81000000000000. Quadratum radicis cubicæ. 

Sic poſterior ſumma dat go, cui appone pro 15 locis prius rejectis jam cy- 
phras 5, ita fit radix cubica go000,00, 
| | PR K- 
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* 
PRECEPTUM XIII. 


Invenire logarithmum, indicem proportionis, inter duos numeros 
datos. 


Magnum habet uſum hoc præceptum ad triangula plana ſolvenda, de 
quibus agemus ca ite ſequenti. . 

Sunt autem caſus varii. Aut enim uterque datorum terminorum inve- 
nitur expreſſus in chiliade ; aut alter ſolum, aut neuter. Et ſi uterque in 
chiliade ; tunc ii aut proximi ſunt invicem, ut 237, 238 ſeu 2 3700,00, 
23800, oo, & tunc differentia logarithmorum, numeris ad latus reſpondentium, 
eſt quæſitus proportionis index; ut in hoc exemplo 421,05 indicat proportionem 
inter 237, 238. Aut non ſunt invicem proximi, ſed diſtant interjectis aliis : 
tunc logarithmus majoris auferatur à logarithmo minoris, reſtabit logarithmus 
proportionis inter datos terminos. 


EXEMPL A. 
Sint termini proportionis 1 & 60. 


Numer: 1000,00 logar. 460517,03 
Numeri Goo, oo logar. 51082,56 auf. 


meas i log. proportions inter datos 409434, 47 qui ided & ſexagecuplator 
dici pot 
& Sic numeri 1000,00 logar. 460517,03 

Et numeri 24000,00 logar. 372970,14 


Reſtat log. viginti quadruplæ proport. 87 546,89 


Sin vel neuter ex terminis, vel alteruter ſolùm invenitur expreſſus in 
chiliade: tunc vel cadit talis inter duos chiliadis, proximos invicem, eſtque 
ſcrupuloſus, vel excedit maximum chiliadis. 

In priori caſu elaboretur prius logarithmus numeri ſcrupuloſi; & tunc per 
eum operatio eſt eadem, quæ prius. 

In poſteriori caſu ſumantur numeri utriuſque æquè multiplices partes, mi- 
nores maximo chiliadis, & cum eorum logarithmis agatur ut fupra, 


Ut fi quæratur proportio inter 102400, oo 
100000,00 
Decurta eos æqualiter, ut ſint eorum partes decime ſcilicet 
| 10240,00 log. 227886,86 
10000,00 log. 230258,51 


Erit proportionis log. 2371,65 
. NOTA 


Si numerorum alter fuerit ĩpſe maximus chiliadis, tune ipſe logarithmus alterius numeri, eſt index pro- 
88 inter utrumque ſeu poſitivus fuerit logarithmus, ſeu privativus. Logarithmus enim de- 
itus eſt poſt prop. xx. nihil aliud quam hæc ipſa proportio. 
| PR - 
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PREACEPTUM XIV. 


Proportionem cum terminis fuis datam ſecare in partes, quæ ſint 
ad invicem in alia proportione propoſita. 


Data fit proportio inter terminos 37 & $53. 

Hzc proportio fit ſecanda in partes duas; quarum una fit ad alteram, * 
ut 5 ad 2, | 

gitur conſtituatur quantitas proportionis ſecandæ per præcedens præ- 


ceptum. 
2 Logarithmi Logar. 
Termini 5300—293746 | vel 53000—63488 
3700—329684 37000-99425 
Proportio 35938 35 937 


Jam ſecundæ proportionis, ſecundum quam ſecanda eſt prima, termini 
ſunt 5 & 2, ſumma 7. Divide igitur proportionis prime quantitatem in 7, 
erit pars ſeptima 5134, & due ſeptimæ 10268. Ergò quinque ſeptimæ 
26670. | 

 Quanticate partium invent, jam duplici via poteſt ſecari in has partes prima 
proportio: Aut enim ut pars major ſtet a plagi termini majoris. | 


Igitur termini majoris logarithmo 63488 


Adde partem majorem 25670 | 
Summa 89158 


Hæc ut logarithmus oftendit abſolutum 41000 fere, Ergo ut ſe habet 
5 ad 2, fic ſe habere fecimus proportionem inter 53, 41 ad proportionem inter 
I, 37. | 
" = ut pars minor ſez, ſtet a plagã termini majoris. 
| Eidem ergo termini majoris logarithmo 643488 
Adde partem minorem 10268 


Summa 73756 


Hæc ut logarithmus oſtendit 47830 circiter. 

Ergò ut ſe habet 2 ad 5, fic fecimus ſe habere proportionem inter 53, 47 
ad proportionem inter 47, 37 | 
3 efficiemus etiam per logarithmum termini minoris, ſubtrahentes 
eo. | 


ALIUD 
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AL IVD EXEMPLUM ET NOBILE QUIDEM. 


Datur proportio inter dies 687 periodi Martis & 365 periodi ſolis (terra 
Copernico), fit hæc proportio ſecanda in partes duas, fic ut major ad minorem 
ſe habeat, ut 2 ad 1, & ut major pars proportionis diviſe ſtet à plaga termini 
minoris, ut ita proportio tota fit ejus partis majoris ſeſquialtera, | 


Ergo termini majoris 68700 log, 37542 
Termini minoris 36525 log. 100740 


Quantitas ergo proportionis 63198 


Proportionis verd diviſoriæ termini 2, 1 faciunt 3, qui ſumma, diviſa 
quantitas proportionis, facit ejus trientem 21066, & duos trientes 42132 
Hos aufer a logarithmo partis minoris 100740 


Reſtat 58608 


Hoc ut logarithmus oſtendit numerum abſolutum 5 56 50. Ergò ut 1 ad 2, 
ſic fecimus proportionem inter 68700, 58608 ad proportionem inter 
. 58608, 36525. 

Quod fi ex termino minori 36525 fiat 100000, diſtantia mediocris ſolis 
& lunæ, tunc ex hoc invento termino majori 58608, fiat 1524,00 fere : diſ- 


tantia ſolis & Martis mediocris. 
Et fit manifeſtum, quod proportio periodicorum temporum fit ſeſquialtera 
proportionis intervallorum mediocrium: ut indicavi in Epitomen Aſtronomiæ 


Cop. libro rv. 
PRECEPTUM XV. 


Regulam proportionem ſeu detri abſolvere per logarithmos, ſeu 
ſine multiplicatione & diviſione. 


Poſitis in regula tribus datis numeris, in chiliade comprehenſis, ut docet 
vulgaris arithmetica, aufer logarithmum ſiniſtimi à logarithmo medii, vel hunc 
ab Illo: differentiam logarithmo dextimi adde in primo caſu, ſubtrahe in ſe- 
cundo, fi poteſt : ſumma illic, vel hic reſiduum, eſt logarithmus quarti quæſiti 


ſeu quotientis poſitivus. 3 | 
Rurſum autem fi logarithmus tertii fuerit minor reſiduo, ſubtrahe viciſſim 


illum ab hoc, remanebitque privativus logarithmus, numeri ſcilicet abſoluti, 
ſeu quotientis, ſuperantis maximum chiliadis. 
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EXEMPLUM PRIMI CASUS 
77100 dat 53 200 quid 92500 


63111 


bw Log. 26007 ſubt. | 


Reſiduum 37105 
Logar. 7796 adde 


 Logarithmus 44901 quotientis 63800 plus. 


EXEMPLUM SECUNDI CASUS. 


876 dat 941 quid 765 
| Log. 6081 ſubtrahatur ut minor 
Log. 13239 


Reſiduum 7158 ſubtrahe quia ſecundus ſubtractus 
Logarithmus 26788 — — | 


— —————_—— 


Logarithmus 19630 quotientis 822 minus. 
EXEMPLUM CASUS TERTIT. 
889 dat 996 quid 960 


| 
401 ſubtrahatur ut minor 
— — Log. 11766 


Reſiduum 13365 ſubtrahendum erat, quia ſecundusſſubtractus fuit 
Logarith. 4082 ſubtrahe hunc | 
A quia minor eſt reſiduo. | : 
Logarith. 7283 privativus, quia tertius ſubtractus fuit. Hic igitur 
privativus per iv præceptum, dat quotientem 1075 majorem maximo chiliadis 
1000, ut hic quidem operamur per curtatos. 


NOTA, 


Licet autem commoditatis cauſa, omnes tres in regula poſitos, vel prolongare, vel curtare, ut 
fiant proximè minores maximo chiliadis : & tunc quotiens, qui pro ſic accommodatos elicitur, idem 
debet pati, quod paſſus eſt finiſtimus : eos vers locos, qui ſecundo & tertio fuerunt adempti vel ap- 
poſiti ſolus, quotiens omnes contraria ratione vel recipere debet, vel amittere. 


CAPUT 
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Catz 
De Copulatione Columne Logarithmorum cum duabuc aliis junttis. 
PREACEPTUM GCGENERALE 


UOTIESCUNQUE in regulam proportionum offeruntur diverſa- 
rum columnarum numeri, ſicut duo quidem ex iis fint ex unius co- 
lutnæ genere, unus verò reſiduus cum quotiente quæſito competat in co- 
lumnam alteram : tunc operatio per logarithmos perfici poteſt; tam in vul- 
garibus ſeu abſolutis numeris, quam in logiſticis. 
Hujus mixturæ dabo aliquot exempla, tanquam præcepta particularia. 


I, P RREC EPT U M. 


Dividere horas vel gradus per ſexagenaria ſcrupula. 


Quia enim eſt, ut diviſor ſexagenarius, ad dividendum, fic integrum ſen 
6o' ad quotientem : Diviſor igitur & integrum, ſunt ex genere eodem ſexa- 
genario, dividendus vero & quotiens poſſùnt eſſe ex quadrivicenaria, Poſſunt 
igitur illa exempla capitis vr, præcepti 1113 ubi dividendus aliquot integra con- 
tinet, poſſunt, inquam, plerunque per quadrivicenariam perſici. 


Ut fi dividendi, ut ſupra, 3* 45 13” in 57 8”, fic age: 
3* 45 13“ log. 18 5470 circ. ex quadrivic. 
Scr. 57 8 log. 4900 ex ſexagenar. 


Reſiduum 180570 dat ex quadrivicenaria quotientem 
* 3* 56˙ Do“ ut & cap. vi. 
II. PRECEPTUM 


Partem proportionalem ſcrupulis ſexagenariis, capere de differentia, 
excedente integrum. 


Addantur logarithmi ſcrupulorum in ſexagenaria, & differentiz excedentis 
in quadrivicenaria, quæſitorum ſumma ex quadrivicenaria oſtendit partem pro- 
Portionalem. | | 


X Ut 


. —_— l r 


154 JOANNIS EEPLERY 


Ut fi uni gradui anomaliz mediz reſpondeant 1* 24 17” cozquatz, quid 


- competit minutis 49,23- 


1* 24 17” log. 284000 circiter 
Sc. 49 23 log. 19480 


Summa 303480 dat 1* gf 15” tantùm competit 
ſcrupulis 49,23. 


III. PREACEPTUM. 


Dato diurno ſolis, vel planetarum v unins, colligere aliquot 
horarum motum. AG 


Si dĩurnus minor eſt quam 60', ut in Saturno, Jove, Marte, & in ſole ; quære 
eum in ſexagenaria, numerum horarum in quadrivicenaria, & adde eorum 


logarithmos; ſumma in logarithmis quæſita, eruet ex ſexagenaria partem horis 


competentem. 

In ſole, Venere, Mercurio, fi diurnus eſt inter 1 & 25, quære proportionalem 
partem de exceſſu ſupra 15, eamque adde ad id, quod horis datis in ſexa- 
genaria reſpondet per caput 1v. In Mercurio vers, fi ejus diurnus ſuperat 25 
partem proportionalem de exceflu, adde duplo illius, quod horis- datis reſ- 
pondet in ſexagenaria. | 

Aliter, quia diurnus plerunque conſtat integris ſcrnpulis, fine appendice 
ſecundorum : quærere alla poteris non in ſexagenaria, ſed inter abſolutos, pro- 
longata priùs, ut cap. viii docui: & tunc quz ex logarithmis colligitur ſum- 
ma, quæſita in logarithmis, rurſum inter abfolutos oſtendet partem propor- 
tionalem decurtandam iterum totidem locis. 


EK X IMP LA. 


| , V-E L 
Sit diurnus 177, horz 19 48' “ | 19237 
HFHorar. 19 48 log. 19237] Ex abſolutis 17000 
Ser. 17 ex ſexag. log. 126200 | Log. 177200 
Summa 145437 | | Summa 196437 5 
Pars proportionalis ex ſexagenaria 14' 1” Ex abſol 14020 
colum, 


Jam fi Veneris diurnus fuiſſet 1? 17, tunc è regione 19* 48“ invenio ſcru- 
pula 49 30“, que addenda ſunt ad 14' 1” partem proportionalem de exceſſu, 
eſſetque arcus quæſitus 1* 3 1“. Et ſi Mercurii diurnus fuiſſet 2® 17, dupli- 
canda fuiſſent illa 49 30“ addendaque 14 1”, ita collegiſſemus 1* 55/ 1”. 


2 IV. PRA. 
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IV. PRECEPTUM, 


Horarium elicere ex motu aliquot horarum datarum, minore 
quam 60. 


Aufertur logarithmus horarum datarum, in quadrivicenaria quæſitarum, 3 
logarithmo ex ſexagenaria ſcrupulorum, horis competentium ; reſiduum, ut 
logarithmus, ex ſexagenaria exhibebit horarium. Exempla ſunt facilia & 


obvia. , 


Dati ſeparatione diurna minore quam 60' & diftantia planets, 
ab alterius aſpectu, minore ea quam eſt diurnus, prodere 
horarum intervallum reſpondens. 


In ſexagenaria, vel etiam inter abſolutos, quæſitis diurna ſeparatione & 


diſtantia, logarithmus illius aufertur à logarichmo hujus, reſiduum, ut loga- 
rithmus, exhibet horas ex quadrivicenaria, reſpondentes diſtantiæ ſeu intervallo. 


VI. PRACEPTUM;, 


Hoc modo etiam ingreſſus ſolis in ſigna computatur : Per diurnum ſcilicet 
ſolis, & per diſtantiam ejus à principio ſigni, in meridie vicino, in ſexagenaria 
quæſitis, & logarithmo illius ablato à logarithmo hujus. Reſiduum enim, ut 
logarithmus, oſtendit in quadrivicenaria, horas ante vel poſt meridiem. 

Plurima alia per hanc combinationem columnarum perfici poſſunt: ſed ſex 

lorum loco ſufficiant, Jam enim ad rariora & ſcrupuloſiora non- 


iſta exem | 
aulla e Je ſupra dilata, & in hunc locum rejecta. 


VII. PRECEPTUM 


Cuilibet arcui ſinum ſuum ſcrupuloſum aſſignare per logarithmos. 


Subſidium, ut vides, paratur hie capiti 11, ut in ejus tractatione promiſeram. 
Quanta igitur fit operationis certitudo, vide ibi: nunc modum doceo. 
Ab arcu dato aufer proximè minorem chiliadis, & exſcribe ejus ſinum 
rotundum, ut jam corrigatur, ſuamque acquirat ſcrupuloſitatem. Tunc in ſexa- 
genaria, quæſitis & exceſſu arcus dati, & differentia binorem arcuum chiliadis, 
inter quos arcus propoſitus intercidit, auferatur logarithmus hujus a logar. 
illius : Reſiduum immiſſum in 2 oſtendit inter abſolutos numerum, 
2 qui 
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ui præciſis tribus ultimis locis ad dextram, fit augmentum ſcrupuloſum ex- 
cripti ſinus rotundi. | 
EXEMPLUM. 


Propoſitus eſto arcus 37 49 53” 
Proxime minor chil, 37 48 26 dat rotund. 61 300, oo 


Reſidui 0 127 log. 372900 circ. 
Differentiæ inter duos chil. 4 21 log. 262400 circ. aufer. 


Reſiduum 110500 | 


Hoc quæſitum, ut logarithmus, dat inter abſolutos numerum 33 190,00 cir- 
citer. Ergo præciſis 3 locis, acquirimus 33,19, & fit finus fcrupuloſus arcui 
propoſito conveniens 61333,19- 


c AUT To. 


In fine quadrantis, ubi differentia in chiliade ſuperat 607, uti Iiceret columnã 
quadrivicenaria, nifi tum fimul etiam proportionalitas, quam hoc præceptum 
præſupponit, inſigniter turbaretur. | 


vil. PRECEPTUM. 
Viciſſim cuilibet finui fcrupuloſo, ſuum aſſignare arcum. 


Primam cum ſinu rotundo, proxime minori, exſcribe arcum & differentiam 
ſubjectam. Tunc ad 4 ultimas figuras ſinus ſcrupuloſi (ad exceſſum ſcilicet 
ſinus dati ſupra rotundum chiliadis proximè minorem) appone tres cy phras, 
& quæſito numero fic formato inter abſolutos, differentia vero in ſexagenaria; 
adde eorum logarithmos ; fumma ut logarithmus oftendet in ſexagenaria, ſcru- 
pula prima & ſecunda, addenda arcui exſcripto. 


EXEMPLUM. 


Ut fi detur finus ſcrupuloſus 61333,10, proximè minor rotundus 61300, o 
dat arcum 37* 48 26“. Et differentiam 4 21” cujus. logarithmus 262400 
circiter. Quatuor autem ultimæ ſinus ſcrupuloſi figure hic ſunt. 33 10, pro- 

hic numerus, ut fit 33 100, oo dat logarith. 110500, qui additus ad 
priorem, facit ſummam 372900 circ. 


Hæc oſtendit partem proportionalem 1 25”. Ergo arcus erit 37* 49 53. 


IX, PR A- 
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IX P RECEPTUM. 
Cuilibet arcui ſuum aſſignare logarithmum ſine magno labore. 


Rurſum hic ſubſidium paratur doctrinæ triangulorum ſphæricorum, cap. vii 
traditæ, pro curioſis, qui dedignantur operari cum logarithmis rudibus. Præ- 
ceptio erit verboſa quidem ; at non valde neceſſaria, ne metuas calculator. 

Cam enim in hic chiliade, tam arcus, quam logarithmi exhibeantur ſcrupu- 
loſi; & differentiæ, inter arcus quidem interjectæ, creſcant continuò inter 
logarithmos verò, decreſcant; ut ita neutrobique maneat unus & idem numerus 
conſtans: laborem equidem haud levem ſumpſerit, qui, quotieſcunque opus 
fuerit logarithmo exacto, toties multiplicatione ſcrupulorum & ſecundorum ex- 
ceſſus arcus, in differentiam logarithmorum, ut in numerum apicibus carentem 
(diverſi ſcilicet generis) & rurſum, facti diviſione in differentiam, ex ſerupulis 
& ſecundis conſtantem, venari velit partem proportionalem. 

Hic igitur juvent logarithmi ſeipſos, ut contribules. Cum arcu chiliadis, 
qui proximè minor propoſito arcu vel angulo fuerit, exſcribe logarithmum 
exactum; eumque arcum ſubtrahe a propoſito: & quæſitis in ſexagenarii, tam 
exceſſu propoſiti, quam- differentia inter duos arcus chiliadis, inter quos cadit 
propoſitus, logarithmum hujus ruditer ſaltem excerptum; aufer à logarithmo 
rudi illius: reſiduum junge logarithmo rudi differentiz, vicinorum duorum lo- 

rithmorum prolongatæ ſecundum præcepta præcedentis capitis, & quæſitæ 
inter abſolutos: Summa ut logarithmus oſtendit, rurſum inter abſolutos, nu- 
merum qui decurtatus prodit partem proportionalem, auferendam à logarithmo 
exacto arcus proxime minoris, primum exſcripto, ut juſtus conſtituatur loga- 


rithmus arcus propoſiti. 


EFX EMPL U M. 


Cupio logarithmum arcus 71 40 10” 
In chiliade invenio proximè minorem 71 37 21 log. 5234,65 
Exceſſus dati 2 49” log. 305800 
Differentia duorum in chiliade 10 57 log. 170000 rudes. 


Reſiduum 135800 


Differentia duorum logarithmorum 105, 32 prolongata ut fiat 10532,00, inter. 
abſolutos quæſita dat logarithmum 22 5000 rudem. 
Adde reſid. 135800 


Summa 360800 

Hæc ut logarithmus oſtendit inter abſolutos 2725 0. Deletis verò iterum : 
duobus ultimis, fit pars proportionalis 27,25, quibus ablatis ab exſcripto 
5234,65 
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5234,65, reſtat 5207,40 logarithmus, quantum proportionalitas locum habet, 
exactus. Nam capite viii veriores, & plerunque exactiſſimos docuimus 
aſſignare ſinubus, qui per eos ſuis arcubus tranſcribi poſſunt. 


X. PRECEPTUM, 
Viciſſim logarithmo ſcrupuloſo arcum ſuum aſſignare. 


Primùm cum logarithmo chiliadis, qui proximè major fuerit propoſito, ex- 
ſcribe arcum ſcrupuloſum, cum differentia ſubjecta. Tunc ſubtrahe logarith- 
mum propoſitum ab exſcripto proximè majore: Exceſſum illius, & ſimul dif- 
ferentiam duorum in chiliade, prolonga æquali locorum numero, ut ſint tamen 
minores maximo chiliadis. Sic igitur formatis iis, & inter abſolutos quæſitis, 
logarithmum hujus ab illius logarithmo aufer, reſiduo adde logarithmum diffe- 
rentiæ arcuum in ſexagenarià quæſita; fic accumulatur logarithmus partis pro- 
portionalis ex ſexagenaria itidem excerpendæ, et addendæ arcui exſcripto. 


Sit logarithmus 520), 40 
Prox. major 5234,65 dat 71* 37 21“ & diff. 10 57” 


Exceſſus 27,15 
Diff. logarithmor. 105,32 


Hi num. prolongati 27 1 5,00 dant rudes 360800 
| 10532,00 225000 


Differentia 135800 
Differentiæ arcuum log. 170000 


Summa 305800 oſtendit partem proportiona- 
lem 2 497 


—_— 


Ergò arcus 71 40' 10” 


Habent igitur curioſi quod agant, fi rudibus logarithmis, minimo cum 
decimo, uti dedignantur, Veruntamen-qui tales futuri ſunt, iis conſultum eſt, 
ut privata quilibet opera, & in veſtibulo chiliadis columnam arcuum hic vacan- 
tem impleat, & in fine quadrantis, decem ultimas arcuum differentias, in denas 
ſubdividat, ſinuum quidem differentias ſtatuens æquales, eis verò ſinubus ex 
canone ſinuum exacto ſuos adſcribens arcus, & logarithmos ſinubus ſuos ex 
doctrina capitis prioris accommodans. 

Nam pars proportionalis, uſitato modo quæſita, locum non habet in fine 
quadrantis: ut capite ſecundo monui. 
| XI. PR- 
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XI. PRECEPTUM. 


Per ſolos logarithmos, abſolutorum, & arcuum ſeu angulorum, 
omnia triangula plana ſolvere: omnia ſcilicet quæſita ex 
N tribus datis eruere. 


Ad hoc caput proprie pertinet hæc doctrina, quia jungi debet columna 
abſolutorum (non ut ii ſunt ſinus arcuum) & columna ipſorum arcuum. Sunt 
autem caſus ſex. - 


I. Si datis angulis & uno latere, quæritur latus. 


Tunc prolongato vel decurtato latere, ut capite viii doctus es, adde lo- 
garithmos lateris dati & anguli quæſito lateri 2 a ſumma aufer lo- 


garithmum anguli, dato lateri oppoſiti, reſtat logarithmus lateris queſiti, 
ſimiliter prolongati. 


Si ſubtractio fieri non poteſt, viciſſim ſummam ſubtrahe, reſtabitque priva- 
tivus logarichmus, lateris excedentis maximum chiliadis. 
EXEMPLUM. 


Dentur anguli 50? o' & 60 of, datur igitur etiam reſiduus, ut complemen- 
tum illorum duorum ad ſemicirculum ſcilicet 70? o', detur & latus oppoſitum 
medio angulo 573, quzritur latus oppoſitum maximo. 


LLuateris 57300, oo (prolongati) log. 55687 


Anguli 70 © og. 6220 Circ. 
| Summa 61907 
Anguli 60? & Log. 14380 circ. 


Reſiduum 47527 
dat 62175, 0 
Latus ergo eſt 622 ferè. 


od fi rectus fuerit angulorum unus, & detur ei ſubtenſum latus, ſuffi- 
ciet {ola additio. | 
Sin autem queratur latus re&o ſubtenſum, ſufficiet ſola ſubtractio log. anguli. 
a log. lateris oppoſiti. Reſtabit enim log. lateris recto ſubtenſi. 


II. Si datis duobus lateribus, & angulo uni eorum oppoſito, 
quæruntur anguli reliqui. 


Tunc lateribus æqualiter prolongatis vel decurtatis, ut ſint proximè minora 
maximo 
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maximo chiliadis, adde logarithmos anguli & lateris unius adjacentis; à 
ſummà aufer logarithmum lateris dato angulo oppoſiti, reſtat logarithmus 
anguli lateri alteri oppoſiti, qui angulus interdum tàm poteſt eſſe minor 
quadrante, quam major: & fic complementum ad ſemicirculum ejus, quem 
logarithmus excerpit: quantiſper non plura dantur. Tertius verò angulus eſt 
duorum junctorum complementum ad ſemicirculum. | 


EXEMPLUM. 


Ut ſi dentur latera 622,507, Et huic oppoſitus 50* o' querantur anguli 
reliqui. | 
Anguli 50? o log. 26650 
Adjac. lateris 62200,00 log. 47 527 


Summa 74177 
Oppoſiti lateris 50700,00 log. 67957 


Reſiduum 6220 dat ang. 70? o' alteri lateri 
oppoſitum. 


Si ergd duo ſunt 50? O & 50 of : tertius erit eorum ſummæ comple- 
mentum ad duos rectos ſcilicet 60˙ O | 
Si verò angulus prodiens ſumeretur non 70* o' ſed complementum ad 
ſemicirculum 110 o 
Tertius fiet 20 © 


Si datus angulus fuerit rectus; ſufficiet ſola ſubtractio logarithmi lateris 
recto oppoſiti, à log. lateris reliqui dati: reſtabit enim logarithmus anguli ei 
oppoſiti. | 

Si datus dato angulo oppoſitum logarithmum habuerit æqualem ſummæ 
priorum : rectangulum erit triangulum. 


III. Si datis duobus lateribus, & angulo uni eorum oppoſito, 
* quæratur latus tertium. 


Tunc primam, ut in ſecundo caſu, quæratur angulus reliquo lateri dato 
oppoſitus; additis logarithmis, anguli dati, & lateris ei adjacentis; a ſumma 
verd dempto logarithmo lateris dato angulo ſubtenſi: cum reſiduo, ut lo- 
garithmo, exſcribatur angulus & jam ſumma duorum angulorum à duobus rectis 
ablatà, conſtituitur angulus tertius, cujus logarithmus, ut in primo caſu addendus 
eſt logarithmo unius ex lateribus, a ſumma auferendus logarithmus anguli op- 
poſit! ; reſtabitque logarithmus lateris tertii, 


Ut 
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It in exemplo priori, ſumpto angulo ſecundo 70 o' & invento angulo- 


tertio 60? . Ejus logarithmo 14380 14380 
Addatur lat. 622 log. 47527 vel lateris 507 log. 67957 

A ſumma 61907 vel 82337 

Aufer anguli 70? log. 6220 vel ang. 50˙ log. 26650 

Reſtat 55687 55687 


Logarithmus lateris tertii quæſiti 57 300, oo, ſed decurtati, ut priora, 57 3. 

At fi angulus in priori præcepto prodiens ſumatur non 70 o' ſed 110? of, 
& tertius ideò fit 20 o', hujus igitur logarithmus 107290, additis logarithmis 
datorum laterum, & ablatis logarithmis angulorum oppoſitorum, dat logarith- 
mum 148600 lateris tertii, angulo ſcilicet 20? o' oppoſiti, ſcilicet 22630, oo, 
decurtati igitur 2261 5 

Si angulus datus fuerit rectus, aufertur logarithmus lateris recto oppoſiti, à 
logarithmo lateris reliqui, reſtat logarithmus anguli: hujus complementi lo- 
garithmus, viciſſim additus logarithmo primo, lateris rectò oppoſiti, dat lo- 


garithmum lateris reliqui. 


IV. Si datis duobus lateribus, et angulo comprehenſo, quærantur 
anguli reliqui. 6 


Hic via directa ſolvendi hunc caſum utitur meſologarithmis, qui non aliter 
elici poſſunt ex chiliade, quàm fi logarithmos arcus ejuſque complementi ab 
invicem ſubtrahamus : ut fic data eorum differentia, ipſi logarithmi partium 
quadrantis non, directè poſſint accipi, fed poſitione fit utendum. 

Dimiſſo igitur hoc modo; ne tamen manca hic fit chilias noſtra: utamur 
poſitionibus, potius in alia via facili & indirecta: et fi & hec aptior fit lo- 
garithmus canonicis quadrantis. 

Eſt autem talis: | 1 

Datis lateribus quæratur eorum proportio: fit enim facillimè per capitis vii x 
preceptum X11, - + P 9 Be th 

Hzc verd proportio, cùm fit differentia inter logarithmos angulorum reſi- 
duorum, quorum angulorum ſumma eſt in anguli dati complemento ad ſemi- 
circulum : Ponatur igitur angulus minor effe notus, auferaturque à dati com- 
plemento ad ſemicirculum, reſidui logarithmo adde proportionem laterum in- 
ventam; ſumma ut logarithmus, ſi dat arcum eundem, quem poſueras, felix 
fuit poſitio; ſin diſcrepat, muta poſitionem primam, ſumens vel aliquid inter- 
medium, ſi reſiduum ex complemento ad ſemicirculum fuerit quadrante minus: 
vel aliquid longius à prima poſitione recedens, quàm quod prodierat; ſi reſi- 
duum ex complemento ad ſemicirculum fuerit majus quadrante ; præſertim fi 
valde magnum. | eu 6 Bag 


F A tali. 
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A tali nova poſitione incipiat nova operatio : Id fiat tantiſper, donec prodeat 
id, quod ultimò fuit poſitum. Ita habebis utrumque angulum ex quefitis. 

Conducit autem primas poſitiones fic moderari, ut remaneat de complemento 
ad ſemicirculum aliquid quod exactè reperiatur in chiliade. Eq 


EXEMPL A, 


Dentur latera 507 & 226, comprehenſus eſto 110 ut fit ejus comple- 
mentum ad ſemicirculum 70%. Quæruntur duo anguli refidui ; quos junctos 
{cio facere 700. 


Primùm quæro proportionem laterum. 


o . 
22630ͥ 148600 


Proportio 80643 
Compl. ang. ad ſemic. 70% o 


Poſitio arbitraria 10? o 10” I 

Reſiduum | 59 59 50 log. 14387 

Prodit 22 45 circ. | SR. A 
Poſitio ſecunda 17 8 37 

Reſiduum 52 56 23 22565 

Prodit 30 52 circ. 103208 
Poſitio tertia 19˙ mb7 47“ 

Reſiduum o 59 I * | 25231 

: Prodit 20 17 circ. 105874 


Hoc modo cum medio arithmetico inter poſitum & prodeuntem ſemper 
poſſemus propius ad conſenſum venire. At quia ſtatim in ſecunda poſitione 
apparuit, veritatem eſſe ultra medium arithmeticum: ſumemus etiam in quarta 

poſitione 
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poſitione aliquid, quod propius fit prodeunti 20. 17 quam Poſito 19 1 
tentabimus ſcilicet . 20* O 


Poſitio quarta 20* G proportio 80643 
Reſiduum 50 0 logarith. 26650 
Prodit 20 0 | 107293 


Hzc ergo tandem felix fuit poſitio, & anguli quæſiti ſunt 20? of & 50? o. 


EXEMPLUM ALIUD. 


Dentur latera 507, 573 & comprehenſus 70? ut reſiduum ad ſemicirculum 
fit 110* O . | 


uzro proportionem laterum. 
Propo 


$0700 67957 

$7300 55687 

| Compl. ang. ad ſemic. 110? proportio 12270 

Poſitio arbitraria | 29˙ 56' 14” 

Reſiduum | 80 3 46 log. 1511 
Prodit 60 36 circier 13781. 
Poſitio ſecunda 45* 58' 22” 

Reſiduum | | * 1 38 10647 

Prodit 52 40 circ. . 
Pofitio tertia | 49˙ 4 13” 1 
Reſiduum | 60 55 34 I 3467 

Prodit 50 38 25737 
Apparet ponendum 2 50* Oo 5 Wh: a 
Reſiduum „ 14380 


Prodit 5 | 50 © 26650 


Ergo anguli queſiu funt 50? , & 60? O. 
Y 2 EXE N. 
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EXEMPLUM TERTIUM. 


Dentur latera, ut prius 507, 573 ſed comprehenſus fit 20 complementum 


ad ſemicirculum 1605, manente igitur laterum proportione. 


Compl. ad ſemic. 160%. O 12270 
Sit poſitio arbitrar. 70? logarith. 
Reſiduum 9o logarith. 2 
Prodit 62“ 8 circiter 12270 
Poſitio ſecunda 54 47 45" 
Reſiduum 105 12 15 
74 47 45 log. 3563 
Prodit 58 35 15833 
Poſitio tertia 60* &f 
Reſiduum 100 O | 
8 o logarith, I 530 circ. 
Prodit 60® 35 Circ. 13800 
Poſitio quarta 61 o 
Reſiduum 99 © 
81 0 1240 
Prodit 60 52 13510 
Ergo poſitio felix erit 60? 47 circiter, 


Hic cum in prima poſitione 70%. Reſiduum fieret go* prodlit aliquid minus, 
ipsa poſitione, ſcilicet 625 8', Reſiduum igitur apparuit futurum majus qua- 


drante. In hoc ergo caſu poſitionem ſecundam lon 
quam id quod per primam prodiit. 
Sic in poſitione ſecundi 54* 47 prodiit 58* 35. 


gius à prima diſtare feci, 


5 Ergd 
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Ergo poſitio tertia 60* o' longius diſtare juſſa eſt, à poſitione præc:denti 
54 47 quam id quod prodierat 58* 35, minus tamen quim quod primò 
prodiit, ſcilicet 62* 8'. Et in poſitione tertia 60 Q prodiit major 60, 35, feci 
ergo quartam adhuc majorem, ſcilicet 61 o'. Per hanc autem quartam 61 O 
prodiit jam minus 60O 52“ | 

Ergò quinta poſitio adhuc minor eſt facta, major tamen quàm 60* 35', 
quod w_ prodierat, ſcilicet 60* 47. Eſt igitur angulus minor 60* 47', major 
99˙ 13' fere. | 

Si datus fuerit rectus: reliqui duo ex canone Neperiano facile habentur, quæ- 
ſit proportione laterum inter meſologarithmos, inventa enim ea oftendit utrum- 
que angulum, 


V. Si datis duobus lateribus & angulo comprehenſo quæratur latus 


tertium. 


Nulla eſt alia machina, quàm ut prius quærantur anguli, ræcedens 
Tunc 1s inventis, cadit lo in coo 3 eng a 

Si tamen angulus datus fit re&us, logarithmos laterum duplica, duplica- 
torum logarithmorum numeros abſolutos adde, ſummæ logarithmum dimidia ; 
ſemiſſis iſte, ut logarithmus, dabit inter abſolutos quæſitum latus. 


VI. Si datis tribus lateribus quæratur angulus. 


Tunc ante omnia ex majori angulo reſecandum eſt triangulum æquicrurum, 
cujus crura fint linea ſectionis & latus minus; baſis verò ſegmentum lateris 
majoris. Id vero obtinetur in hunc modum. 

Adde logarithmos & differentiæ, & ſummæ laterum minorum, à logarith- 
morum ſumma aufer logarithmum majoris lateris, reſiduum ut logarithmus 
oltendet inter abſolutos, partem de latere majori ſubtrahendam, ut reſtet baſis 
æquicruri fupradicti. | | —_—— 

Conſtitutà hac baſi, maximus angulorum habetur per ſua elementa, fi ex- 
{cripſeris logarithmos tam ſemiſſis de bafi, quam reſidui dz latere majori, poſt 
ablatum baſis ſemiſſem; & ab illo quidem minoris, ab iſto vers medii 
lateris logarithmos abſtuleris, relinquuntur enim logarithmi duarum partium 
anguli maximi. Duo vero minores anguli ſunt horum majoris elementorum 


complemegnta. r 


— 
i 
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EXEMPLUM. 


Sint latera 50), 573, 622, quæruntur anguli. 
Latus minus 507 It 
Medium 573 


Differentia 66 ſcribo 66000 log. 41552 
Summa 1080 ſcribo 10800 log. 222562 


| 264114 
Lat. maxim. 622 ſcribo 62200 log. 47482 


Prodit 11460 Reſiduum 216632 


Ad primum tres cyphræ acceflerunt, ad ſ ecundum una, quæ ſunt à prodeunte 
removendz : viciſſim ad tertium duæ appoſitæ, ſunt etiam ad quotientem ap- 
ponendz : duabus igitur appoſitis, & quatuor remotis, formatur pars lateris ma- 


Joris 1148 


Pars lateris majoris 114,60 
' Latus majus 622,00 
Baſis æquicruri 507,49 
Semiſſis 253,70 log. 137160 
Reſiduum ablato baſis ſemiſſe 368, 30 log. 99886 
Latus minus 507,00 log. 67924 
Latus medium $73,00 log. 55687 
Reſidui manent duo logarithmi 69236, 44199 
Duorum elementorum anguli 30? 1 40? of 
Ergo totus angulus iſte 709 1 


Duo verd minores ſunt complementa elementorum, ſcilicet 
59* 59 & go . 


Hzc igitur de uſu chiliadis noſtræ hac vice ſufficiant. 
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1 OGARITHMUS compoſito vocabulo dicitur a ratione & numero, 

quaſi rationum numerus, id quod plane cum re conſentit. Eft enim 
logarithmus nihil aliud, quam numerus ratiuncularum contentarum in ratione, 
quam abſolutus quiſque ad unitatem obtinet. In qua definitione rationes acci- 
pimus, tanquam magnitudines partibus conſtantes homogeneis toti; ſtrictiori 
aliquantò notione, quàm vulgò ſolet. Quamvis enim ratum ſit, rationem omnem 
ex comparatione quantitatum homogenearum oriri: certè nec quævis comparatio 
producit rationem ; nec quarumvis quantitatum, homogenearum licet, habitudo 
eſt ratio quanta, ſeu partibus conſtans. Nam equalitatis, quæ dicitur, ratio, 
eſt illa quidem quantitatum homogenearum, atque æqualium, habitudo mutua, 
unde nec rationis appellatione privandam autumem, cui definitio Euchdea com- 
petit non minus ac aliis rationibus, quas inæqualitatis vocant : fed nihil obſtat, 
quo minds generalem iſtam rationis notionem porro dividamus ita, ut quantitatem 
habere putentur ſolæ rationes, ex inæqualium habitudine ortæ; at æqualitatis 
ratio in indiviſibili conſiſtat, habeatque ſe in rationibus, quemadmodum punctum 
in magnitudinibus, aut nullitas in numeris, quæ ſingula quantitate ac partibus 
carent. Componas enim ſexcentas rationes æqualitatis, non augetur nec mi- 
nuitur ratio, ſed eadem manet æqualitas: ſecus atque in rationibus inæquali- 
tatis, quæ additæ vel detractæ invicem, faciunt rationem majorem vel minorem. 
Quantum autem eſt, quod additis vel demtis partibus homogeneis augetur minui- 
turve. Sed nec quævis comparatio quantitatum homogenearum rationem pro- 
ducit. Veluti cum numerum dividimus per numerum; comparantur utique 
quantitates homogeneæ, ſpectando quoties altera contineatur in altera; ſed quod 
inde oritur latus, nec ratio eſt ipſorum numerorum, nec ſane quantitatem ex- 
primit rationis, que utriſque intercedit. Alioquin diviſo numero quovis per 
æqualem, quæ inde oritur unitas, exprimeret quantitatem rationis æqualium, quam 
tamen quantitate carere ſupra adſtruximus. Quinimò, datis pluribus rationibus, 
v. gr. 4 ad 2, & q ad 3, ſi diviſo utriuſque antecedente per — conſequentem, 
exhiberent orti 2 & 3 veram quantitatem iſtarum rationum; oporteret, ut ex his 
ortis compoſitus numerus, nimirum 5, exhiberet quoque veram quantitatem 
rationis compoſite, Atqui ratio compoſita eſt 36 ad 6, cujus quantitatem jam 
exprimeret ortus 6, diverſus ſane ab iſto 5. Obtinuit tamen uſus, ut rationes 
denominentur à latere orto ; fic ratio 4 ad 2 dicitur dupla, & 9 ad 3 tripla : 
verùm hæc nomina arbitrio hominum impoſita, retineri quidem poſſunt, veritati 


autem 
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autem derogare nullo modo debent. Quanquam nec utilitate caret iſte modus 
denominandi rationes ; ſiquidem arguit, rationes eſſe majores, quarum denomi- 
nator eſt major, & contra: eodem modo ſinus majores congruunt majoribus 
arcubus, quorum tamen veram quantitatem exprimere nemini videntur. Cz- 
terùm, ut linea eſt dupla lineæ, quam bis continet; ita, propriè loquendo, 
dupla foret ratio alterius rationis, quam bis continet; ſed pro eo duplicatain 
dicere maluerunt ſcriptores, quorum arbitrio ſynonyma alioquin vocabula dupli 
& duplicati, res planè diverſas ſignificare intelliguntur. Verùm id quod eſt 
multd maximum, nimirum omnium quantitatum menſuram eſſe quantitatem 
homogeneam, & in diviſione genuina fieri applicationem menſuræ homogeneæ ad 
quantitatem menſurandam, ortum vero ex tali applicatione, nihil aliud eſſe, 
quam numerum arithmeticum, exprimentem quoties menſura continetur in 
menſurato; hoc ſcilicet eſt, quod omnem dubitationem excludit. Ita falluntur 
profectò, qui, applicata linea rectà illatabili ad aream datam, putant inveniri 
latitudinem rectanguli: —— non potiùs ſecundum veras diviſionis leges appli- 
caretur rectangulum æquè longum diviſori, & æquè latum unitati aſſumtæ, ad 
aream extenſam quoque ad longitudinem diviſoris; & quaſi non ortus ex iſta 
applicatione, numerus eſſet arithmeticus, exprimens quoties rectangulum men- 
ſurans contineatur in menſurato, vel (cùm per 1, vi eadem fit ratio) quoties 
latitudo rectanguli applicati contineatur in latitudine rectanguli menſurati; quò 
ſcilicet diviſio vere opponatur multiplicationi, quæ reſolvat hujus productum in 
ſua elementa. Quemadmodum enim omnis multiplicator eſt numerus arith- 
meticus (ut habet Stevinus in Arithmetica Practica), ita omnis ortus à diviſione 
eſt ſimiliter numerus arithmeticus. Que quidem omnia facillimè præſenti ne- 
gotio aptantur. Nam multiplicare rationem nihil eſt aliud, quam replicare 
aliquam rationem toties, quot ſunt unitates in numero aliquo arithmetico, qui 
dicitur factor. Et dividere rationem, eſt applicare rationem aliquam ad aliam 
rationem, ut inveniatur numerus arithmeticus, exprimens quoties menſurans 
ratio contineatur in menſurata. Id ſi hic fieret, nihil dubium, quin vera patefieret 
rationis quantitas. At enimverò, cùm applicatur terminus alicujus rationis ad 
alterum ; num putamus rationem applicari ad rationem? quo pacto igitur ortus 
ex tali applicatione poteſt exprimere quantitatem date rationis? Verum eſt 
quidem, quod ortus ex applicatione termini ad terminum, rationem habet ad 
unitatem eandem, quam dividuus ad diviſorem; ſed hoc modo eadem prodit 
ratio, quæ ante diviſionem fuerat, aliis tantum terminis expreſſa; nec proinde 
quantitas rations datæ invenitur in menſura aliqua priùs nota, quemadmodum 
in aliis magnitudinibus diviſis aſſolet, & inſtituti noſtri ratio poſtulat: Siquidem 
tum demum quantitatem rationum exactè determinafſe videbimur, chm eas 
omnes in una aliqua ac eadem communi menſura æſtimare noverimus ; id 
quod logarithmorum ope præſtari, definitione modò tradita innucre volui. Ex 
qua porro intelligitur, cum * logarithmi numerent particulas rationum 
inde ab unitate ad ſingulos ordine abfolutos procedendo coacervatarum ; fieri 
non poſſe, quin æqualibus logarithmorum differentiis (id eſt, æqualibus parti- 
cularum incrementis) congruant quoque æquales rationes abſolutis intercedentes 
(cùm integra ex * — numero particularum æqualium conflata, inter ſe ſint 
æqualia); adeoque logarithmos eſſe in proportione arithmetica, cam n | 

| 7 | abſoluti 
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abſoluti ſunt in geometrica ; idcircd poſſe operationem regulæ proportionum in 
compendium redigi, ſubſtitutà additione & ſubtractione loco multiplicationis 
& diviſionis: denique rationis cujuſque bipartitionem, tripartitionem, &c, que 
alioquin requireret extractionem radicis quadratz, cubicæ, &c, conſiſtere in 
bipartitione, tripartitione, &c, differentiæ logarithmorum datis terminis con- 
gruentium (hoc eſt, ratiuncularum in ratione data comprehenſarum). Qui 
uſus cùm ſit eximius, patet poſtremò, quo pacto tam utiles numeri artificiales, 
ſeu logarithmi concinnari poſſint; nimirum inveſtigando, quot ratiunculæ, 
aſſumtæ magnitudinis, contineantur in ratione cujuſque abſoluti ad unitatem. 
Sic enim unitatis logarithmus evadit o, cùm unitatis ad unitatem ratio ſit 
æqualitatis, quam quantitate carere ſupra aſſerui. Ita nimirum fiet, ut cam inter 
multiplicandum vel dividendum unitas nihil mutet; hujus logarithmus o (dum 
additio & fubtractio ſubſtituuntur multiplicationi & diviſioni) nihil quoque 
additione vel detractione ſui mutet. Numerus autem ratiuncularum in ratione 
decupla contentarum commodiſſimè aſſumitur 1,0000000 (hoc eſt, una decupla 
ratio in numerum partium decimalium rotundum diſtributa). Ita enim fiet, 
dum inter unitatem & 10 intercedit una ratio decupla, & porrò inter 10 & 
100 altera, inter 100 & 1000 tertia, & deinceps; ut in centupla quidem ra- 
tione contineantur ratiunculæ 2,0000000 (hoc eſt, duæ decuplæ rationes in 
numerum partium rotundum diſtributæ), in millecupla verò ratione contineantur 
3,0000000 (hoc eſt, tres rationes decuplæ in numerum partium rotundum di- 
ſtributæ); & deinceps. Unde primùm hoc commodi conſequimur, ut abſolutis, 
iſdem characteribus expreſſis, udem competant logarithmi; veluti fi abſoluto 
2 competat logarithmus 0,3010299 ; etiam abſolutis 20, 200, 2000 competent 
logarithmi 1,3010299; 2, 3010299; 3, 3010299. Etenim fi rationes 2 ad 1, 20 
ad t, 200 ad 1, & deinceps, intelligantur partitæ, 1ila quidem in rationes 2 ad 
1 & 1 ad 1; iſta in 20 ad 10, & 10 ad 1; hæc in 200 ad 100, & 100 ad 1; 
apparet quòd exceſſus 2 ad 1, quo illa ſuperat rationem 1 ad 1 æqualis fit 
exceſſui 20 ad 10, quo iſta ſuperat rationem 10 ad 1, idemque æqualis exceſſui 
200 ad 100, quo hæc ſuperat rationem 100 ad 1. Ergo ſi ratio 2 ad 1 præter 
æqualitatis rationem( quam innuit characteriſtica o) contineat ratiunculas 3010299, 
qualium ipſa decupla continet 1,0000000; certè ratio 20 ad 1, præter unam 
decuplam (quam innuit characteriſtica 1) continebit eundem numerum ratiun- 
cularum excurrentium 3010299; & ratio 200 ad 1, præter duas decuplas (quas 
inmit characteriſtica 2) continebit ſimiliter eundem numerum ratiuncularum 
excurrentium 3010299. Unde porro & hoc conſequimur, ut ex inſpecta 
characteriſtica, uniuſcujuſque abſoluti valorem æſtimare queamus. Nam cùm in 
decupla contineantur 1,0000000 ratiuncule numero rotundo, & in cen- 
tupla 2,0000000 tatiunculæ numero itidem rotundo; oportet, ut quæcunque 
ſunt inter decuplam & centuplam contineant plus quam unam decuplam, minds 
autem quam duas ; quamobrem characteriſtica omnium abſolutorum, qui ſunt 
inter 10 & 100, ipſiuſque aded denarii (hog eſt, omnium numerorum, qui ſcri- 
buntur duobus characteribus) erit 1; & ſic deinceps. 
- His ita ordinatis, proximum eſt, ut oſtendamus, quomodo inveniatur men- 
ſuta rationis, quam quifque abſolutus obtinet ad unitatem, in partibus, qualium 
decupla continet 1,0000000 (hoc eſt, 2 cujnſque abſoluti logarithmus 
2 inveſti- 
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inveſtigandus fit.) Verbi gratia: Scire velim, ratio 100| 5 ad 1 quot contineat 
ratiunculas, qualium decupla continet 1,0000000. Diſpeſco igitur rationem 
datam 100] 5 ad 1 in ſuas partes, nimirum 100| 5 ad 100, 100 ad 10, & 10 
ad 1, quarum poſteriores duæ conſtituunt duas decuplas (unde patet cha- 
racteriſticam fore 2); itaque reſtat, ut inveſtigemus, quota pars ſit reliqua iſta 
ratio 100| 5 ad 100 ipſius decuplæ. Quod fi igitur termini 100] 5 & 100 
ducantur uterque in ſeſe, producti exhibebunt rationem duplicatam rationis 
100[5 ad 100, cujus (duplicate ſc. rationis) termini rurſus in ſe ducti pro- 
creabunt duplicatam duplicatæ, id eſt, quadruplicatam rationis 100| 5 ad 100: 
atque ita continuata multiplicatione terminorum, donec is, qui gignitur ex 
ductu continuo termini 1000 5 in ſeipſum, evadat decuplus ejus, quem ductus 
continuus termini 100 in ſeipſum producit; denominator poteſtatis poſtremò 
genitz oſtendet, quot integris vicibus ratio 100|[ 5 ad 100 contineatur in decupla. 
Et cam alter terminorum fit 100, cujus poteſtates omnes conſtant unitate & 
certo numero cyphrarum; omnis labor reliquus occupabitur circa elevandum 
alterum terminum 100| 5 ad eam poteſtatem, quæ prioris termini (nimirum 
100%) æquè altam poteſtatem excedat decuplo ; cujus operationis compendium 
exemplo, quam verbis docere præſtat. 


100] $000 (1) | 1893406 (128) [in proximè præceden- 


5001 (1) 6043981 (128) tem, hoc modo : 
_ — 785 _ | 9349130 (448) 
1005000 3584985 (256) 8603801 (16) 
ng 5394953 (256) 10115994 (464) 


1010025 (2) 
5200101 (2) 


— 


12852116 (512) Ubi rurſus nimium col- 


ligitur; ergo eandem ad- 


1010025 „Fc poteſtas pluſquam huc 4484 duco, non in 
10100 decuplo excedit poteſta- | | bum, ut modd, ſed in 
20 LE "QUE tun ien; proximè præcedentem, 

6 ergo reſumo 256, eam- nimirum 8 , hoc mo- 


que duco, non in ſeſe, 
1 3 ut modo, ſed in proxime _ 340130 (448) 
#1; 44x) {babe precedentem, nimirum — (8) 
10201 50 128m, hoc modo: | 
84985 (256) 
2040 3594905 5 2022 86 
102 bogzgsr (128) n 
SL — 
6787831 (384) 

— (8) eee ee 

ee 9340130 (448) 10015603 (462) 
8603801 1163 5303711 (32) Que poteſtas rurſus ex 
N IP cedit limitem; quare ean- 
1173035 (32) 10956299 (480) — 460 3 non 
5303711 (32) Hæc poteſtasdenudex- | 2 , ſed in 14, hoc 


137611 (64) 
1106731 (64) 


cedit æquè altam 100 
pluſquam decuplo; ergo 


eandem 448 duco, non 


1893406 (128) * 


in 32, ut mods, ſed 


modo : 


9916193 (460) 
r 


9965774 (461) 
| Cam 


LOGARITHMO-TECHNIA., 173 


Cam 1gitur 462% poteſtas termini tooſ 5 excedat æquè altam 00 plus 
quam decuplo; at 461 ejuſdem termini 10015 excedat æquè altam 100 
minds quam decuplo : aio, rationem 100| 5 ad 100 contineri in decupla plus 
quam 461 vicibus, mints autem quam 462. 


Cæterù n 


3 460 161 & differentie 
. 9910193 
Cam poteſtas 5 461 þ fit 4 9965774 f 49581 f propemodum 
462 ſ 49829 | zquales; 


ltaque partem proportionalem, qua poteſtas juſta, nimirum 10000000, ex” 
cedit proximè minorem 9965774, per regulam auream facile ac tutò reperire 
datur, ſumendo nimirum, 


10015603 


juſtæ N 10000000 
& proxime minoris 9965774 
differentiam 34226, & dicendo : 


Ut differentia inter proxime minorem. & majorem 
(nimirum 49829.) | 
Ad differentiam inter proxime minorem & juſtam 
_ (puta 34226 ;) 


Fra 10000, ad 6868; que ſunt partes decimales unius vicis, adeò ut 
ratio 100| 5 ad 100 contineatur in decupla 46168618 vicibus. Porro, fi 
decupla (five ratio 100] 5 ad 100 ſumta 46116868 vicibus) continet ratiunculas 
1,0000000 ; quot ejuſmodi ratiunculas continebit ratio 100 5 ad 100 ſemel 
ſumta d Prodeunt 21659; 7 ratiunculæ, que ſunt exacta menſura rationis 100! 5 
ad 100, quibus fi addas rationes 100 ad 10, & 10 ad 1, hoc eſt bis decuplam, 
conſtantem ratiunculis 2,0000000 ; fit integra menſura rationis 100| 5 ad 1 
(five logarithmus abſoluti 1001 5), hic ſcilicet 2,0021659] 7. 

Pari modo invenietur logarithmus abſoluti gg] 5, vel ratio abſoluti 99| 5 
ad 1, fi ex ratione 100 ad 1 (que #quipollet bis decuplæ), auferas rationem 
100 ad gol 5, hoc eſt, ex ratiunculis 2,0000000 auferas numerum ſimilium 
ratiuncularum in ratione 100 ad gg] 5 contentarum. Quæratur igitur primùm, 
quoties ratio 100 ad 99ꝗl 5 contineatur in decupla. Ubi rurſus alter termi- 
norum chm fit 100, operationis haut indiget; alter vero 995 continuo ductu in 
ſeipſum elevandus eſt ad eam poteſtatem, quæ decuplo minor ſit poteſtate 


100i æquè alti, En operationem : 
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995000 (1) | 8518016 (32) | 2que alta; ergo reſume 
599 2 65108158 (32) | 
—.— — | 1058613 (448) 
8955000 7255660 (64) 139229 (16) 
895500 665527 (64) | — 
497 50 - — 977026 (464) 
— 5264459 (128) «+ 
9900250 (2) 9544625 (128) Que etiam pluſquam 
520099 1 — decuplo minor eſt poteſ- 
2771452 (256) tate 100" ezque alta; 
8910225 2541772 (256) | ergo reſume 
891023 | 
198 554290 (512) — 2 
4 | 2 
eee Hæc poteſtas pluſquam — , . 
9801495 (4) decuplo minor eſt poteſ- 1017002 (456) 
5941089 (4) tate 100" æquè alta; 5941089 (4) 
* ergo reſume —— 
8821345 2771452 (256) 996814 (460) 
784120 | 9544625 (128) | 
980 — Hæc quoque pluſquam 
392 1459018 (384) decuplo minor eſt po- 
88 665527 (64) teſtate 100 Æquè al- 
5 | —— ta; ergo reſume 
— — | 1058613 (448) | 
9606930 (8) 6108158 (32) 1017002 (456) 
396069 (8) — — Þþ 520099 (2) 
— — 901728 (480) — — 
9229310 (16) | 1006857 (458) 
139229 (16) Que poteſtas rurſus 599 (1) 
— pluſquam decuplo mi- — 
8518016 (32) ou eſt poteſtate 100" by 1001823 (459) 


Cim igitur 460. poteſtas termini 991 5 deficiat ab æquè altà 100! pluſ- 
quam >; at 459 ejuſdem termini 99l 5 deficiat ab æquè ajia 100"! 
minds quam decuplo ; aio, rationem 100 ad 9915 contineri in decupla pluſ- 
quam 459 vicibus, mints autem quam 460. 

Tum, ut differentia poteſtatum 4759 & 460 (nimirum 5009) ad dif- 
ee 459"** & juſtæ (puta 1823): Ita 10000, ad 3639. Quare ratio 100 

99[ 5 continetur in decupla 45913639 vicibus. 

9 ſi decupla (five ratio 100 ad 99 l 5 ſumta 45913639 vicibus) con- 
tinet ratiunculas 1, 000000; quot ejuſmodi ratiunculas continebit ratio 100 
ad 991 5 ſemel ſumta. Prodeunt 217691 3 ratiunculz, que ſunt exacta men- 
ſura rationis 100 ad 9915, qua ſcilicet ratio 991 5 ad 1 deficit à ratione 100 

ad 1, hoc eſt, à bis decuplà, quæ cam conſtet ratiunculis 2,0000000, demtis 
| hinc 
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hinc 21769 3, reſtat menſura rationis 99{ 5 ad 1, hzc ſcilicet 1, 99782300 7, 
qui proinde eſt logarithmus abſoluti 991 5. 

Atque hoc modo æſtimatis rationum quantitatibus in communi. quadam men- 
ſura, non ſolum natura & uſus logarithmorum clarius eluceſcit ; ſed et conſtructio 
corundem multò facilicr evadit. Id quod magis perſpicuum fiet, cam often- 
dero alterum etiam longè promptiorem modum rationes æſtimandi. Sed 
amolienda eſt priùs difficultas, quæ, haut ſcio an cuiquam detecta, plures 
utique in errorem induxit. Cum enim ratio duobus terminis intercedens vulgò 
haut aliter conſideretur, quàm accipiendo alterutrum terminum ut antecedentem, 
& alterum ut conſequentem; unde cam ratio eſt quanta (hoc eſt, com termini 
ſunt inæquales) vel major terminus eſt antecedens, & dicitur ratio majoris 
inzqualitatis, vel minor eſt antecedens, & dicitur ratio minoris inzqualitatis : 
Aio ego, eandem rationem uſdem terminis conceptam poſſe ac debere (ſaltem 
in Muſicis, atque in hac noſtra logarithmo-technia) alio etiamnum modo con- 
ſiderari ita, ut neuter terminorum exiſtimetur tanquam antecedens, vel conſe- 
quens, ſed uterque capiatur ſimul pariter tempore atque ordine. Sic v. gr. in 
Muſicis intervallum diapente, five ratio 4 vel 3, poteſt quidem accipi ita, ut 
numerus undationum ab acutiori phthongo in aëre excitatarum, nempe ternarius, 
ſit antecedens, & binarius, exhibens numerum undationum pari temporis 
ſpatio à graviori phthongo effectarum, ſit conſequens, dum intelligatur acutior 

hthongus tempore (vel ſaltem cogitatione) præcedere graviorem ; & vice verſa : 
fed nihil vetat, quo minus etiam ambo iſti phthongi ſimul atque eodem tempore 
conſonent, adeõque neuter altero fit vel tempore vel naturà prior. Cæterum 
nihilo majus ob hoc vel minus evadit intervallum diapente (ratione ſeſquialteri 
conſtans) five acutior phthongus præcedat graviorem, five contra, ſeu denique 
ambo fimul conſonent, Ita, licèt utilis fit demonſtrationibus geometricis con- 
ſideratio vulgaris, qua minor terminus antecedens ad majorem conſequentem 
dicitur minorem rationem habere, quam idem ille * tanquam antecedens ad 
eundem minorem tanquam conſequentem obtineat: Negari tamen haut poteſt, 
eundem numerum ratiuncularum contineri in ſeſquialtera ratione, five ternarius 
ſit antecedens, ſive binarius, ſive neuter; adeõque conſiderationem antecedentis 
& conſequentis in æſtimanda mole vel menſura rationum nullum inſtar habere. 
Non ſecùs ac quinarius negatus ( 5) mole haud differt a quinario affirmato 
(+ 5), cùm uterque conſtet quinque unitatibus ; difſimulata nimirum affectione, 
propter quam negatus vel affirmatus cenſetur, & ſola mole vel quantitate ſim- 
pliciter æſtimatà: cùm tamen accipiendo quinarium negatum, prout ſigno 
negationis affectus eſt, verum ſit, eum minorem eſſe, non modò quovis numero 
affirmato, ſed & omni negato, qui a nihilo minds differat, quam ipſe, quales 
ſunt binarius vel ternarius negatus (— 2, vel — 3.) Ubi preter molem 
numeri conſideratur quoque, utram in partem eadem abeat à nihilo, affirmatam 
an negatam. Ita quoque ſive uniſonum (vel æqualitatis rationem, quæ quan- 
titate caret, atque ideò rectè componitur nihilo) ponas in phthongo graviori 
(vel in binario), indeque aſcendas ad phthongum intervallo diapente acu: iorem 
(vel ad ternarium); ſive contrà ponas uniſonum in acutiori (vel æqualitatis 
rationem in ternario), indeque deſcendas ad phthongum intervallo diapente gra- 
viorem (vel ad binarium) : certè eadem eſt utrobique quantitas intervalli Muſici 

(atque 


i 
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(atque idem numerus ratiuncularum intercedentium), licet ab uniſono (vel ab 
æqualitatis ratione, tanquam nihilo) in diverſas plane partes abeat. Unde fi 
moles ſola, aut quantitas rationis æſtimetur, diſſimulando utram in partem 
(majoriſne, an minoris inzqualitatis) vergat ab æqualitate; nihilo major eſt 
ratio ternaru ad binarium, quam binarii ad ternarium. Sed fi cum — una 
includas quoque conſiderationem proceſſus a majori termino ad minorem, vel 
contra; non eo inficias, minorem eſſe quamvis rationem minoris inzqualitatis 
non modo qu vis ratione majoris inæqualitatis; ſed & quũvis alia minoris 
inæqualitatis, quæ ab æqualitate . mints abſit. Ita ratio antecedentis 5 ad con- 
ſequentem 8, non modò minor eſt ratione antecedentis 8 ad conſequentem 6 (vel 
5), ſed eadem quoque minor eſt ratione antecedentis 6 (vel 7) ad conſequen- 
tem 8: licet ſepoſita vel negle&a notione antecedentis & conſequentis, eadem 
fit moles: rations l atque 3. Diſtinguemus igitur deinceps inter quantitates 
mole - majores, ut affectione- majores: ita ut in rationibus notio inæqualitatis 
majoris vel minoris nil niſi affectionem innuat. Eas porrd rationes ap- 
pellamus mole - majores, quarum major terminus diviſus per minorem, dat quo- 
tum majorem; & vice versa. Præterea majoris inæqualitatis rationum quæ- 
cunque mole, eædem & affectione majores ſunt; at minoris inæqualitatis 
rationes quò ſunt mole majores, eò affectione minores ſunt. Quibus præmiſũs, 
digeremus ea, quæ reſtant, in propoſitiones. 


PROPOSITIO I, 


Si duz quantitates ejuſdem affectionis auferantur ab invicem (affirmata ſc. ab 
affirmata, vel negata a negata), ſitque quantitas reliqua ejuſdem affectionis cum 
duabus ab initio datis ; quantitas ablata mole-minor eſt quantitate ex qua au- 
ferebatur. Sin quantitas reliqua diverſe fit affectionis à duabus initid datis; 
quantitas ablata mole-major eſt quantitate ex qua auferebatur. Sit exempli gr. 


ratio ratio ratio 
ſubducenda ex qua reliqua 
| 8 C ( 2 tres ſcilicet rationes ejuſ- 


dem affectionis, puta minoris inæqualitatis ſingulæ; ergo, inquam, ratio ſub- 
ducta 2 mole - minor eſt ratione ex qua 3. Sit rurſus | 


ratio ratio ratio 

ſubducenda ex qua reliqua 
8 L ws £7 
7 7 ( 5 quarum priores duæ ſunt 


ejuſdem affectionis, nimirum majoris inæ qualitatis ambæ, at tertia 44 diverſe 
eſt affectionis, puta inæqualitatis minoris; ergo, inquam, ratio ſubducta +4 
mole- major eſt ratione ex qua 2. e 


'P R O- 
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PROPOSITIO IT 


Si ſint quotcunque rationes continue & terminorum æquidifferentium, v. gr. 


3 . a 12 
. „ == & deinceps, fac:endo ſcilicet antecedentem cujuſque ex 


poſterioribus rationibus æqualem conſequenti proxime præcedentis, & a minoribus 
progrediendo ad majores : Erit quælibet præcedentium rationum mole-major 
ualibet ſequente ; ſed & differentiarum inter ipſas rationes tam primarum, quam 
. tertiarum, cæterarumque aded omnium in infinitum, ſemper præ- 
cedens mole· major eſt ſequente. Sin à majoribus terminis progrediare ad mi- 
nores; contrarium eveniet. 
Patet ex collatione ſequentis tabellæ cum propoſitione prima. 


Rationes. Diff. primæ. Differentiæ ſecundæ. 
a 
a + b 
a aa + 2ab + bb 
aa + 2ab 
a +6 a* + 64% + 12aabb + 84 
a + 23 a* + 64% + 12aabb + 103 + 3H 
| aa + 443 + 433 
aa + 44 + 36b 
a + 26 a* + 104% + 36aabb + 54a68* + 27% 
a + 3b a* + 104% + 36aabb + 56ab* + 3288 


aa + 6ab + 933 
aa + 6ab + 833 
a + 36 | a* + 144% + 72aabb + g6ab + 1284 
a + 46 4 + 144% + 72446bb + 162a8Þ* + 13564 
aa + 843 + 1633 
aa + 8ab + 1566 
a + 46 
a + 56 


PROPOSITIO 1. 


Si quotcunque rationum continuarum, quarum termint ſint æquidifferentes, 

prima eademque minima vocetur a, differentia autem prime & ſecundæ 

rationis vocetur , tum ex differentiis ſecundis prima vocetur e; atque ex tertiis 

prima vocetur 4; & fic porrò: Aio ſecundam rationem fore a + 8, tertiam 
a + 26 + c, quartam @ + 36 + 3c + 4, quintam à + 46 + be + 4d +e;+ 
atque ita deinceps, componendo ſingulas rationes ex prima & tot differentiis, 

quot quæque locis abeſt à prima, ipſis autem differentiis jungendo coefh- 

cientes numeros figuratos, primis quidem radices, ſecundis trigonales, tertiis 
pyramidales, _ ita porrò, ſinguloſque adeò, prout naturali ſerie ordinantur 

in ſubjecta tabella : a 


A a Unitates 
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trigono- [pyrami-= | trigono- |trigono- | pyrami- 
ramida. 


G Lt 
. | radices, | trigo i- | trigona» | pyrami- [di-pyra- | trigono- pyrami- di-pyra- 
| | —_ [= les, dales, [midales. | pyramid. _ midi-py 
id, 
171771 1 


1 1 1 1 1 


a — 


if 3 ay 5Y 6Y TY 8 10 
50 CF 10 15 217 28 2 4 
. 55 126 
2 21 ts PG "of 
WS 

9 4 
"4 

Nimirum eodem modo, quo iidem figurati numerant complementa poteſta- 
tum à radice binomia genitarum; obſervato aſcenſu obliquo A ſiniſtra dex- 
trorſum. 

Sic undecima ratio conſtat ex @ + 105 + 45c + 120d + 210e + 2527 
+ 210g + 120 + 451 + 1014 + /; ſumtis ordine numeris imam tabellæ 
baſin occupantibus. | 

Exhibet autem tabella non modò quotam velis rationem, ſed & ſummam 
quotcunque continue ſequentium, pari fermè negotio methodoque. Sic ſum- 


ma quinque rationum eſt 5@ + 10% + ioc + 5d + e, obſervato aſcenſu 
obliquo, ut ante, 


ov 


RJ 
I 
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8 
Jo 
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S 


— 
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Demonſtratio. | 
Rationes. Diff. Primæ. Secunde. Tertiæ. Quartz. 
4 
5 
a2 ＋ 3 c 
b + c | 4 
4 ＋ 25 T c 414 e - 
b + 2c + 4 d + e 
a + 3b + 30 + 4 c +2d te 
b+z3c+3d+e 


a + 46 + 6c +4d +e 

Chm enim per præcedentem, progrediendo à majoribus terminis ad mi- 
nores (vel, quod idem eſt, A minoribus rationibus ad majores), non mod ſe- 
cunda ratio excedat primam, fed & primarum, ſecundarum, cæterarumque 
differentiarum ſecunda quæque excedat oat. licebit lane iſtos exceſſus vo- 
care b, c, d, & deinceps. 


Cam @ differentiarum tertiarum prima fit Ex hypo- 
Et quartarum prima (quà ſecunda tertiarum excedit primam) e 2 theſi; 
Erit ſanè ſecunda tertiarum 4 + e 
Rurſus cum ſecundarum differentiarum prima fit Ex hypo- 
Et tertiarum prima (qua altera ſecundarum excedit primam) 4 73 ; 
Erit ſane altera ſecundarum c +4 
Sed 2da ztiarum (qua tertia ſecundarum excedit alteram) erat d +e 
Ergo tertia ſecundarum erit 4 124 1 
Porrò cùm primarum differentiarum prima ſit 31 Ex hypo- 
Et ſecundarum prima (qua ſecunda primarum excedit primam) c theſi; 
Erit ſanè ſecunda primarum b +c 
Sed altera ſecundarum (qua tertia primarum excedit 2dam) erat c +4 
Ergo tertia primarum oy + 2c +@d 
Sed & gtia 2darum (qua quarta primarum excedit ztiam) erat c ＋ 2d e 
Ergo quarta primarum erit b + 3c + 3d +0 
Denique cum prima ratio fit 
Et differentia = primam & ſecundam rationem þ } Ex hypothell ; 
Erit ſane ſecunda ratio a + 3 
Er cùm differentiarum primarum ſecunda faret 2 ＋ e 
Erit tertia ratio a + 23 + c 
Sed & differentiarum primarum tertia erat  - 6 +26 + 4 
Ergo quarta ratio a + 3b + 3e + 4 
Tandem differentiarum primarum quarta erat b+ 3c +34 Te 
Ergo quinta ratio a + 4b + 6c +4d +e 

| Prima 4 ; 

Secunda a + 6 | 

Poſtremò rationes 4 Tertia @a + 23 + c > addantur, 


| Quarta 4 + 36 + 3c + 4 | 
Quinta a + 4b + 6c +4d + e 
ſir ſumma quinque rationum 54 ＋ 10# + 10c + * e. 

1 Rationes 


8 
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Rationes vel Magnitudines. 
Prima 3 
2 a+ 5 
3 a + 2b + c 
4 #8 +36 + 3c + 4 
5 2 ＋ 4 + be+ 4d+ e 
6 a + 56 +10c +104 + 5e + f 
7 ＋＋ 6 ＋ 15% T 204 + 15e + 6f + g 
8 4+ 76 +21c + 354 + 35e + 21f + 78 + „ 
9 4 + 8b + 28c + 564 + oe + 56f + 28g + 8þ + # 
10 4 + 9h + 36c + 84d + 126e + 126f + 84g + 36b + gi + k 


PROPOSITIO iv. 


Si quotcunque rationum continuarum, quarum termini fint æquidifferentes, 
prima eademque maxima vocetur a, differentia autem prime & ſecundæ vocetur 
b, tum differentiarum ſecundarum prima yocetur c, tertiarum prima d, & fic 
deinceps ; aio ſecundam rationem fore @ — 5. tertiam @ — 25 + c, quartam 
a'— 3b + 30 — d, quintam 4 — 4b + 6c — 4d + e; atque ita deinceps, 
alternatis ſemper ſignis affirmatis & negatis. Demonſtratur ut præcedens. 


PROPOSITIO V. 


Datæ rationis multiplicem invenire prope verum. 

Conſtructio. Differentiam terminorum datæ rationis duc in denominatorem 
multiplicis dati, & a facto aufer ipſam differentiam, reliqui ſemiſſem adde 
termino majori, & detrahe minori; ita prodibunt duo termini exprimentes 
rationem paulò minorem quæſitàa. Tum fi termini prodeuntes fint forte numeri 
mixti ex integris & fractis; reducantur ad pure fractos, quorum denominatori- 
bus omiſſis, ratio quæſita cenſebitur in numeratoribus integris & à fractione 
liberis. v. gr. Quæratur rationis 34 quadruplum. Differentia terminorum 3 ducta 
in 4 exhibet 12, unde ablatis tribus reſtant 9, cujus ſemis 44 additus termino 
majori 28, facit 322, detractus autem minori 25, relinquit 204 ; erit igitur 
ratio 204 ad 32 paulò major quadruplo rationis 44. Reductis terminis 20. & 
32 ad pure fractos, fiunt 4* & , omiſſiſque denominatoribus, erit rati 
pauld major quæſitã. 

Demonſtratio hujus & ſequentis propoſitionis conſtabit ex propoſitione vii. 


4 1 
O Fr 


- 


PROPOSITIO VI. 

Datæ rationis partem imperatam invenire prope verum. 

Conſtructio. Differentiam terminorum datæ rationis divide in partes totidem, 
quot denominator partis quæſitæ conſtat unitatibus, atque ex iis partibus exemta 
una, reliquarum ſemiſſem adde termino minori, & detrahe quoque majori; ita 

bo EY . . 2 : Pro- 
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prodibunt duo termini exprimentes rationem paulò minorem quæſità: Tum fi 
termini prodeuntes fint forte numeri mixti ex integris & fractis; reducantur ad 
pure fractos, quorum denominatoribus omiſſis, ratio quæſita cenſebitur in nu- 
meratoribus integris, & a fractione liberis. v. gr. Oporteat rations + invenire 
partem quintam. Differentia terminorum 2 diviſa quinquefariam exhibet 2, 
que eſt una pars quinta, eximenda ex integra ſumma quinque partium, quæ 
erat 2, & reſtant g, quarum ſemis + additus termino minori 3, facit 3+; de- 
tractus vero ex majori 5, reliquum facit 4+; erit igitur ratio 35 ad 4+ pauld 
minor, quam pars quinta rationis 4. Reductis terminis 3+ & 4 ad pure fractos, 
fiunt & , omiſſiſque denominatoribus, erit ratio 44 paulo minor quæſita. 
Rurſus inveniendus fit rationis r ſemis. Differentia terminorum 3 bipartita 
exhibet 14, qui eſt unus ſemis, eximendus ex integra ſumma duarum partium 
3, & reſtat 14, cujus ſemis 4 additus termino minori 8, facit 84 detractus 
autem ex - majort 11, relinquit 104 erit igitur ratio 84 ad 104 paulò minor 
ſemiſſe rationis r. Reductis terminis 81 & 104 ad pure fractos, fiunt 
& , omiſſiſque denominatoribus, erit ratio 44+ paulò minor queſita, 


PROPOSITIO vII. 


Invenire, quantum pars rationis imperata, quæ per præcedentem invenitur, 
deficiat ab exactiori. | | 

Conſtructio. Primo, ſi partis imperatæ denominator fit numerus impar; 
ſame rationes, que ſunt rationi per præcedentem inventæ utrinque vicine & 
æquidifferentes, ita habebis tres rationes, quarum minimam aufer a media, 
& mediam à maxima, prodibunt duæ differentiæ, quarum differentiam de- 
nuo inveſtigabis, tantiſper aſſervandam. Deinde partis imperatæ denominatori 
unitatem detrahe, reliqui ſemiſſem in tabula figuratorum inferta prop. 111, 
quære inter radices, & invento congruentem numerum trigonalem e e 
tripartire, ſic invenies, quoties ſumenda ſit differentiarum differentia ſuprà 
aſſervata, ut acquiras particulam, qua pars imperata, quæ per præcedentem 
inveniebatur, deficit ab exactiori. v. g. Scire velim, ratio 4+ per præcedentem 
inventa quantum deficiat ab exactiori quinta parte rationis +. Rationi 22 
utrinque vicinæ & æquidifferentes ſunt +4 & 23. Differentia minimæ à media 
& mediz à maxima , & harum differentiarum differentia 453443 aſſer- 
vanda. Tum partis imperatæ denominatori 5 detraho 1, reſtant 4, cujus ſe- 
miſſi 2 inter radices invento congruit trigonalis numerus 3, cujus triens eſt 1, 
indicans differentiarum differentiam ſupra affervatam : i ſemel ſumtam 
exhibere particulam, qua ratio 2 deficit ab exactiori quinta parte rationis 2, 
adeo ut hujus exactior pars quinta fit ratio 27 + ratione 2. 

Sin partis imperatæ denominator fit numerus par; ſume ſemiſſem differentiæ 
terminorum rationis per præcedentem inventæ, quem ejuſdem termino minori 
detrahes, & majori addes pariter ac detrahes ; ita obtinebis quatuor rationes 
continuas terminorem æquidifferentium, ex quibus minorum duarum diffe- 
rentiam auferes ex majorum duarum differentia, & emergentem differentiarum 
differentiam aſſervabis. Deinde partis imperatæ denominatorem bipartire, & 

invento 
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invento. ſemiſſi congruentes in tabella propoſitioni 111 ſubjuncta {pecies ex- 
cerpere, ſaltim uſque ad c ſpeciem, poſitoque à = 4, = 2, c = 14; duc 
cujuſque ſpeciei valorem in ſuum coëfficientem, collectiſque omnibus in unam 
ſummam, habebis, quot vicibus ſumenda fit differentiarum differentia ſupra 
aſſervata, ut acquiras particulam, qua pars imperata, que per præcedentem 
inveniebatur, deficit ab exactiori. Ex. gr. Rationis r octans per præcedentem 
inventus fit 4+2; ſcire velim, quantum is deficiat ab exactiori. Differentia 
terminorum eſt 6, cujus ſemis 3 detractus minori termino, relinquit 146; ad- 
ditus autem majori, facit 158; & detractus majori, relinquit 152. Sunt ergo 


quatuor rationes continue terminorum æquidifferentium 2 „ . Dif 
: 149 162 155 158 


ferentia duarum minorum rationum 1255 ablata a differentia duarum majo- 
rum —_ relinquit differentiarum differentiam 5 885 aſſervandam. Partis 


imperatæ denominator eſt 8, cujus ſemiſſi 4 congruunt in tabella propoſitioni 
111 ſubjuncta ſpecies iſtæ: 4 + 30 + 3e; ſed a = , & 30 = 6, & 30 = 4. 
quæ junta faciunt 101. Ergo differentiarum differentiæ 2755975 ſupra ſer- 
vatæ ſumendum eft decuplum cum ſemiſſe, ut acquiramus particulam, qua 
octans per præcedentem inventus deficit ab exactiori. Atqui rationis 


1753582 876791 . 
27753 vel $7061” & ſemis per vi eſt 


125375 decuplum per v hujus eſt 


; adeò ut rationis- gr octans exactior præter rationem per præcedentem 


3507731 

: : : 876791 3597677 
ventam 342 contineat etiamnum ratiunculas & g 

* P 877061* 3507731 


DEMONSTRATIO, 


Cam per 11 hujus ſumma trium rationum continuarum, terminis æqui- 


differentibus contentarum, fit ; 34 + 3b + c 
Erit ejuſdem ſummæ triens a+ b + 4 (a) 
Rurſus differentia prime & ſecundæ rationis eſt 

ſecundæ autem & tertiæ en te 
Ergo differentiarum differentia c 
Cujus triens : 1c 

Quem fi addas mediz trium rationum a + 6b 

Erit ſumma | 6+ #3 + 5c 


Aqualis nempe trienti trium rationum ſuprà notato litera . Ergo diſcerptã 
ratione quavis in tres continuas terminorum æquidifferentium, ut jubet propoſitio 
v1, erit media ex iis pauld minor triente totius diſcerptæ, & quidem tanto minor, 
quantus eſt triens differentiz differentiarum intercedentium inter rationem pri- 
mam & ſecundam, nec non inter ſecundam & tertiam, quod innuit pro- 


poſitio y11, 


Sic 
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Sic | per 111 hujus, ſumma ſedecim rationum continuarum, terminis 


æquidifferentibus contentarum, eſt 16@ + 1206 + 560c + 18204 
Et ejuſdem ſummæ octans 24 + 15h + 7oc + 22714 (8) 
Tum per tabellam propoſition (4+ 64+ 15e + 204 
iti ſubjunctam, quatuor mediæ ex a + 76 + 210 + 35d 
iſtis ſedecim, nimirum 9=*, 8“, g**, a ＋ 83 + 28c + 564 
10m, ſunt | a + 9b + 36c + 84d 
Differentia duarum priorum b + 6c+ 15d 
poſteriorum b + 8c + 284 
Differentiarum differentia 26 + 134 
Hujus decuplum 200 + 130d ' 
& {emis h c + 624 | 
Una cum ſumma duarum ex quatuor iſtis mediar. 24 + 15h + 49c + 914d 
Facit 24 + 156 + jor + 2284 


Aqualem oftanti ſedecim rationum ſupra notato litera g. Ergo fi ratio data 
diſcerpatur in partes ſedecim, erunt duæ mediæ ex iis ſimul, pauld minores 
octante totius diſcerptæ; & quidem tantò minores, quantum eſt differentiæ 
differentiarum (intercedentium inter rationes ex ſedecim iſtis ſeptimam & octa- 
vam, nec non inter 9**® & 10%/ ) decuplum cum ſemiſſe. q. e. d. 


G 


PROPOSITIO VIII. ; 


Rationes terminorum æquidifferentium ſunt propemodum, ut reciproce ipſorum 
terminorum media arithinetica, 

Explicatio. Sumatur per vi hujus rationis cujuſvis, v. gr. 3, pars quævis, 
v. gr. ſemis 44, tum pars quævis alia, v. gr. triens 25, & ut fiant terminorum 
æquidifferentium, pro ſumatur 22, & pro 4+ æKquipollens 42, Medium 
arithmeticum terminorum rationis totius eſt 17, ſemiſſis 34, trientis 31. Li- 
quet igitur, ut tota ratio +45 eſt ad ſemiſſem ſuum ; ita reciproce ſemiſſis 
medium arithmeticum 34 eſſe ad medium totius 17: & ut tota ratio 4+ eſt 
ad trientem ſuum 42; ita reciproce trientis medium arithmeticum 51 eſſe ad 
medium fotius 17: ideòque etiam, ut ſemis 3 eſt ad trientem 42; ita re- 
ciprocè trientis medium 51 eſſe ad medium ſemiſſis 34: Tantum porrò hanc 
analogiam abire à vero, quantum ſemiſſes, trientes, parteſve aliæ rationum 
per v1 hujus inventæ deficiunt ab exactis. Quamobrem id agendum, ne de- 
teftus ille inſtituto noſtro officiat. Cæterum minor erit defectus, minùſque 
adeò officiat, quo rationes in analogiam adſcitæ minores fuerint. Chm enim 
ſecundum demonſtrationem præcedentis, octans exactus ſedecim rationum foret 
24 + 156 + 7o0c + 2271 d, at ſumma duarum ex ſedecim iſtis mediarum 
24 + 15h + 49c + 9144, qui eſt oftans per vi inventus; patet differentiam - 
horum octantium conſiſtere in contentiori parte ſecundarum & tertiarum dif- 
ferentiarum. Atqui rationum continuarum minores habent differentias primas 
minores, ac proinde differentiarum ſecundarum & tertiarum partem exiliorem 
multò etiamnum minorem. Sed exemplo res fiet illuſtrior. Nam rationis 


3 ; 
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| : . 199 19939 . ubi ratio 299 Ter 
Nr ſemis, per vi: hujus, eſt * CO ubi ratio — ab exactiori 


ſemiſſe deficit ratiuncula ſuperbipartiente 2222, Rurſus rationem 2 (quæ 
7999401 201 


prids aſſumtæ , propemodum ſemis eſt) i denud bipartiamur per vil hujus, 


habebimus 22 + 222 ; ubi ratio 229 ab exactiori ſemiſſe deficit ratiun- 
401 127997601 401 


» Wes 127997599 . 3 Cat . . 
ol n — 2 Minor - igitur am, cùm bipartimur 
rationem minorem 284, quam fi bipartiamur majorem r, quantò ſcilicet 


* , . 127997599 : . - 1999399 
ratiuncula ſuperbipartiens 4 93 nor eſt ſuperbipartiente — hoc eſt 


propemodum, quantò 8 milliones minores ſunt 128 millionibus, nimirum ſedecim 
vicibus. Sed & ejuſdem rationis quò minor pars ſumetur per vi hujus, ed 


minus deficiet à vero. Sic rationis = ſemis, per vii hujus, erat 2 + 
101 201 


=, & ejuſdem triens per eandem eſt = = ST ; ubi quidem triens 


( qualis per v1 invenitur) minds deficit ab exactiori, quàm ſemis 4.22 (per 


301 
eandem inventus); quantò ratiuncula $29945N97 minor eſt altera JET 


: 8 . . ( re . 999401 
Unde ſequitur, cum bipartita ratione 4% ſecundum vi hujus, non niſi bina- 
rium quaſi perdamus in octo millionibus, vel unitatem in quatuor millionibus ; 


futurum, ut iſtius ſemiſſe = (five — diminuto quovis modo per ana- 
logiam vide hujus ſuperſtructam, minus etiam perdamus; adeõque à ratione 
nos analogice argumentari poſſe ad quamvis minorem terminorum #qui- 


2 8 a 13 0 . 8 
diffcrentium, ita ut minus quam unitatem perdamus in quatuor millionibus ; 
quõque ratio, ad quam argumentamur, minor fuerit, ed jacturam fore 
minorem. 


PROPOSITIO IX. 


Data menſurà rationis FT in particulis, qualium decupla continet 1,0000000 ; 
invenire menſuram cujuſvis minoris rationis terminorum æquidifferentium, in 


particulis ſimilibus. 

Rationis 2 menſura ſupra inventa fuit 217691 3, & rationis ET men- 
ſura ibidem 216 591 7, quarum ſumma exhibet rationem = = 4342910. De- 
hinc oporteat nos invenire menſuram rationis 24872. Ergo per præceden- 


tem dic: 
Ut medium Arithmeticum terminorum _ (nimirum 100|5) ad medium 


As 


TT (nimirum 100); ita menſura hujus rationis 


(puta 


Arithmeticum terminorum 
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(putà 43429) ad menſuram iſtius 43213... Tot igitur particulis logarithmus 
abſoluti 101 excedit logarithmum abſoluti 100. Quare, cam logarithmus abſoluti 
100 fit 2,0000000 ; oportet, ut logarithmus abſoluti 101 fit 2,0043213. 
Porrò invenienda fit menſura rationis —. Dic: 
101 


Ut medium arithmeticum terminorum — (nimirum 101] 5) ad medium arith- 


meticum terminorum 1005 (nimirum 100) ; ita menſura hujus rationis (putà 


43429) ad menſuram iſtius 42787. Tot igitur particulis logarithmus abſoluti 
102 excedit logarithmum abſoluti 101. Quare, cam logarithmus abſoluti 101 
foret 2, 043213 oportet, ut logarithmus abſoluti 102 fit 2,008600. | 

Cam autem in omnibus hiſce analogits terminus ſecundus fit 100, & tertius 
43429 ; liquet, ad inveniendam menſuram cujuſvis rationum ſequentium nihfl 
amplius re, quàm ut dividamus numerum 43429 per medium arithmeticum 
terminorum rationis datæ. Cæterùm invenimus nos quidem rationis 70505 men- 
ſuram 43429, quæ fortè debebat eſſe unitate major, putà 43430; ſed facilè in- 
telligit quivis, ſi pro ratione 2 aſſumſiſſemus 5 & in cumulandis ho- 
rum terminorum poteſtatibus calculum ad plures locos extendiſſemus, ad ma- 
jorem utique præciſionem perveniri potuiſſe, adeõque huic methodo ad accu- 
ratam facilitatem nihil quicquam deeſſe. At non deeſt modus etiam hoc ipſo 
facilior, qui poſt acquiſitos paucos logarithmos ſola additione rem peragit, & 
præterea probam ſuam ſecum fert, quem propoſitionibus ſequentibus breviter 
exponemus. 


PRG . 


Rationum duarum continuarum differentia eſt ad aliarum duarum con- 
tinuarum differentiam; ut harum communis termini quadratum, ad iſta- 
rum communis termini quadratum; dummodo ſingularum termini ſint æqui- 
differentes. | 

. . . 4 42 13 

Sint duæ rationes continuæ ——,, , quarum terminus communis 

a + 5 a + 23 
eſt a + +, & hujus quadratum 44 + 246 + bb; int vero & aliæ duæ con- 
tinuæ — & 8 quarum communis terminus eſt à + 464, & hujus qua- 
dratum aa + 8490 + 16335. Singularum termini differunt communi exceſſu 5. 


. . . aa + 2ab . 
Differentia duarum priorum eſt — TIT IT: & poſteriorum duarum 


aa + 843 + 1533 : : 5 
3 Atque he differentie ſunt quoque terminorum æquidif- 


ferentium. Ergo per viii hujus ſunt propemodum, ut reciproce ipſorum ter- 

= a p 2 P a X aa + 2ab 
minorum media arithmetica; hoc eſt, ut prior differentia ———— n ad po- 
aa + $ab + 15335 
aa + 8ab + 1633 


ita horum terminorum medium arithmeticum 
B b | aa + 


ſteriorem 
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2 + $ab + f, ad medium arithmeticum iſtorum aa + 24b + 4553 
hoc eſt propemodum, ut communium terminorum quadrata, nimirum 4a + 
8ab + 1630 ad aa + 223 + bb; quæ ab iſtis mediis arithmeticis non nifi 
quantitate 26 differunt, 1 ſane, & in rationibus minoribus (ubi ſc. 
differentia terminorum & ad ipſos terminos exiguum inſtar habet) facile con- 
temnendã. 


PROPOSITIO XI. 


Rationum trium continuarum differentiarum differentia, eſt ad aliarum trium 
continuarum differentiarum differentiam; ut cubus medii arithmetici mediæ ex 
his, ad cubum medii arithmetici mediæ ex iſtis; dummodo ſingularum ra- 
tionum termini ſint æquidifferentes. f 

2 143 a+ 23 


Sint tres rationes continuæ | —Þ i quarum differentia diffe- 


ix 3 | a* + 64% + 12aabb + 84863 "ITT . L 
rentiarum eſt ou e & mediæ 1 medium arith- 
27a 


i b 
meticum eſt 4 + 2, cujus cubus 0 + = e, ſint vero 


Ie . 2 +26 a + 33 a + 46 . R b F 
& alie tres m_— 25575 7 wp - i „quarum differentia differentia- 

on © + 144% + 72aabb + 160465 + 12 1 11. : = 
rum eſt = rn & mediæ illarum medium arith- 


metirum 4 + E, cujus cubus 4˙ + ret + BEE + 29”, Cæterùm ſin- 
= rationes differunt communi exceſſu 5; at e differentiarum non 
unt terminorum æquidifferentium, ſiquidem differentia terminorum prioris eſt 
240 + 3, at poſterioris 240 + 7: ſects ac in præcedenti propoſitione. 
Quare cum illic res expediretur regula proportionum ſimplici inversà, hic opus 
eſt duplici invers; nimirum : 

Ur medium arithmeticum prioris differentiæ differentiarum (nimirum 
4 + 6% + 120 ＋ 9h + EZ) ductum in differentiam terminorum 
poſterioris (2 45 + 7 ad medium arithmeticum poſterioris differentiæ dif- 
ferentiarum (nimirum 4 + 144% + 72440 + 16143˙ + 222) ductum 


in differentiam terminorum prioris (225. + 344) : Ita differentia differentiarum 
prior ad poſteriorem: Ita quoque cubus medii arithmetici mediæ trium priorum 


rationum (nimirum 4* + 2 + —.— + $5) ad cubum medii arithmetici 


mediæ trium poſteriorum rationum (nimirum @* + —.— + _ + 2630 ). 
p; Ws 1 — eſſe deprehendetur, fi productum extremorum æquale 
Atqui primus terminus 4 + 64% + 122435 + gab + D in 20 + 


1Þ=20Þ + 19%“ + 664% + 102088 + 6608 , 6 ducatur in 


quartum 
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quartum 4 + e 2 —; productum eſt 2% + 40% + 
297 a*b* + 11804%* + 29913 0%", &c. 

Rurſus ſecundus terminus a* + 144% + 72443 + 16146" + ly in 
246" + 3Þ = 24% + 28 + 144 + 322408% + 26348" _ 
fi ducatur in tertium 4 + 2 + + * productum eſt 243. + 
404 3394 + 1593 4˙⁰⁰ ＋ 4558 ⁰, &c. 


Hoc igitur productum cam conſentiat cum iſto, non modd in primis & 
ſecundis ſpeciebus, ſed & in maxima parte tertiarum & quartarum ; aio ana- 
logiam in propoſitione memoratam, veram eſſe. Nam defectus, qui hic ap- 
paret in productis terminorum, in ipſis terminis longe minor erat, quippe 

ui multiplicando crevit. Ut taceamin minoribus rationibus differentias ſecun- 
& & tertias nullius ferè momenti efſe *, 

Simili modo oſtendetur, differentias tertias rationum continuarum & termi- 
norum æquidifferentium, eſſe ut quadrato-quadrata ; quartas, ut quadrato- 
cubos terminorum, qui ſingulis in tabella propoſitioni 11 ſubjunctà, è regione 
opponuntur. Atque ita deinceps. 

PROPOSITIO XII. 

Numerorum in progreſſione arithmetica ordinatorum quadrata conveniunt in 
differentiis ſecundis, cubi in tertiis, quadrato-quadrata in quartis, & fic 
deinceps. | 

Patet ex inſpectione tabellarum ſubjectarum: 

Numeri Quadrata diff. 1. diff. 2. 


I I 
3 
2 4 2 
5 
9 2 
7 
4 16 
Numeri Cubi diff. 1. diff. 2. diff. 3. 
I I 
2 8 . 12 
19 6 
3 27 18 
| 37 6 
4 64 24 
61 
5 125 
See 


the note at the end of this tract, p. 196. 
B b 2 Numeri 


188 MERCATORIS 


| Numeri Quadrato-quadrata diff. 1. diff. 2. diff. 3. diff. 4. 


I I 
: oh 
2 16 50 
65 60 
3 81 C200 24 
| 175 84 
4 256 96% 24 
369 108 
5 625 302 
| 671 
6 1296 


Hinc patet, datis v. gr. cubis quatuor, vel quadrato-quadratis quinque, quo 
pacto cæteri continua additione ſuccenturiari poſſint. Sint enim dati 


Cubi diff. 1. diff. 2. diff. 3. 
a 2 8 
| e = 19 
% 388 
2 37 486 
c = 64 a n 
2261 k=6 
d = 125 „ 
| HEE > » 
* 


Dic: 1 11 E=. 


ein XIII. 


Logarithmos quotvis locorum continua ac ſola additione producere ita, ut 
ultimo exiſtente probo, cæteri omnes {int probi. 


Ca 


Conſtructio. Cam fit — 77 — + FT FS fo. 7 "IG - Getnceps con- 
tinuando 1 in 8 fi ponamus @ = 100 == medio arithme- 
tico rationis t = ? & þ = 100000, & c Sols, aded ut þ — c fit 99999[ 5 


= medio arithmetico rationis datz 2222, cujus menſuram invenire oportet, 
100 


— vel ol 001) + 3 55 (five 


0 25* 100 
I00000@000000000 

of 125*100 
I000000000000000000000 
vel — vel ol 000000000000000000125) = 


. —— vel - : vel ol 000000005) * 5 — (five 


vel 22 vel of 0000000000002 5) + = IM 
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ol 0010000050900025000125 : fin manentibus 4 & 5, ut ante, ponatur 
c = ils; erit -— = l 00100001500022500337 : vel fi rurſus manenti- 
bus @ & 5, ponatur c = 2|5; erit — = ol 00100002 500062501 5625. 


Liquet ex præcedenti, quo pacto datis numeri 5 quadrato & cubo, ſequentium 

uoque numerorum 15, 25, cæterorumque quadrata & cubi additione con- 
tinui inveniri poſſint. Iſtis igitur numeris cum ſuis quadratis & cubis rite 
diſpoſitis ita; ut poſt unitatem in ol 001 ſextum locum occupet ultima figura 
numeri 5 (vel 15, vel 25); & ſextum ab hac locum ultima figura quadrati 25 
(vel 225, vel 625); & ab hac rurſus ſextum locum ultima figura cubi 125 
(vel 3375, vel 15625) ; quemadmodum exempla ſuperiora oftendunt : conflati 
erunt numeri, qui in tertium regulæ aurez terminum 43429 ducendi ſunt 


: i 99999 99998 99997 
ſinguli, 0 prodeat menſura rationum 2 — 99999% 90g” que 
hæc multiplicatio, ut ſola quoque additione perficiatur, digerendus eſt tertius 


terminus 43429 in tabellam ſubſidiariam, hoc modo: 


43429 
86858 


130287 
173716 
217145 
260574 
304003 
347432 
390861 


© cow own Þ>w Þ © 


Acquiſità hoc modo rationum omnium menſura A 99902 uſque ad —_ 
in particulis, qualium decupla continet 1,0000000 ; mox addendo has or- 
dine retrogrado concinnabimus logarithmos ſingulorum abſolutorum à 10000 ad 
100000 ; quorum ultimus fi fir probus, præcedentes omnes erunt prob! ; niſi 
forte error poſterior quaſi ex condicto corrigat priorem, quod in hac non magis 
quam omnibus aliis probis, nec niſi rariſſimè uſuvenire poteſt. 


— TRI rerm—— » 


ATU E ita expoſita methodo conſtruendi logarithmos nova, accurati, & 
facili, haud ſcio, an opus fit monere leforem, fi ad praxin accedere luberet, 
non requiri compoſitorum numerorum logarithmos; ideoque omnes pares pri- 
mim excludendos, deinde omnes à quinario productos; ita ut reſtent ſoli lo- 
garithmi numerorum in unitatem 3 n, rem, grizn exeuntium, atque horum 
quoque tertium quemque, cùm fit ex ternario com poſitus, omitti poſſe: fic acqui- 
ſitis logarithmis abſolutorum 10003 & 10013, omiſſo logarithmo abſoluti 
10023 ex ternario compoſiti quærendus eſt logarithmus abſoluti 10033, utpote 
triceſimi ab abſoluto 10003; tum logarithmus abſoluti 10043, tricefimi ab 


abſoluto 10013: tum rurſus omiſſo logarithmo numeri 10053 quærantur lo- 
| garithmi 
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garithmi numerorum 10063, 10073; atque ita deinceps. Quare dicendum per 
regulam propoſitione vin traditam : 

Ut 10048, nimirum medium arithmeticum inter 10033 & 10063, 

ad 10018, nimirum medium arithmeticum inter 10003 & 10033: 

Ita 13006, nimirum differentia logarithmorum congruentium abſolutis 10003 


& 10033, 
ad 12967, * logarithmorum competentium abſolutis 10033 & 
| - 10003, | 
Dico : 
ſ 10048 
Ur _ ad 10018; ita 13006, ad Lee 
xc. 
Item: 
10058 
88 : 
Ut ets 7" ad 10028; ita 12992, ad la 
&c. 


At tertius qui ſequitur ordo, nimirum: 


10068 ; | i 
Ut 4 10098 f ad 10038; ita 12979, ad &c 

&c. | l 
hic ipſe eſt, quem omittendum indigeto. 


Pari modo tertius quiſque in unitatem rie, qui exeuntium omittetur. 
Itaque fiet, omiſſis paribus lucrifaciamus ſemiſſem operæ, & detractis quinariis 

us partem decimam, denique excluſo tertio quoque in 1, 3, 7, 9, deſi- 
nentium, trientem laboris reſidui; unde non niſi Ti nonaginta chiliadum, 
quz ſunt à 10000 ad 100000, induſtriam noſtram expectant. Hoc eſt, de 
go chiliadibus reſtant ſolùm 24 concinnande. Czteros compoſitos à , 11, 
aliiſve primis genitos, non eſt operæ pretium ſecernere in methodo tam pro- 
clivi; præſertim cam probando calculo inſervire mg | 

Cæterum ex 1is, quæ hactenus differuimus, fatis hquet, naturam logarith- 
morum geometriz nullo modo obnoxiam efle ; ſed verius ac liquidius ex pro- 
prio ſuo fonte manare. Intercedit tamen utriſque cognatio ſuavis, & contem- 
platione digniſſima, quam deinceps paucis exponere non gravabor. 
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PROPOSITIO XIV. 


Sit hyperbole Mr, cujus latus rectum xL æquale fit tranſverſo ge; erunt 
aſymptoti Ax & AE ad angulos rectos, & quadratum DF æquale rectangulo 
cDB per xxi. Conicor. 1, B & x cadant perpendiculares ad aſymptoton 
B1 & FH, Dico, Ak eſſe ad A1, ut Br ad Fn. 


DEMONSTRATIO, 


St an = 2 = 40 
" BC = AB + AC = 2 dy 
BD = 4 dd 
AD = AB + BD = I «+ = DE D 
CD = BC + BD 2 ＋ 4 Np K. 
CD Xx BD =>2 4 a in a 24 + 44 =Q: DF V 
DF = 24 + 44 = DG GT 5 * A 


AG = AD +DG =1 +8@4 +24 + aa 
V2.1:: AG.AH | 
1 +a + /2a + aa 
* 2 
EF = DE = DF = I +4 24 + 23 
V2.1 :: EF. FH 


n i+= 4/28 +.06 
| FH = 72 


Ducatur Ax in Fn ; 
ponendo 1 ＋ 4 c, &y/2@ + 44 = d 
erit - ghd pe 13 


MS , k ” 2 1 _ ” 
eb LMS. e n al — * CEE #h : £% . 
, 


AH = 


Al XB EDX = 2 | 
Ergo per & & , AH X FH = AI X BY 
& AH.AI :: BI. FH q. e. d. 


PROPOSITIO XV. 


In diagratumate precedenti, poſita a1 = i, & HI = a; oporteat in- 
venire FH, 


4 Dic 
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Dic per præcedentem: ut An ad ar, ita pt ad Fn; hoc eſt, 1 + 4.1 :: 1. 


- - wF nimirum FH æqualis eſt unitati diviſæ per 1 + 2. Perficitur autem a. 
viſio ipſo opere fic : 
=: 2x 0 | 0 
14427 1 1 
0 
17 
h 1 -— 
O — & — a 
1 m 
— 2 aa 
page” p 
o + aa + aa 
r 
q 3 
aa + a 
* u 
8 3 3 
0 — 2 — 4 
b d b 
Applica l + 4 ad t, ** 13 ; tum , ag 1 + : e ; + ; _—_ 
h b 
cendum ex xj & reſtat o — by Rurſus 14 ; applicerur ad e — 5 oritur = , 
k h i 1 n o 


tum — a in o 252 —4 — as, ſubducendum 40 — 4 & reſtat o — aa. 
r 


c 3 
Ad hoc applica y + a, oritur +8c; quod ductum in : + gignit * + a, 
| t 


n o 69 93 
ſubducendum ex o + aa, & reſtat o = 4. Atque ita continuata operatione, 


deprehenditur ＋ =1—& + aa 4 + a* (&c.) = FH. 


PROPOSITIO XVI. 


Quovis numero in partes æquales innumeras diſcerpto ; invenire ſummam 
quarumvis poteflatum ab i innumeris iſtis numeris genitarum. 

Numeri dati poteſtas proximè ſuperior poteſtatibus quæſitis, ſi dividatur per 
exponentem ſuum, extabit ſumma poteſtatum quæſita. 

V. gr. Numerus datus ſit 21; hic ſi diſcerpatur in partes innumeras, con- 
tinebit non modò hos numeros 20, 19, 18, 17, &c. ſed & innumeros interjectos, 
quorum quiſque intelligitur ductus in unam partem infinitifimam numeri 21. 
Horum igitur omnium productorum ſummam ſi quæras; quoniam ipſa producta 
ſunt poteſtates prime (five lineæ); erit poteſtas proxime ſuperior quadratica ; 
& Jus exponens 2. Ergo dati numeri 21 quadratum 441, fi dividatur per 

exponentem 
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exponentem 2, extabit ſumma omnium primarum poteſtatum, genitarum ab 
innumetis iſtis numeris, qui in dato numero 21 continentur, nimirum 220ʃ 5. 
Rurſus quævis poteſtas prima intelligatur ducta in ſeipſam, & oporteat nos 
invenire ſummam omnium iſtorum quadratorum. Poteſtas proximè ſuperior 
eſt cubica, & ejus exponens g. Ergo dati numeri 21 cubus 9261, fi dividatur 
per exponentem 3, extabit ſumma omnium quadratorum 3087. Horum qua- 
dratorum quodvis ducatur in ſuum latus, & oporteat nos invenire ſummam 
omnium iſtorum cuborum. Poteſtas proxime . — eſt quadrato-quadratica, 
& ejus exponens 4. Ergo dati numeri 21 quadrato-quadratum 194481, fi 
dividatur per exponentem 4, extabit ſumma omnium cuborum 486204 25. 

Demonſtratio. Summa omnium ab unitate imparium æqualis eſt quadrato 
numeri terminorum ; fic numerus terminorum omnium imparium ab unitate 
uſque ad 21 eſt 11, cujus quadratum 121 æquale eſt ſummæ omnium horum 
imparium; 1, 3, 5, 7, 9, 11, 13, 15, 17, 19,21. At idem quadratum 121 du- 
plicatum, nimirum 242, excedit ſummam omnium eorundem imparium uni 
cum paribus incluſis ipſo numero terminorum 11 deficit autem à ſumma 
omnium parium æque ac imparium eodem numero terminorum 11. Ergo 
quadratum duplicatum numeri terminorum imparium non poteſt excedere vel 
deficere à ſumma omnium, tam parium quim imparium, pluſquam ipſo nu- 
mero terminorum imparium, hoc eſt (fi termini ſint innumeri) eodem numero 
terminorum five dimidio termini maximi, ducto in partem infinitiſſimam numeri 
dati. Quod productum "fi quis putet, adhue rationem aliquam obtinere ad 
ſummam omnium terminorum; nondum utique diviſus eſt, numerus datus in 
partes innumeras, quod eſt contra hypotheſin. Ergo quadratum dimidii numeri 
terminorum (tam parium quàm imparium) duplicatum; vel, quod idem eſt, 
dimidium quadrati numeri omnium terminorum (tam parium quàm imparium) 
æquale eſt ſummæ omnium terminorum. 

Rurſus ; numerus pyramidalis ultimi ab unitate imparium, æqualis eſt ſummæ 
omnium quadratorum ab uſdem imparibus factorum. Sic numeri 21, tanquam 
ultimi imparium, pyramidalis 1771, æqualis eſt ſummæ omnium quadratorum 
factorum ab his imparibus; 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21. Unde haud 
ſects, ac modò, conficietur eundem pyramidalem duplicatum (fi termini fint 
innumeri); vel, quod idem eft, trientem cubi facti a numero dato, æqualem 
eſſe ſummæ omnium quadratorum ab imparibus æquè ac paribus factorum. 

Item; ultimi cujuſvis trigonus in fe ductus, æqualis eſt ſummæ omnium cu- 


borum ab imparibus æquè ac paribus factorum. Sed trigonus iſte, ſive ſumma 


terminorum, ſuprà æqualis erat — „ergo ejuſdem. Frigoni un 


eſt Quadratoquadrato 
+ . 


æquale = ſumme omnium cuborum. Atque ita deinceps. 


C c P R 0+ 
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PROPOSITIO XVII. 


Quadrare Hyperbolam, 


In diagrammate præcedenti, poſita a1 = 1; intelligatur aſymptoto inde 
ab 1 verſus E diviſa in partes æquales innumeras, que ſint, v. gr. 1p = pq = 
qr = 4. Erit, per xiv & xv hujus, ps = 1 4 + 44 — 4 + a* &c, & 
qt =1=— 24 + 444 — 8& + 164 &c, & rug 1 — 34 + 944 — 274 
+ 814* &c. Sed ps + qt + ru = arez BIru = 


— 24 + 4aa — 843 ＋ 164 
— 34 + 944 — 2743 + 814. 
= 3 — 62 + 1444 — 364* + 9847, 


| 
— — 


— 2 + aa — 234 46 
es 


hoc eſt, = numero terminorum contentorum in linea ir, minus ſumma eorun- 
dem terminoram, plus ſumma quadratorum ab 1iiſdem, minus ſumma cuborum, 
plus ſumma quadrato-quadratorum, &c. 526 a 

Hinc poſito, ut ante, 14 = 1; fed Ip = o| 1 = numero terminorum : in- 
venio, per xv &,XV1 hujus, aream B1ps/= numero terminorum = ol, minus 
ſumma eorundem terminorum = o| oog, plus ſumma quadratorum ab uſdem 
= 0] 000333333, minus ſumma cuborum = ol oooo 5, plus ſumma quadrato- 
quadratorum = of 000002, minus ſumma quadrato-cuborum = ol 000000166, 
plus ſumma cubo-cuborum = o| 000000014, &c. | 


©| 1 c[ 005 
of COO 3 

+ \ ofcooror f 9090025 
ol 00000001 4 ol 000000166 
ol 100335347 Wee: ol 005025166 


* — — 
— 0005025166 
+ ol 095310181 = areæ BIPs. 


Sic poſito 1q® of 21 = numero terminorum : invenio, per x & xv hujus, 
aream B1qt = numero terminorum = ol, minus ſumma corundem termi- 
norum = of 02205, plus ſumma quadratorum ab nſdem = o| 003087, minus 
ſumma cuborum = o 000486202, plus ſumma quadrato-quadratorum = 
ol 000081682, minus ſumma quadrato-cuborum = o| 000014294, plus ſumma 
cubo- cuborum = ol 000002572, minus ſumma quadrato-quadrato cuborum 
= ol 000000472, plus ſumma quadrato-cubo-cuborum = o| 000000038. 
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455 [ ve 
103087 J al ooo 486202 
-, 4 0] 000081682 | | | 
＋ Jol 00000 572 | 2 
ol 000060088 © j *L0000004g74 
40] 000000003 | | of 000000016 
+ * ol 213171345 — 822356 


— 0 022550084 
+ 0{[ 190620361 = arez B1qt. 

Unde apparet, ut ratio 41 ad AD (1 ad 1] 1 eft dimidiata rationis at ad-4 
(1 ad 1 bo: ita aream B1ps eſſe dimidiam arez B1qt. Cæterum proclive ſt 
nunc calculum extendere ad quotvis loca, quod mihi tentanti, prodiit area 
urps = vf0933101798043248600439521232807650922206035334;3 & area 
Biqt = l 1906203 59608649720087904246 561 53018444121072, cùm 
exactè duplam Jepredicaderemittius ſuperioris ſcivi inde me calculum poſuiſſe. 

PROPOSITIO XVIII. 

Comparare Areolas byperbolicas cum Ratiunculis abſolutorum Aiquidifftrentium. 

In diagrammate præcedenti, poſità A1 = 1, & aſymptoto inde ab 1 verſus s 
divisa in partes æquales innumeras, quiz fint, v. gr. ip, pq; qr: erit areola zips 
menſura ratiunculæ, quam A1 obtinet ad Ap; & areola spqt menſura ratiuncuke, 
quam Ap obtinet ad aq; & areola tqra menſura rati quam aq obtinet 
Ar, &c. Atque areoke iſtæ ſupputantur prorſus eodem modo, qu ſupra pro- 
2 vrn & rx rationes terminorum æquidifferentium Id quod paucis 
indicare oportunum duxi. 9 
| PROPOSITIO XIX. 
| Invenire fummam Logarithmorum. 

In eodem diagrammate, pofits Ar = 1, & aſymptoto inde ab 1 verſus n 
divisa in partes æquales innumeras, quæ ſint, v. gr. Ip, pq, qr, oportet in- 
venire ſummam areolarum; zips + Brqt + iu (& c) — ſumma logarich- 
morum = ſolido, conſtanti ex areola 81ps perpendiculariter inffſtente lint ps, 
& areola »1qt perpendieulariter iniſiſtente linen qt, & areola »Iru perpendi- 
culariter inſiſtente lineæ ru &c, ductis nimirum ſingulis in unam infinitiſſimam 


lineæ datæ. | 

Conſtructio hujus problematis congruit cum conſtructione propofitionis xv21, 
ſubſtituendo nimirum, pro numero terminorum, ſummam eorundem; & pro 
ſumma terminorum, ſummam quadratorum; & pro ſumma quadratorum, ſum- 
mam cuborum; &c. Sic poſitd a1 = 1, & ip = oli, oporteat nos 
ſummam omnium logarithmorum inde ab 1 ad of 1. 


[ql oo © [| 600166666 
+ 1— — F$ ©, 0000005 

1 of 000000033 ol 000000002 
+ o{ 005008366 — 0600167168 


— o{ ooo167168 
o| 004341198 = ſummæ omnium logarthmorum. 
Hinc patet, quomodo produQim continuum omnium à 0 ad numerum da. 
tum arithmeticè progredientium inveniri queat. Nam ſumma logarithmorum, 
logarithmus producti eontinui. 


a + 43 
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Patet quoque ex præcedentibus, quo pacto problema Merſennianum, fi non 
eometrice ſaltem in numeris, ad | pris uſque locos ſolvi poſſit. Atque hic jam 
lum abrumpere cogor, tantiſper dum otium pertexendi reliqua largiatur Deus. 


Note to prop. x1, referred to in p. 187. | 
In demonſtratione hujus propoſitionis undecimæ auctor noſter in plures calculi errores lapſus eſt, 


bb þ3 
2 


Etenim dicit cubum quantitatis binomiæ a + — eſſe a* + 2242 4 7 eum reverà 
iſte cubus fit a + gent + _ + 272, & dicit cubum quantitatis binomiæ @ + — 
eſſe + 222? + 99 , cum reverd ite cybus ft at + 2 2 


282, Hi autem errores non ſunt neceſſarii ad ſtabilienda auctoris ratiocinia, quæ aliquanto 
propiùs ad veritatem accedent, fi hi errores corrigantur, His autem correctis, demonſtratio tota 


erit ut ſequitur. ; ; | 
. * * a a + a + 2 * . * . 
Sint tres rationes continuæ TT SET IT quarum differentia differentiarum eſt 


a* + 64% + 122435 + 8463 
a* + 64% + 124abb + mw 7 
jus cubus a3 + 2 = 4 —5 ; ſint vero & aliz tres continuæ 


& mediæ illarum medium arithmeticum eſt a + 5 eu- 


a + 23 a+36 

4 + 30 'a+ 40 
3 

a +50 quarum differentia differentiarum eſt r Thc & me- 


a* + 144% + 7244 + 16246) + 135 
diz illarum medium arighmeticum a + 2 cujus cubus a? + — + —— + 50, Cz. 


terdm ſingulæ rationes differunt communi exceſſu 5; at differentiz differentiarum non ſunt termi- 
norum * I ſiquidem differentia terminorum prioris eſt 2 4 + 43 54, at poſterioris 
2ab3 + 7%: ſecùs ac * precedent propoſitione. Quare cum illic res expediretur regula. propor- 
tionum Cmplici inversd, hie opus eſt Yuplici inversà; nimirum : 

Ut medium arithmeticum prioris differentiæ differentiarum (nimirum 4 + 623 + 124aabb 


+ gaÞ + 2) dufum in differentiam terminorum poſterioris (2 a6? + 754) ad medium 
arithmeticum poſterioris differentiz differentiarum (nimirum & + 144* b + 7244 + 161463 + 
) dudtum in differentiam terminorum prioris (208 + 33): Tra differentia differencarum 
prior ad poſteriorem : Ita 8 cubus medii arithmetici mediæ trium priorum rationum (nimi- 
rum 427 + =, 2 + 27) ad cubum medii arithmetici mediz trium. poſteriorum ra- 
tionum (nimirum 47 + — + _ + 2), 

Que analogia vera eſſe deprehendetur, fi productum extremorum æquale fit producto mediorum. 
s Atqui primus ng a* + 64% + 12aabb ＋ 941 + — in 24351 + jb = 24533 + 194%44 


+ 664% + 10222 + bbab! + — fi ducatur in quartum 4 + 


21424 + 147 abb 
2 4 


; 
+ , productum eſt 245 + 40 + 339%, + 15799 + 43774 4%", &c. 


Rurſds ſecundus terminus a* + 144% + 52aabb + 16146 + = in 22 + 344 = 
' a 4 ® 
245 + 314% + 1864%* + 5384955 + 746407 + Rx ſi ducatur in tertium 4 + 5 + 


2 
_ * productum eſt 243 + 404'b* + 3394%5 + 15914555 + 452744), &c. 
Hoc igitur productum cum conſentiat cum iſto, non mods in primis & ſecundis & tertiis ſpeciebus, 
ſed & in maxima parte quartarum & etiam quintarum ; aio analogiam in propoſitione memoratam 
eſſe veram. Nam defectus, = hie apparet in productis terminorum, in ipſis terminis longe minor 
erat; quippe ui multipticando crevit, Ut taceam in minoribus rationibus differentias ſecundas & 
tertias nullius ferè momenti eſſe. 


* 
0 ER : 


MICHAELIS ANGELI RICCII 


EXERCITATIO GEOMETRICA 


DE MAXIMIS ET MINIMIS. 
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MICHAEL ANGELUS RIcclus, 8. P. D. 


CRIPTIONE M hanc meam argumenti, ut vides, inter Mathe- 

matica difficillimi, ſed æquè ad difficiliora quæque Problematum 
ellicienda, & obſcuriora Theorematum cognoſcenda utiliſſimi, cum in 
Geometrico, tum in Analytico pulvere, ad te mittendam duxi, vir orna- 
tiſſime, Stephane Gradi, quem ego unum omnium hujus Civitatis 
plurimi facio, ob egregias animi laudes, præſertim verò propter acre 
his de rebus exiſtimandi judicium, quotidianis graviſſimarum inter nos 
diſputationum experimentis mihi perſpectum & cognitum. Lege 
quæſo illam diligenter, & ubi din exactiſſimæ tuæ cenſuræ ſubjectam 
habueris, ecquid reſpondeat ſolitæ tuæ de meis hoc in genere cogi- 
tationibus, opinioni, pronuncia. Nam ſi hoc aſſequar, ut tibi cæte- 
riſque Amicis earundem Diſciplinarum intelligentibus probetur, minus 
erit in poſterum quam ob rem humaniſſimis tuis hortationibus ob- 
lucter, cùm autor mihi eſſe perſeverabis edendi alia quæ tecum jam- 
pridem communicavi, de præceptis univerſæ Artis analyticæ, geome- 
tricà methodo breviter & expedite demonſtratis, una cum animadver- 
ſione erratorum quæ in ipſis tradendis magni nominis Auctores erraſſe 
deprehendi; faciliuſque obtinebis ne diutius premam apud me quæ- 
cumque de Geometria in genere diſputata & literis conſignata in- 


certas propoſitiones redegi; & ex his illam præcipuè à Torricellio, & à 
3 te 


| 
| 
| 
| 
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te quoque tantopere commendatam, quæ integram doctrinam triginta 
propoſitionum Archimedis, Lucæ Valerii, & aliorum, una com- 


plectitur; duaſque præterea, quibus totam penè Jo. Caroli de la Faille 


de centro gravitatis partium circuli & ellipſeos doctrinam [juſto vo- 
lumine ab ipſo explicatam] abſolvo. Statui autem pauca aliquot hujus 
ſcripti exemplaria typis imprimere, quo commodiùs poſſint ad peritos 
hujuſmodi ſcientiarum Amicos, tum per Italiam, tum exteras apud 
gentes pervenire, accenſo potiùs ea in re tuo ſtudio obſecutus, quam 
ingenio meo. Neque enim is ego ſum, cui nomen famæ per am- 
bitionem ingerere libeat; aut quem non magis indagatz veritatis 
cognitio, quam cognitæ oſtentatio deleQtet. Interim hunc amicitiz 
noſtræ jampridem inſtitutæ, & literario præcipuè commercio nunquàm 
coli intermiſſz, fructum jucundiſſimum feram, ut quæ hac in re de me 
ſentis amice, hoc eſt [ut Euripidi placet] liberè, te loquentem audiam ; 
eoque, quid czteri & ſentiant & loquantur, ſecurus fiam. Vale. Romæ, 
octavo Idus Julii 1666. 5 DO 
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MICHAELIS ANGELI RICCII 


GEOMETRICA EXERCITATIO. 


DEFINITIONES, 


1 OTE STATE M quamlibet, ejuſque radicem, voco dignitatem. 

2 Si dignitas in dignitatem ducatur, ut a* in 35, fiet productum * in 35 
cui producto illud ſimile dicimus, quod gignitur ex dignitatibus graduum 
eorumdem. Ita, in facta hypotheſi, productum x in o, ex quadrato & cubo, 
ſimile eſt producto 4“ in 35. 

3 Homogenea producta ſunt quæ ad eundem gradum pertinent; ut duo 
rectangula, quippe quæ ad ſecundum gradum pertinent; & duo ſolida, que. 
ad tertium. a | 0 

4 Terminos cam dico, intelligi volo duos numeros ſeu æquales ſeu in- 
æquales, vel numerum & unitatem, vel duas unitates. Terminos inzquales 
appello duos numeros inæquales, vel numerum & unitatem, Terminos autem 
#quales, duos æquales numeros, vel duas unitates. | 

Productum in linea fieri ſecundum terminos datos, aut poſitos, dicimus, 
uum illud fit ex duabus dignitatibus, quarum exponentes ſunt ipſi termini 
Jai vel poſiti ; radices vero ſegmenta illus rectæ lineæ ſectæ in proportione 
terminorum eorumdem. ; 

Sit, verbi cauſa, quæpiam recta linea, cujus majus ſegmentum ad minus fit 
in ratione 3 ad 2; productum ex cubo ſegmenti majoris in quadratum minoris 
erit factum in linea data ſecundum terminos poſitos 3, & 2; 2 ſegmenta 
quæ ſunt dignitatem radices habent rationem numeri 3 ad 2, & exponentes 
earumdem dignitatum ſunt etiam 3, & 2. 

Rurſus eſto, quemadmodum ſegmentum majus ad minus ejuſdem lineæ, 
ſic 3 ad 1, productum ex cubo majoris ſegmenti in ſegmentum ipſum minus, 
erit productum in linea factum ſecundum — poſitos, numerum & unita- 

tem. 
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tem. Ita, a* in B* [fi a vocetur majus ſegmentum, B verò minus] eſt pro 
ductum factum in linea a + » ſecundum terminos 3, & unitatem, quia radices 
A & ſic ſunt, ut eſt numerus 3 ad unitatem ; & dignitatis a* exponens eſt, 
3, numerus datus ; dignitatis B* exponens eſt, unitas, item data. | 


LEMMA PRIMUM. 


Si duz rectæ in eadem ratione ſecentur, produfta ſimilia facta ex ſeg- 
mentis tanquam ex radicibus, erunt proportionalia productis homogeneis quæ 
fient ex totis. 


3 , | W 


Sint AB, DE, redtæ, in punctis e, & y ita ſectæ, ut quam rationem ac ad 
es habet, eandem habeat or ad rx, & fiant ex illarum ſegmentis producta 
ac in cB*, & pre in FE?, que ſunt fimilia per ſecundam definitionem; 
uſque homogenea producta fiant ex totis AB, DE, nimirum AB*, DE per tertiam 
definitionem. Dico Ac“ in e eandem rationem habere ad az*, ac Dr in FE? 
ad DoE“. Qui rationes ex quibus ratio producti Ac: in cs* ad AB componi- 
mn, ſunt, ac componentes rationem producti DF® in FE ad DE, ob 

ionem linearum proportionalem, & inde proportionales dignitates ex quibus 
producta illa reſultant. Jod, &c. * Mr * 


LEMMA S ECUND UM. 


Iiſdem poſitis, dico, Ac“ in on“ fuerit maximum omnium fimilium pro- 
ductorum ex binis ſegmentis rectæ as, etiam pr in yx* fore maximum 
productorum ſimilium ex binis ſegmentis rectæ Dx, tanquam ex radicibus. 
Singulis enim productis ex ſegmentis rectæ ps alia reſpondent orta ex ſeg- 
mentis rectæ As in eadem proportione ſectæ; & illa ad homogeneum ſuum px 
eandem rationem habent, atque iſta ad ſuum An, ex primo lemmate. Ratio 
quidem 4c“ in c“ ad az* ex hypotheſi eſt eadem ac ratio pr“ in ms? 
ad p': cæterorum verò orum ex ſegmentis ipfius pz ad px“, 
eadem eſt atque ratio productorum ſibi reſpondentium, que fiunt ex ſeg- 
mentis rectæ as, ad A8“. Cùm igitur ratio Ac“ in cB* [quod maximum 
eſſe ponitur] ad AB fit major, per octavam quinti Elem. ratione cæterorum 
productorum fibi ſimilium ad a3; major etiam erit ratio pr in FED ad px“, 
quam ratio. cæterorum ſimilium productorum ex ſegmentis rectæ pz ad Dx; 
ac inde ipſum pr“ in rx* per decimam quinti Elem. eſt maximum. 
uod, &c. 


| | LEMMA TERTIU M. | 
Si data recta linea ſecetur in ratione terminorum inæqualium, & — 
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fiat ſegmentorum differentia ad minus ſegmentum, ut differentia terminorum 
ad minorem terminum; hæc inventa proportionalitas vel ipſa erit proportiona- 
litas æqualitatis, vel alia, in quam incidemus, iterum dividendo, & fic deince ps; 
& in e terminorum differemia æquabitur minori termino, & differentia ſeg- 
mentorum ſegmento minori. 


— a — — 


3 


Eſto ac ad cs, ut ꝙ ad 6, & ab differentia ſegmentorum ac, cs: erit di- 
videndo, 3 ad 6, ut ab ad cs, vel ad ſegmentum fibi zquale, pc : Quoniam 
vers hec proportio non eſt proportio æqualitatis, fiat bz differentia ſegmen- 
torum AD, & pc; 3, differentia numerorum 6 & 3 ; & dividendo, erit ut 3 
ad 3, fic Ds ad AD, proportio æqualitatis. 


8. 
AD a F 1 


—4 . 1. 


— "I 
K* —— 


Rurſus ac ſit ad cB, ut 5; ad 3; & ap ſegmentorum differentia; dividendo 
erit, AD ad cs, ſeu ad ſibi æquale 3 Dc, ut 2 ad 3. Et iterum 
dividendo [ ſegmentorum ap & be, „ differentia, xc], 1 ad 2 ut xc ad 
AD ſeu DE; & tertid ¶ facta rx terminorum Ds & xc differentia] dividendo in- 
veniemus, ut 1 ad 1, ita FE ad Ec, Quod, &c. : 

Ratio lemmatis eſt, quod duorum quorumcumque numerorum differentia, 
vel differentia numeri & unitatis, ſemper eſt numerus aut unitas, ut per ſe 
patet : & nos dividendo, ſemel atque iterum, ac ſæpius, demimus ſemper mi- 
norem terminum diviſæ proportionalitatis qui eſt numerus vel unitas, de majori 
termino feu numero, utimurque deinceps reſiduo tantùm [quod eſt eorum 
terminorum differentia] & comparamus illud cum minori termino proportiona- 
litatis diviſz : at non poſſumus ſic demendo progredi in infinitum, quia unitates 
in terminis ſunt finitz, fed exhauritur ade omnis differentia, reſiduumque 
majoris termini proportionalitatis diviſæ æquatur termino minori. Ita fit pro- 
portio æqualitatis, in qua unitas ad unitatem, vel numerus ad ſibi æqualem nume - 
rum, eſt ut ſegmentum ad aliud æquale ſegmentum. Quod oſtendere oportebat. 
 Quod fi ab ea proportione æqualitatis, in qua deſitum eſt, rurſus inci- 
piamus, dico nos componendo gradatim, venturos per veſtigia diviſionis ad 
terminos primæ proportionalitatis, in ſegmenta date lines erant in ratione 
inzqualium terminorum. Cujus pr ionis rationem facile intelliget Geometra, 


quem latere non poteſt, in Geometria omnia que dividendo concluduntur, ex 


D d 2 contrario 


— 2 , — 
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contrario converti poſſe, & componendo concludi illud ipſum, quod ponebatur 
ante diviſionem, ut in quinto Elementorum oſtenditur. Exempli gratia, fit majus 
ſegmentum datæ rectæ ad minus, ut 2 ad 1. Igitur dividendo 1 ad 1, eſt 
ut differentia ſegmentorum ad minus ſegmentum. Ex hac porrd zqualitatis 
proportione componendo redimus ad primam proportionem, in qua ſegmenta 
erant in ratione 2 ad 1. Quod, &c. 


LEMMA QUARTUM. 


Si duo quzlibet producta orta ſint ex duabus dignitatibus ductis in aliam 
communem dignitatem ; quam rationem habent ille duz dignitates inter ſe, 
eandem habent duo producta. Sic productum An in Bcs eam rationem habet 
ad productum az? in E T', quam habet dignitas gc“ ad dignitatem Er“; in quas 
duas dignitates ducta communis dignitas AB“ illa producta effecit. 

Ex definitione multiplicationis prubatur hoc lemma, quod alii in numeris 
demonſtrarunt. 5 


LEMMA QUINTU x. 


Datis quatuor quantitatibus, quarum prima ad ſecundam habeat minorem 
rationem, quam tertia ad quartam, productum quod gignitur ex duabus extremis 
eſt minus producto ex mediis, | 

Augeatur prima donec fiant quatuor geometrice proportionales ; tunc prima 
in quartam ducta efficiet productum æquale producto ex mediis. Igitur pro- 
ductum quod efficiebat antequàm augeretur, erat productum minus eodem 
producto ex quantitatibus mediis. Quod, &c. | | peter If 


THEOREMA PRIMUM., 


Productum in aliqua rea linea factum ſecundum poſitos terminos æquales, 
maximum eſt omnium ſimilium productorum, quæ fieri poſſunt ex binis lineæ 
datæ ſegmentis tanquam ex radicibus. 6 


4 — i i ww; 


Recta linea as ſecetur æqualiter in puncto e, & fit ac ad cs ut 3 ad 3 
[termini æquales poſiti] dico nn Ac? in o, quod fit in linea as ſe- 
cundum poſitos terminos, eſſe omnium ſimilium productorum maximum. 
Sumpto quolibet alio puncto p, faciamus aliud ſimile productum ap* in DB“. 
Cam autem fint quatuor lineæ arithmetice proportionales cum exceſſu co, 
nimirum AD, AC, CB, & BD, minor eſt ratio maximæ Ap ad ac, quam cB 
ad BD; & triplicata ratio ipſius ap ad Ac [ſeu ratio Ap ad ac*] minor eſt, 
quam triplicata ipſius cy ad 3D [ſeu cs? ad B03] & per quintum lemma, 
ductum ex medus quantitatibus, ac?, in oi, majus eſt producto ap? in -= 


- 
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facto ex duabus extremis. Eodem pacto demonſtratur Ac“ in cs? efle alio 
quocumque ſimili producto majus, & conſequenter omnium ſimilium maxi- 
mum. Quod, &c. | 


THEOREMA SECUNDUM., 


Si duo rectæ lineæ ſegmenta fuerint in ratione terminorum inæqualium, &, 
per conſequens, dividendo, ſit differentia ſegmentorum ad minus ſegmentum, 
ut differentia terminorum ad minorem terminum; quoties ex dignitate dif- 

ferentiæ ſegmentorum ducta in dignitatem minoris ſegmenti fit productum 
maximum, toties fit etiam maximum ex eadem dignitate minoris ſegmenti ducta 
in dignitatem majoris; atque ita, ſi dignitates ſegmentorum pro exponentibus 
habeant terminos poſitos, & dignitas differentiæ, differentiam terminorum. 


Sit AB recta linea inæqualiter ſea in puncto c, & Bc ad Ac, ut 5 ad 3, qui 
ſint termini poſiti. Producatur BA in r, donec æquetur re ipſi es, & AF erit 
differentia ſegmentorum Be & ac, Quoniam vero ſegmentum majus Be ſic eſt 
ad minus Ca, ut 5 eſt ad 3, erit dividendo Ar ad ca, ut eſt 2 ad 3. Nunc 
fiant duo producta qualia diximus, primum rA“ in ac?, ex dignitate ipſius FA, 
differentiz ſegmentorum, ducta in dignitatem minoris ſegmenti. ac, Secun- 
dum Ac in ei, ortum ex eadem dignitate minoris ſegmenti ducta in digni- 
tatem majoris. Prima dignitatis FA* habet pro exponente, 2, differentiam 
datorum terminorum, reliquæ habent 3 & 5, terminos poſitos, ut imperabatur. 
Dico, fi productum primum eſt maximum omnium ſimilium ex binis ſegmentis 
rectæ re [efſe autem ejuſmodi ſupponamus}, etiam ſecundum fore productum 
maximum omnium ſimilium ex binis ſegmentis rectæ poſitæ AB. 

-  Sumatur in à3 alius punctus præter punctum c, & eſto D; qui accipi à 
nobis poteſt infra punctum e, vel ſupra. In utroque caſu, Fa nequit habere 
eam rationem ad ac, quam habet ad ap, ſed majorem aut minorem habebit, 
atque adeò FD non eſt ſecta in puncto a ſecundum rationem ipſius Fa ad ca: 
fiat porrò FE ad ED, ut Fa ad ac, & productum E in ED, per ſecundum. 
lemma, erit maximum | zque ac productum ra“ in ac*], & conſequenter majus 

ſimili producto FA? in ap?, facto ex ſegmentis ejuſdem rectæ xD. Quod maxi- 
mum FE in ED? habet eandem rationem ad FD, dignitatem ſibi homogeneam, 
quam Fa* in Ac! ad tc, ut ex duobus primis lemmatibus colligitur ;. igitur 
FA? in AD* [quod diximus eſſe minus producto FE“ in ED] minorem rationem 
habet ad ro, quam FE“ in Eb? ad idem p', ſeu minorem, quam ra“ in c“ 
ad Fe“; & permutando, Fa* in Ap! minorem habet rationem ad Fa* 1 "24 
| | eu,, 
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ſeu, per lemma quartum, Ap minorem habet ratio ad ac?) quam vp, ad res, 
longs minorem, quam c ad Bv*. Quippe ſunt rectæ Ds, cs, rc, & 
FD, arithmetice proportionales cum exceſſu, po; ac propterea in primo caſu, 
FD maxima, in ſecundo caſu, FD minima, eſt ad Fc in minori ratione quam 
os ad DB, & quintuplicata ratio FD ad re, nempe ratio ipſius FD* ad re, eſt 
minor quintuplicatà ratione cB ad DB, ſeu c' ad px. 

Igitur cam quatuor quantitatum, aD*, 4c“, cz*, & DR., prima ad ſecundam 
habeat minorem rationem, quam tertia ad quartam, per quintum lemma, pro- 
ductum Ap! in vn! factum ex duabus extremis erit minus producto Ac“ in 
eps ex mediis. Similiter oſtendes, aliud quodcumque productum ſimile minus 
eſſe producto Ac in 355, quia punctus p ad libitum ſumitur. Ergo Ac in 
ons productum eſt maximum omnium. Quod, &c. 

HaRenus de recta linea 43 inæqualiter ſecta, quum eſt ſegmentum majus ad 
minus, uti numerus ad numerum. Reſtaret altera pars theorematis, quum eſt 
quemadmodum majus ſegmentum ad minus, ſic numerus ad unitatem. Hoc 
tamen conſtructione ac ratione tam ſimilibus modò factis concluditur, ut id fibi 
quiſque invenire, explicare ac dilatare facillimè poſſit. Lectoribus autem ſcri- 
bimus à Geometria & ab Algebra inſtructioribus, quos hujuſcemodi rerum intellectu 
facilium explicatione fruſtra defatigaremus ; quare pergimus ad reliqua uſum 
præſtantiſſimum habentia ad inveniendas plurium linearum tangentes, fi m 
centra gravitatis & quadraturas, & ad alia item multa, que juſto ſervamus 
operl ; ubi dabimus novam ſolidorum conicorum ſeriem, qui ſecti exhibent in- 
finitas, uti vocant, hyperbolas, infinitas parabolas, infinitas ellipſes, &, ana- 
logiam fervando, circulos etiam infinitos. Unde lectoribus manifeſtè apparebit, 
de conicis me plus multò adinveniſſe, quam cæteros, eoſque ingenioſiſſimos 
viros, qui communem tantùm hyperbolen, parabolen, ellipfim, & circulum 
[figuras conici in noſtra nova ſerie prædicta, ſecundi gradus} agnoverunt : alias 
tertii & quarti & cæterorum non item; niſi quod de parabolis infinitis per puncta 
in plano deſcriptis pauca, licèt cognitione digniſſima, tradidere nonnulli, quos 
inter, duo præcellentes ingenio viri, Fermatius, ac Torricellius, præceptor 
meus, inventorum preſtantia & numero commendabiles, ac veteribus proximi ; 
qui novum inſuper excogitarunt hyperbolarum infinitarum genus. Neque præ- 
tereundum puto, quamplures Apollonii propoſitiones atque demonſtrationes 
aptari ſectionibus noſtris & per ornnia congruere, affectaſque multipliciter æqua- 
tiones —— ſectionum ope reſolvi facillimè, & determinari poſſe. Nunc re- 
vertor ad rem. 


THEOREMA TERTIUM. 


Data rect lines, & duobus terminis, ſecundum quos fiat in linea data pro- 
ductum: hoc erx maximum omnium ſimilium productorum, que fieri poſſunt 
ex binis ejuſdem rectæ ſegmentis, velut ex radicibus. 

Propoſitionem feco in duas. Primùm dico, productum, quale de- 
ſeripfimus, eſſe omnium ſimilium maximum, quum dantur termini æquales; 
quod in primo theoremate demonſtravimus. 


Deinde 
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Deinde ſi dantur termini inæquales, fic rem oſtendo. 


— — 2 
— X Won. 
—— 8 —— off — 7 
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Eſto as recta data, & termini dati 5 & 2. Secetur recta in puncto o ſitque 
Bc ad Ca, ut 5 ad 2. Dico produftum ges in ca* factum in linea data ſe- 
cundum terminos datos eſſe maximum. Producatur BA in r, ut Ar fit dif- 
ferentia ſegmentorum, & dividendo primam proportionalitatem, nempe ac ad 
CA, ut 5 ad 2 (ficut in tertio lemmate præſcribitur] pergamus uſque dum inci- 
damus in proportionem æqualitatis. In noſtra hypotheſi, primum erit, divi- 
dendo, 3 ad 2, ut FA differentia ſegmentorum ad Ac minus ſegmentum; quam 
ſecundam pioportionalitatem exhibet ſecunda figura, in qua fiat ce differentia 
ſegmentorum ca, Fa ; per conſequens erit, dividendo, 1 ad 2, ut ct ad ac ; 

uam quidem proportionalitatem ſeorſim exhibet tertia figura. Fiat EH dif- 
Teenis ſegmentorum cx & ac, dividendo erit 1 ad 1, ut ERH ad xc; quæ eſt 
demum proportio #qualitatis ; ſemper autem minus ſegmentum producimus ut 
æquemus majori, & ſegmentorum differentiam conſtituamus. 

At retrorſum viciſſim, incipiendo A recta za tertiz figure cujus majus ſeg 
mentum ac eſt 2, minus ſegmentum cx eſt 1, & illorum differentia mz itidem 
1. Quoniam productum HR“ in cx* eſt maximum in linea cm, per primum 
theorema noſtrum, erit proinde, per ſecundum theorema, zc* in o maximum 
in recta EA. 

Deinde in recta ye ſecundæ figuræ, majus ſegmentum ay eſt 3, minus ac 
eſt 2, & ſegmentorum differentia xc eft 1; porrd cum xc* in ca* fit maxi- 
mum, erit per ſecundum theorema, etiam maximum in recta Fc productum 472 
in Ac“. | | 
Poſtremò in linea as prime figure, productum Ars in Ac“ eſt maximum, 
ut modò oftendimus, ergo per ſecundum theorema eſt etiam maximum ac* in 
cs. Quod demonſtrandum erat. | 

Si loco duorum numerorum detur numerus, & unitas, fit ſimilis conſtructio, & 
demonſtratio. 


SC HO LION. 


Id quod in ſecundo theoremate ſupponebamus ; dari rea2 lines, & datis 
numeris, 3 & 2, maximum fore productum in ea linea factum ſecundum numeros 
illos datos ; nunc demonſtravimus in theoremate hoc. Erat porrd. illius theo- 
: h : | * 
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rematis propoſitio conditienalis, ex poſita illa hypotheſi, non abſoluta, ut patebic 
conſideranti. 
COROLLARTUM. 
Si productum genitum ex dignitate ducta in dignitatem quamcumque, maxi- 


mum fuerit, illarum dignitatum radices & exponentes erunt geometice pro- 
portionales. Quippe in theoremate oſtendimus, productum in linea factum ſe- 


cundum terminos datos eſſe omnium maximum; at productum ejuſmodi, ex v 


definitione noſtra, gignitur ex duabus dignitatibus, quarum exponentes rationem 
eam habent, quam dignitatum earundem radices. 


PROBLEM APRIMVU M. 


Datam lineam rectam ita ſecare, ut productum ex dignitatibus ſegmentorum 
ſit omnium ſimilium maximum. | 

Sumantur exponentes duarum illarum dignitatum, rectaque dividatur in 
ratione horum exponentium, & factum erit quod imperatur ; quia productum 
erit in linea data factum ſecundum terminos poſitos, nimirum ſecundum ex- 
ponentes ; ac proinde erit maximum per theorema tertium, 


PROBLEMA SECUNDUNM 


| ationem determinare, in qua poteſtas quæſitæ radicis negatur de homo- 
geneo ſub radice data, & dignitate ſua parodica, ut Bina - A Hz“: vel 
B in 4 — aAt*|| z, &c. 

Oritur hujuſmodi æquatio ex dicta parodica dignitate poteſtatis negatæ ducta 
in B — A, differentiam datæ & quæſitæ radicis, rem probo. Illa parodica dig- 
nitas affirmata, fi primùm ducatur in Aa, radicem quæſitam negatam, gignet po- 
teſtatem negatam uno gradu altiorem, quam fit ea parodica dignitas | ut patet 
ex natura multiplicationis ] deinde in + B radicem datam affirmatam ducta, 
gignet homogeneum affirmatum, ſub eadem dignitate parodica & radice data: 
quæ duo producta, ſunt ipſa pars æquationis, de qua in problemate. Pars 
altera eſt homogeneum comparationis. 

Rurſus, per lemma quartum, ratio homogenei ad poteſtatem negatam eſt 
eadem, ac radicis datæ ad quæſitam; ſed minor eſt poteſtas homogeneo, de 
quo ipſa negatur & demitur. * etiam radix quæſita minor eſt data; in 
qua proinde radice dati nos rectè ſumimus ſegmentum æquale radici quæſitæ 
A, ut alterum ſegmentum fit 3 — 4, differentia datæ ac quæſitæ radicis. | 

Quoniam igitur prima pars æquationis oritur ex B — A uno radicis datæ ſeg- 
mento, ducto in altero ſegmentum Aa, vel in hujus poteſtatem, efficitur | per 
tertium theorema] ut inde reſultans productum fit maximum omnium ſimilium, 

uotieſcunque 4a, & B — 4, ſegmenta rationem habent eam, quam exponentes 
— dignitatum. Sic in æquatione 3 in 4 — 4 Iz“; ſi A, & B — a fue- 


rint ut 3 ad 1, cubus ſegmenti 4 in Ba ductus gignet partem æquationis B in 


2 quæ eſt productum in linea data 2, omnium fimilium maximum; 
cujus 
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cujus proinde magnitudinem non poteſt um excedere homogeneum com- 
parationis, quod ſemper æquari neceſſe eſt illi alteri æquationis parti. Unde 
canon pro determinanda problematis æquatione conficitur. 

Fiat in radice maximum productum ſecundum terminos, qui ſunt exponentes 
ejuſdem radicis & parodicæ dignitatis, ſub quibus eſt homogeneum.. 1llius pro- 
ducti magnitudinem excedere non poteſt homogeneum comparationis. 

Idem procedit in alia æquatione orta ex multiplicatione ipſius, A, in B — 4, 
vel in hujus poteſtatem; ſemper enim eſt idem caſus tertii theorematis noſtri, in 
quo productum factum in linea [ ſeu data radice B] ſecundum terminos datos 
eſt maximum, termini verò ſunt exponentes dignitatem ſegmenti a & alterius 
B — A. 

Sed uno vel altero exemplo de geometricis noſtris opuſculis deprompto me- 
thodi facilitatem comprobemus. 

E ſingulis punctis datæ rectæ 43 ducantur A 
rectæ CD, EF, &c. rectæ inter ſe parallele, cum 
data AB angulum quemcumque efficientes. Sint 
autem harum lelarum dignitates, & digni- 
tates abſciſſarum ac, At, &c. geometricè propor- 
tionales (id quod tripliciter contingere poſſe mox F 
patebit) tranſibit per extrema parallelarum puncta, 

p, r, &c. perimeter figure, cujus diameter aut 
axis erit AB, vertex A, ordinatim vero ad diame- _ 
trum applicatæ erunt ipſe parallel. 

Nam parallelarum abſciſſarumque dignitates 
fi fuerint ejuſdem gradus, exempli gratia, E ad 
pc, ut AR ad ca*: vel cubi parallelarum ut cubi 
abſciſſarum, figura erit triangulum, cujus proprietas 
notiſſima eſt, non parallelas modò & abſciſſas eſſe 
ag proportionales, ſed parallelarum & ab- 


ciſſarum earumdem poteſtates omnes homogeneas ; 
quarum ratio que multiplex eſt rationis linearum ſeu 
radicum ita ut cubi, & quadrato quadrata, &c. ab- 
ſciſſarum ſint ut cubi, quadrato quadrata, &c. parallelarum ; & illorum quoque 
radices geometrice proportionales. | 

Sin autem diverſorum graduum fuerint dignitates parallelarum & abſciſſa- 
rum, linea deſcripta erit curva, habens ſuum axem, & ad illum ordinatim ap- 
plicatas, quarum dignitas eſt gradu ſuperior dignitate abſciſſarum: at contra 
dignitas applicatarum ordinatim ad rectam ¶ que curvam in vertice contingit ] 
ſumptam pro axe, gradu inferior eſt dignitate abſciſſarum tangentis. De quo 
alibi latius dicam. | 
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Eſto igitur ap una ex præfatis figuris, ejuſque 
axis AB, & vertex A; in qua quidem gradus dig- 5 
nitatis parallelarum ſit altior gradu dignitatis abſciflz- 
rum; quæratur autem linea recta contingens figuram 
in puncto dato c. Ducatur ex hoc puncto linea ad E 
axem ordinatim applicata, ut co, & ponantur expo- 
nentes dignitatum, 3 & 2. Erunt conſequenter in figura 

arallelarum cubi ut quadrata abſciſſarum. Fiat ab- 
ſciſſa AD, inter verticem & ordinatim applicatam, ad F 2 
AF, axem productum, ut minor numerus 2 ad 1, dif- oy 
ferentiam exponentium, ductaque re; dico hanc eſſe 
tangentem quæſitam. 2 

Productum enim rA in Ab“ in linea pr, factum ſecundum terminos poſitos 1 
& 2, eſt maximum, per theorema tertium; ſemperque homogeneum dignitati 
parallelarum (cùm parallelarum dignitatem exponat major datorum numerorum, 
maximum verò productum illud oriatur ex dignitatibus quas exponunt minor 
numerus & differentia numerorum, quæ duo ſimul efficiunt numerum majorem). 
Ergo fi accipiamus alium punctum 6 in axe ſupra o, aut infra, & ducamus or- 


© © > 3%. wh 


dinatim applicatam on, quæ ſecet x rectam re (ubi opus fuerit productum), pro- 


ductum Fa in 46“ non erit maximum in linea Fc, quale eſt FA* in Ap“ in 
recta FD; propterea quod major eſt vel minor ratio ipllus FA ad AG quam ad 
AD, & conſequenter re, FD non ſunt proportionaliter diviſe. Ergo ma- 
Jorem rationem habet rA in Ap“ ad o? ſibi homogeneum, quam FA in a6* 
ad F63, & permutando, majorem rationem habet rA“ in Ap“ ad rA“ in ac?, 
(vel ex lemmate quarto, Ab“ ad ac*) quam Fos ad res. Sed Ab ad ac* 
ponitur in figura; ut cps ad Hes: Fos ad FR, ob fimilitudinem triangulorum, 
ut os ad £63. Ergo majorem rationem habet cp3 ad x63, quam cps ad 
EG3 ; & conſequenter op majorem rationem habet ad xs, quam ad xo, ac proinde 
n recta eſt minor quam xo, & punctus x cadet extra datam curvam AHCH, 
Eodem pacto de ſingulis punctis ductæ lineæ rc demonſtratur illos cadere 
ſemper extra curvam. Ergo Fc eſt illius tangens. Qyod, &c. 

He ſunt parabolæ, ut vocant, infinite, quarum contingentes lineæ, quo 


modo ad datum punctum duci poſſint, oftendimus. Nunc eandem metho- 


dum in hyperbolis quoque libet experiri. Præmittimus autem hoc neceſſarium 
lemma. | 


LEMMA SEXTUM. 


Dato angulo anc utcumque ſecto per rectam Bp, & puncto E in alter- 
utro laterum comprehendentium angulum datum; ex eo puncto ducere 
lineam rectam quæ angulum Ae ſubtendat, & à recta Bp ſecetur in data 
ratione R ad s. 
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Fiat nor ſegmentum circuli capiens angulum æqualem dato, & compleatur 
circulus ; deinde ut x ad s, ita fiat FL ad LH; ut angulus 48D ad EBD, ſic 
arcus ri ad in; ductaque 11 producatur uſque dum pertingat ad k in circum- 
ferentia circuli, & connectantur puncta r, x, n. Ad datum punctum x fiat 
angulus BEA æqualis KHL, & EA ſecet BDin M & BA in puncto a. Dico rectam 
ka eſſe quæſitam, quæ à BD in M dividitur in ratione data. 

Siquidem anguli E & R: K & B ſunt æquales, & hi ſecti proportionaliter [per 
trigeſimam tertiam ſexti Elementorum] à «L1, & Bp. Ergo triangula Fax, 
ABE ſunt æquiangula, & Ak ad ER, ut Rr ad Rx. Rurſus æquiangula fecimus 
triangula MBE, LK RH, & conſequenter EB eſt ad EM, ut x ad H, & ex æqua- 
litate ordinata AB ad EM, ut HF ad HL, & dividendo rx, ad In [ſeu x — 81 
ut Au ad MR. Quod, &c. | 
Qudd fi punctus datus fit extra, ut in o, ducemus Bo rectam punctus autem 
o ſic detur oportet, ut os recta cum AB angulum faciat, nec fit ad lineam poſita] 
& faciemus angulum BoL æqualem differentiæ angulorum, n, & EBO; & oL 
producta ſatisfaciet quæſito. | 

Sit hyperbole Aci, cujus diameter aB, vertex 
A, & dignitates ordinatim applicatarum habentes 
eam proportionem quam producta illis dignitatibus | x 
homogenea, orta ex dignitate abſciſſæ ducta in 
dignitatem, abſciſſæ & diametri, ex quibus una 
rea conflata intelligatur. Exempli gratia, qua- 
drato cubi ordinatarum, hoc eſt L1* ad cp, ſint, 
ut producta 813 in A1* ad Bos in Ap?, genita ex 
quadratis abſciſſarum ar, ap, & cubis rectarum 
BI, BD, quippe quas efficiunt exdem abſciſſæ & | 
diameter. — & | 

Detur punctus c, ad quem ducenda fit tangens, _— 


& ordinatim applicetur cv. Porrd ducatur zc, | 
22 ad partes c, quoad oportuerit, & ex | | 
emmate præcedenti, Az | ſecans oo in r, & in F 
item ſecta pro ratione 2 ad 3, qui numeri expo- x 1 
nunt dignitates gignentes producta B13 in A*, & V4 

BD3 in aD*, ſubtendens angulum £ca] & tandem 

oc parallela rectæ az, occurrens ipſi AB in 6, Dico 

tangentem quæſitam eſſe cs. 


E e 2 Sumatur 
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Sumatur in cs alius punctus « ſupra & infra c, & ordinatim applicatis xr 
ſecantibus hyperbolen in 1, ab 1 puncto ducatur 1c incidens in retam us + 
in puncto M, & ſecans Ag in x; que HB ipſi At parallela in x occurrit pc 
productæ. | 

Quoniam verò Az ſecatur in r in ratione 2 ad 3, ra“ in FE3, per tertium 
theorema, eſt productum maximum, & ratio FES ad NE3, ſeu 83 ad n= [ prop- 
ter ſimilitudinem triangulorum xcB, Ec : MBc, CEN] major eſt ratione vA. ad 
ar*, Ergo per lemma quintum majus eſt 183 in Ar“ ipſo un in xa*; que 
duo producta fi comparentur cum cos, primum habebit majorem rationem ad 
cos, quam ſecundum. Sed ratio primi, quod eſt n= in Ar“, ad co“ eadem 
eſt ae tatſo y0* in ad* ad ds [cum HR ad c fit ut 30 ad ab, ob ſimlli- 
tudinem triangulorum np, cep, eandemque ptoportionem habeant earum li- 
neurum cubi: tüm co* ad Ar, ut 6D? ad ab?) ratio ſecundi, ſeu n= in xa?, 
ad cb, eſt eadem ac ratio 3 in A1* ad 16“ [quia ſimilia ſunt triangula mot 
e6i ; & Ms, co, 51, 16 fectæ earumque cubi proportionales: rurſus ut 61“ a 
14, fic c ad ax*] ergo majorem rationem habet 8953 in ap* ad ep, quam 
51 in 14" ad 615, & permutando, B03 in ab* ad 1 in at* [ſeu ex natura 
hyperbeles, eps ad 5 — rationem habet, quàm pos ad 018, ſeu ¶ ob 
fimilitudinein triangulorum x61, cop] cp' ad 1K, & per deeimam quinti 
Elem: dignitas, 11* minor eſt quàm xi, & ſua radix, Lt feta, minor recta 
k1; quare punctus x eſt extra curvam. Sic de ceteris punctis oſtendetur 
cadere extra curvam, atque aded c hyperbolen tangere in ſolo o puncto. 

uod, &c. | 
ns porrò demonſtratio etiam ad ellipſes, & circulos accommodari poteſt. 


Jam verd quam late pateat uſus noſtri theorematis tertii, ex propoſitis ex- 
emplis licet intelligere; nec ita multum diſſimili aut difficiliori via centra gra- 
vitatis, & quadraturas, quorum problematum paulò ante meminimus, inveni- 
mus. Interim, ſi quis Apollonii conſtructionem atque demonſtrationem trigeſime 
quartz propoſitionis primi Conicorum libri cum noſtris compatabit, nonnihil 
fortaſſe proficiet in arte dilatandi propoſitiones & demonſtrationes. Nam id 
quod ille de quadratica tantum hyperbole, ellipſi, & circulo ſtatuit, nos ad 
omnes porrigimus hyperbolas, ellipſes, circuloſque infinitos. Quam viam placuit 
indicare, & ſupradicto exemplo confirmare. 
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A Method of ſquaring the Hyperbola by an infinite Series of rational 
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This Extract is contained in pages 645, 646, 647, 648, and 649 of the 
ſaid Third Volume of the Philoſophical Tranſactions, and is as follows: 


—— ..... — — — 


The Squaring of che Hyperbola by an infinite Series of rational Numbers, 
together with its Demonſtration, by that eminent Mathematician, the Right 
Honourable the Lord Viſcount Brouncker. | 


HAT the acute Dr. John Wallis had intimated, ſome years ſince, in 

the Dedication of his Anſwer to M. Meibomius de Proportionibus, to 
wit, „That the world one day would learn from the noble lord Brouncker, the 
2 of the hyperbole ;” the ingenious reader may ſee performed in the 
ubjoined operation, which its excellent author was now pleaſed to communi- 
cate, as followeth in his own words : 


My method for ſquaring the hyperbola is this : 


Let as be one aſymptote of the hyperbola zac; and let az and Bc be 
parallel to the other: Let alſo AE be to Bc as 2 to 1; and let the parallelo- 
gram ABDE equal 1, See Fig. 1. 

Suppoſing the reader knows, that zA, ag, KH, gn, dd, yx, N, cu, CB, &c 
are in an harmonic ſeries, or a ſeries reciproca primanorum, ſeu arithmetice pro- 
portionalium (otherwiſe he is referred for ſatisfaction to the 87, 88, 89, go, 
91, 92, 93, 94, 95, prop. Arithm. Infinitor. Walliſii): 


I T T 1 1 
Ihe e . nnr 3 
Yu I ˖ I I I infi- 
. = — t-— ic + ix ox Nc Ziad 
Tr I I I I 
oO f tix iirxm fora nn. 


For (in Fig. 2 & 3) the Parallelog. And (in Fig. 4) the Triangl. 
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8 1 ns 5 2 04 — ods | 
L 440 5 "22 þ # a 4 2 L Note. 
I 3 I 5 I — 03. — 833 
dry = "FI rr 4 4X5 x6 ay 2 Hel dp + dr 
— POOR... .. So dfe = I — ofc —- oft |:4p = br + 61 
SE 4x6 e ö 2 ide = fo + fk 
fo = ——|fk = — Eab = bonne = — = 09 + 4 
7 RY 8 X 9 X 10 2 n = cs + cm 
SES I 6 I bed I De — Orca :fg = et 4 el 
- vX5 P = TT 19 N x 12 dr TAS h 
{DE I pong IG I def = I Det — Geil 27 = g ＋ 
7 n n 2 &c. 
* I Sf I Ae = I IS Ogs — Ogb 
e " DG IE 8 ER ED, Fa 2 
"TY I Subs BY; 
1 85 15 X 16 | bre. 
&c. & c. ö 


And that therefore in the firſt ſeries half tlie firſt term is greater than the 
ſum of the two next, and half this ſum of the ſecond and third greater 
than the ſum of the four next, and half the ſum of thoſe four greater than 
the ſum of the next eight, &c in infinitum. For jdD = br + bn; but 
bn > fc, therefore + dp > br + fs, &c. And in the ſecond ſeries half the 
firſt term is leſs than the ſum of the two next, and half this ſum leſs than 
the ſum of the four next, &c in infinitum. 

That the firſt ſeries are the even terms, viz. the 2d, 4h, 6th, 8h, 10h, &c, and 
the ſecond, the odd, viz. the 1*, zu, gh, 5h, gf, &c of the following 


. . 1 1 1 1 1 1 «2 . 
ſeries, viz. — L ——.&cin infinitum = 1. Whereof 


ix22X3'3X4 4xX5'5+6'6x7 


a being put for the number of terms taken at pleaſure, IT is the laſt, 
2 is the ſum of all thoſe terms from the beginning, and — — the ſum of 


the reſt to the end. 

That Z of the firſt term in the third ſeries is leſs than the ſum of the two 
next, .and a quarter of this ſum, leſs than the ſum of the four next, and one 
fourth of this laſt ſum leſs than the next eight, I thus demonſtrate. 


Lets = the 3* or laſt number of any term of the firſt column, viz. of diviſors, 
I I Ihe 164% — 48a* + 564 — 24 
1649 964 + 2324 — 28845 + 1844* 484 


a * 4 1K 2-2 4 34˙ + 2a 


— A 


24 X 


24 — l 24 — 2 84 — 124 + 4a 


K 


1643 — 48a* + 562 — 24 


I T 


24=2X24=— 3ZX2@— 4 Y 7 35 Þ rn 


| J 
644 — 38445 + 9284* — 11524*% + 7364* — 1924 
644 — 38445 + 8803 — gboa? + 4960 — gba 


X 424 C. 
And 


644 — 3844 + 8804 — gboa? + 4964 — 96 
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And 484 = 1924* + 2408* — 964 = Exceſs of the numerator above de- 
nominator. | 
5 the affirm, > the negat. 
at is, 484* + 2404* > 192 4? 6a | > 
Becauſe a* + ga > pr 5 oy if 4 > 2. 
4 + 534 > 44a* + 2 


Therefore 3 > A. 


Therefore + of any number of A, or terms, is leſs than their ſo many 
reſpective B, that is, than twice ſo many of the next terms. Quod, &c. 


By any one of which three ſeries, it is not hard to calculate, as near 
pleate, theſe and the like hyperbolic ſpaces, whatever be the rational aa hy 
tion of AE to BC. As for example, when AE is to Bc, as 5 to 4 . 
calculation follows after that where the proportion is, as 2 to 1 „and both by 


the third ſeries ) 
Firſt then when (in Fig. 1) at, B:: 2. 1. 


2X 3 * 3 I, ee DS fu — _ 0,0416666666 
4X. 5 XV}. 3. C009 3330333 = 

6X 7 X 8) 1. (0,0029761904 — | 9113995237 
8 * 9 * 10) 1. (0,0013888888 — 

10 X II X 12) 1. (0,000757575F — 5 
12 X 13 X 14) 1. (0,0004578754 — ( 9929019589 2 
14 X 15 X 16) 1. (0,0002976190 — 
16 X 17 X 18) 1. (0,0002042484 — } 
18 * 19 X 20) 1. (0,0001461988 — þ 
20 X 21 X = 1. (0,0001082251 — 


22 X 23 X 24) 1. (0,0000823452 — { 
24 X 1 * 26) 1. Cree r — {90007306482 
26 X 27 X 28) 1. (0,0000508751 — 
28 X 29 X 30) 1. (0,0000410509 — | | 
30 * 31 X 32) 1. (0,0000336021 — | o, 416666666 
32 X 33 X 34) 1. (0,0000278520 = ] o, 0113095237 
34 * 35 X 36) 1. (0,0000233426 — 0,0029019589 
36 * 37 X 38) 1. (0,0000197566 — | 0,0007306482 
38 * 39 X 40) 1. (o, oooo 168691 — 3) 0,0001329939(0,000060998a 
40 X 41 X 42) 1. (0,0000145180 — — en 
42 X 43 X 44) 1. (0,0000125843 — 0,05679179 
44 X 45 X 5 1. 9 — þ + 0,00006100 
6 X 47 X 48) 1. (0,0000096361 — — 
48 X 4 * 50) 1. (0,000008 5034 — o, ooo 1829939 o, 568 5279 < Edcy 
50 X 51 X 52) 1. (0,000007 5415 — — nog 
52 X 53 X 54) 1. (0,0000067193 — But 0,0007 306482 
54 X 55 X 56) 1. (o, ooo0060125 — 0,0001829939 þ - 
56 * 57 X 58) 1. (0,0000054014 — | 0,0000458315 
58 X 59 X 60) 1. (0,0000048704 — — 
bo X 61 X 62) 1. (0,0000044068 — | Therefore 0,05679179 
62 X 63 X 64) 1. (0,0000040002 — + 0,00004583 


+ 0,00001 528 


7— 


EY 0,0568 290 > ade 
Ff 8 For 
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For, it has been demonſtrated, that 3 of any term in the laſt column is feſs 
than the term next after it ; and therefore that + of the laſt term, at which you 
ſtop, is leſs than the remaining terms, and that the total of theſe is leſs than + 
of a third proportional to the two laſt. 


And therefore azcyz being = 0,759 — — — 0,5 
and Edcy > 0,05685279 — and < 0,05685290 


And ABC AE is C 0,69314720 — and > 0,69314709 


But when AZ . BC :: 5. 4, Or as Ea to KA, then will the ſpace ascex, or 
now, the ſpace AK ER (AH S AB), be found as follows. 


8 x 9 10) 1 (o, oor 3888888 0,001 3888888 
16 x 17 * 18) 1 (0,0002042484 0,0003 504472 
18 x 19 X 20) 1 (0,0001461988 SCOTT FOOTY 
32 * 33 * 34) 1 (0,0000278520 — 
34 X 35 * 36) 1 (0,0000233426 o, 018271564 
36 x 37 X 38) 1 (o, oo00 197566 00000875204, 0,0000292735 
38 x 39 X40) 1 (0,00001686g1 — . 


0,0018564299 < Eab 


0,0000878204. 


But 0,0003504472 
— 
0,000022007 37 


LY 


Therefore 0,0018271 564. 
+ 0,0000220074. 
+ 0,000007 3358 


0 0018564996 > Eab 
Therefore E M5 (Fi 5.70 | n 
ing = 0,025 — 0,025 
Eab > 0,0018564299 — & < 0,0018564996 


xMba(Fig. 4.) or EKM (Fig. 1) > 0,02685643 — < 0,02685650 = 
AHKM < 0, 22314356 — > 0,22314349 


Therefore 345 4ER = 2,07944154 Therefore the logar. of 10 
and AHKE o, 2231435 is to the log. of 2, 
— — as 2, 302585 
Ac (when AE . BC :: 10. 1) 2, 30258 50 to , 693147 


3)0,0000878204(0,000029273 5 
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PHILOSOPHICAL TRANSACTIONS, Ne XX XVIII. 


Publiſhed on the 17th Day of Avcvsr, 1668. 


CONTAINING 


Firſt, An Account of Mr. NicnoLas MtrcaToR's TRAcT on Loo ARITRHAusS, 
called LoGARITAMO-TECHNIA, by Dr. Jonx WaALL1s, Savilian Pro- 

feſſor of Geometry in the Univerſity of Oxford, in a Letter to the Lord 
Viſcount BRounckER ; and 2dly, A Method of finding the Sums of Lo- 
garithms, by the ſaid Dr. WaALLts, in another Letter to the ſame learned 
Lord; and, 3dly, An Illuſtration of the ſaid Mr. Nicholas Mercator's 
Tract aforeſaid, called LoGArITHMo-TECHNIA, by the faid Mr, Men- 
CATOR himſelf. 7 
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This Extract is contained in pages 753, 754, 755, 756, &c.—764, of the 
Third Volume of the Philoſophical Tranſactions, and is as follows: 


— — 


L OGARITH MO TEC H NIA 
NICOLAI MERCATORIS; 


Concerning which we ſhall here deliver the Account of the judicious 
Doctor Joun WarLLi1s, given in a Letter to the Lord Viſcount 


BROUNCKER, as follows : 


NCIDEBAM heri, IIluſtriſſime Domine, in D. Mercatoris Logarithmo- 
techniam, nuper editam; quæ ita mihi placuit, ut non prius dimiſerim 
yu perlegiſſem totam. Et quamquam pauca quædam, phraſeologiam quod 
2 ſeu loquendi formulas nonnullas, mutata mallem ; ſunt tamen ipſa ſenſu 
uo ſana : Eaque que ſuperſtruitur doctrina, logarithmos expedite atque ſub- 
liter conſtruendi, perſpicuè ſatis atque ingenioſè traditur. 
Que huic ſubjungitur Quadratura Hyperbolæ, elegans admodùm eſt atque 
ingenioſa. Nempe ad hunc ſenſum. V. Hg. 1 
Poſtquam in hyperbola unr, (cujus aſymptotæ Ax, an, ad angulum rectum 
coeunt) oſtenderat, prop. x1v, rectangula B1a, FHA, spa, &c. (ductis 81, rn, 
sp, &c, parallelis aſymptotæ Ax), invicem eſſe æqualia; adeõque latera habere 
reciproce proportionalia (quæ nota eſt hyperbolæ proprietas): Poſitis a1 = 
I 


BI=1, & Hl =a: oſtendit, prop. xv, FH = - = (nempe propter ana- 
logiam AH. AI :: BI . FH, hoc eſt, 1 ＋ 4) 101 — 4 + + &&, &c. 
1 4 % 1 1. Sed & (quod di- 1 + 6 
142 5 

videndo 1 per 1 + @ oftenditur), - I „ 
=1=— & + a - + 2 &c (continuatis + &* 
deinceps, ipſius 4 poteſtatibus, alternatim + * + 25 
negatis & affirmatis). i 1 — 

Chmque hoc perinde obtineat, ubicun- —_> 
que alte punctum 1, ponatur H. Poſitis, | — 
ut prius, a1 = 1; hujuſque continuatione &c. 


ualibet, ut ir = A; que intelligatur in 
9 D q © | 0 
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æquales partes innumeras dividi, quarum quelibet, ut ip, pq, &c, dicatur @; 
adeoque 1p, iq, &c, fint a, 2a, 34, &c, uſque ad A: Quæ his reſpondent” 
rectæ ps, qt, &c, uſque ad ru, (ſpatium Biru complentes) ſunt, — — 


1— 2 + ᷣ „ & + „ &c. 
1 — 24 + 42 — 83 + 162 &c. 
I — 32 + 94% — 274 + 814 &c, 
& fic deinceps uſque ad 
1 A+ A* - A* + 4a* &c. 


Cum itaque ſint 1 +1 + 2 &c (uſque ad ultimum) = A 
a'+ 2a + 38 &c (uſque ad 4) = 1 
a* + 442 + 94 &c (uſque ad a*) = Ja* 
4 + 84* + 274* &c (uſque ad 40 = 


& ſic deinceps : 
(quod oftendir ille prop. xv1, Eftque a me alibi demonſtratum): Recs colligit, 


prop. xvii. Expoſitum ſpatium hyperbolicum Biru = aA — 434* + 44? — 
2 + , &c, Adeoque fi (aſſignato, ipfi a = ir, valore ſuo in numeris, 
ut res poſtulaverit) diſtribuantur in duas claſſes 4, 34*, A, &c, (poteſtates 
affirmatz), & 1A, 44*, &c, (poteſtates negate); harumque aggregatum, ex 
aggregato illarum, ſubducatur ; refiduum erit ipſum B1ru ſpatium hyperbo- 
licum. | 

Nequis autem operam luſum iri exiſtimet, propter addendorum ſeriem in 
utraque claſſe infinitam ; adeõque non abſolvendam : Huic incommodo me- 
delam (tacitus) adhibet : ponendo 4 = o,1, vel a = 0,21, alive fractioni de- 
cimali æqualem, adeõque minorem quam 1 : (hoc eſt, ſumpta ir minore quam 
A1 = 1). Quo fit, ut poſteriores ipſius a poteſtates tot gradibus infra inte- 
grorum ſedem deſcendant, ut meritò negligi poſſint. 


Exempli gratià; poſitis a1 = 1, & ir = 0,21 ; erit 
A = 0,21 g 


2 = 0,003087 44 = 0,02205 
J = 0,000081682 4A. = 0,000486202 
Ja = 0,000002572 A“ = 0,000014294 
z = o, ooo g = 0,000000472 
rA = 0,000000003 pA" = 0,000000016 
+ 0,213171345 — 0,022550984 = 0,190620361 = piru que 


eſt brevis ſynopſis quadrature ſuæ ſatis elegantis. 


Diſſimulandum interim non eſt; fiquis totius zi ſpatii (cujus latus In lon- 
ius intelligatur quam a1) quadraturam poſtulet ; rem non ita feliciter ſucceſ- 
EE propter medelam, quam modo diximus, malo minds ſufficientem. 
Cum enim jam ponenda fit a > 1; manifeſtum eſt, poſteriores ipſius poteſtates, 

altius in integrorum ſedes penetraturas, adeoque minime negligendas. 
Huic autem incommodo, levi conſtructionis immutatione, facile ſubveni- 

tur. Vid. Fig. 1. | 

Czteris 
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Cæteris utique ut prids conſtructis; quadrandum exponatur Fur ſpatium ; 
(cujuſcunque fuerit longitudinis AH; puta major minorve quam 41, vel huic 
#qualis : ſumptõque ubivis inter a & x, puncto r ; puta ultra citrave punctum 
1, vel in ipſo 1 puncto): ponantur autem (non, ut priùs, AI = 1, & Ir = A; 
ſed) a# = 1; & ur = A, quæ intelligatur in æquales partes innumeras dividi, 
quarum quælibet fit a. Erunt itaque, poſt an = 1, reliquæ deinceps decreſ- 
centes I — &, 1 — 24, 1 — 3a, &c, uſque ad ar = 1 — A. Item, propter 


æqualia rectangula FHA, ura, BIA, &c. puta, = 5“: Erit Hr = =; relque- 
que deinceps . RY —— — &c. uſque ad ru = — - ſpatium Fur 


tos tows 1 - 


complentes. (Que omnia oftenſa ſunt, in me Arithmetica Infinitorum, prop. 
88, 94, 95. | | 
1 — 4) Ad oa lows 
2 ** Aa 


Factaque diviſione ; reperietur 


= = + a+ bi + 6d? 4 
" | + Pa 
+ * &c. Hoc eſt, + * — ba 
in 14 a + & + & 4, &c. 3 — 
(ſumptis ipſius 4 poteſtatibus con- * og 3 
tinuè ſequentibus affirmatis omni- 29 — 4 a 
bus). 7g) Sag de reliquis idem | + &@* 
fit judicium ; erunt rectæ omnes, + * — bv 
ipſis HF & ru interjectæ, + "ie 
C. 
I + @ + „ a? + 4 &c 
1 + 24 + 44% + 84* + 164* &c. 
1 + 3a + 96 + 27 + 8144 &c. f in & 
& lic deinceps uſque ad 
| TATA + A + 4* &c. 
Omniumque aggregatum a + 2A + $4* + A + 34* &c, in “ = Fru. 


(per Arithm. Infin. prop. 64). 


Exempli gratia, Erunt Aa = o, 21 
Poſitis AH = 1. 2 = 0,0230; 
Hr = A = 0,21 JA = 0,003087 
AI =#= 0,1 +4* = 0,00048623z — 
Adeõque & = 0,01 34 = 0,000081682 ＋＋ 
3A = 0,000014294 + 
+47 = 0,000002573 — 
2 = 0,000000473 — 
324 = 0,000000088 + 


Horum ſumma = 0,2357223 33 
Ducta in * = o, ol 
Exhibet o, 0235722333 Fru 
| | Qua- 


224 ILLUSTRATIO LOGARITHM, 


adrato Rectus 
Qualium 1 = AN — ſi angulus A ſit Obliquu 1 


Qu quidem tam abſoluta eſt tamque expedita hyperbole quadratura, ut 
neſciam an melior ſperari debeat. 

Atque hæc ſunt quæ hac de re ſcribenda duxi. Quæ ſi D. Mercatori im- 
pertiveris; non diſplicebit, credo, hæc ſuæ quadraturæ facta acceſſio. 

Poſſe hæc ad logarithmorum inventionem accomodari, non eſt quod mo- 
neam : ſed & ad ſummam logarithmorum inveniendam (quam inquirit ille 
prop. xix). Nempe, poſitis ak = 1, a1 = 1B =6, (ut prius) planoque B1HF 
=pl. Erit pl — &* + = B1ps + Biqt + Biru &c, uſque ad BIHF, Si 
autem non ab ipſa 31 incipiatur ; ſed ultra citrave, puta à ps: Poſita py a, 
& psy = pl. Erit (univerſaliter) pstq + psur &c (uſque ad psra) = pl — 
ab“: (qualium 1, æquetur cubo ipſius an). Quod alias, ft opus erit, demon- 


ſtrabitur. Tu interim, illuſtriſſime Domine, vale. 
Oxon. d. 8 Julii, 1668. 


Fig. 11. 


" 
— 


1 ROS > 


THE DEMONSTRATION, 


Promiſed at the End of the foregoing Letter, follows in another from 
the ſame Author to the ſame Noble Lord, thus, 


PETIS (illuſtriſſime Domine) per literas tuas Aug. 3 datas (quas heſter- 
na nocte accepi) ut demonſtrare velim methodum meam logarithmorum 
fummam inveniendi, quam literis meis Julii 8 datis, breviſſime inſinuaveram. 

Que quidem, cum fit cum ungularum doctrina (quam alibi trado) connexa ;. 


opus erit ut utramque ſimul exponam : ſed & rem totam (quam D. —_— 
C ur# 
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figure & methodo quantum res ferebat accommodaveram) ad principia mea 
revocatam ab origine repetam. V. Fig. 2. | 

Oſtenſum eſt, in mea"Arithmetica Infinitorum, prop. xcv, ſpatium hyperbolium 
A8 (in infinitum continuatum A parte , ſed à parte pg ubivis terminatum) 
figuram eſſe quam ex primanorum reciprocis conflatam appello, prop. Lxxxv111, 
definitam: Cujus nempe ordinatim — applicate dg, dg, ſint primanis (ſen 
arithmetice proportionalibus) db, db, (triangulum complentibus) adeoque 
ipſis da, da, (ſuis à vertice diſtantiis) reciproce proportionales. Hoc eſt, 
(poſito Ap = d; & rectangulo avg = *; — infinite exiguis, a, a, 


3 0 bas 52 52 32 1 
&c) ; ſi à vertice ad incipias — 2 = &c. uſque ad 7 = D8: vel, 


0? 24 
A „ 32 32 32 3. 32 
fi a baſe og incipias r &c. uſque ad 7— 
finite (nempe, fi ad verticem uſque proceſſum continuaveris); vel, uſque ad 


7— = eb (poſito pc = a), fi continuaveris uſque ad cg, ubivis intra 4 
& og ſumptam. (Adeoque omnium aggregatum, = + — + —— + 


= =» Kc, eſt ipſum beg planum.) 
anifeſtum itaque eſt (& ibidem prop. xciv oſtenſum), fi intelligantur 


* 


ſingulæ dg, in ſuas a vertice diſtantias ad, ductæ; hoc eſt, —in a, — in 24 


(& fic de reliquis) ; erunt omnia rectangula Adg; hoc eſt, rectarum dg mo- 
menta reſpectu à8 (intellige, facta ex magnitudine in diſtantiam duct); ſeu 
plana ſemiquadrantalem ungulam (cujus acies 48) complentia (eiſdem d& rectis 
perpendiculariter inſiſtentia); invicem æqualia. Quippe ſingula = 5, (Quo- 
rum cum unum fit AV quadratum, erit a1 = 6.) 

Adeoque totius A883 (plani infiniti) ſeu omnium ds illud complentium, 
momentum reſpectu rectæ Ad (ut axis æquilibrii); ſeu ungula ſemiquadran- 
talis eidem A883 inſiſtens (aciem habens 48); ſunt totidem ; hoc eſt, 
d. (Ungula magnitudinis finite plano infinite magnitudinis inſiſtens.) 
Ejuſque pars plano cg inſiſtens (propter ac d- A) ſimiliter oſten- 
detur æqualis ipſi d — a in 4 ductæ; hoc eſt, di. — A.. Adeoque pars 
reliqua, ipſi pc inſiſtens, æqualis ipſi 43˙. . Quod itaque eſt ejuſdem beg 
momentum reſpectu as. 

Atque hoc momentum per plani pc{3 magnitudinem, puta per pl, diviſum; 
exhibet plani diſtantiam centri gravitatis ab 48, 57 adeoque diſtantiam ejuſ- 
dem à 8, d — 5 

Hzc itaque à pg diſtantia, in pl (plani magnitudinem) ducta; exhibet 
dpl — ab ejuſdem egg momentum reſpectu pg; ſeu ungulam eidem pc 
inſiſtentem, cujus acies fit DBA. i ; ; 

Hzc denique ungula (cujus altitudo, in pg, nulla fit, fed, in cg, ipf pe 
æqualis): fi ex planis ipſi pcgg parallelis conflari intelligatur ; erunt ea, 
pg, cd, & fic deinceps ; hoc eſt, aggregatum omnium cdgg, edis, uſque 


ad cDfp. 
6 Sunt 


in- 


226 ILLUSTRATIO LOGARITHM, 


Sunt autem ea plana (ut ex Gregorii de Santo Vincentio, aliorumque poſt 
illum, doctrina conſtat) tanquam logarithmi arithmetice proportionalium cd, 
cd, &c. uſque ad ep; (ſeu 4, 24, 34, &c, uſque ad a.) Ergo ungula ipſa, 
eſt eorundem aggregatum. Hoc eſt (poſito p = 1), dpl — A = pl — 44“. 
Quod oſtendendum erat. ; £ | 5 
Pono; cum fit = ( de) = I + S &c. (Quod di- 
videndo #* per 4 a, patebit) : vel, poſito 4 = 1, (quò ipſius d poteſtates 
omnes deleantur), * + ab r +4 &c. ſeu 1 +a + & +4 &c. ins“; & 
1 2 NEBR 2ab* 4 b* 84532 hag” © N Ds 4 
ſimiliter — = 7 + -* + + = N= + 23 + 44 + 8496 
&c. = & in 1 + 24 + 44* + 84 &c. & ſimiliter in reliquis : 


i++ 2 1 „ Of + 6 &c, 
1 1 24 + 4% + 84* + 164% &c, 
1 + 34 + 94 + 274* + 814+ &c, pin 3“ 
Adeoque (per Arithm, Infin, & ſic deinceps uſque ad 
prop. Lxir ): omnium aggrega- fr . 4 4 4 + 4 + 4 &c, 
ſeu 91 9 
=” * 9 A TATA +3xa' + A + 345 &c, in &* = pl. 


Qualium 1 4E quadrato vel rhombo. 
Ideoque, plani beg momentum reſpectu pg; ſeu ſemiquadrantalis ungula 
eidem inſiſtens cujus acies fit pg; ſeu planorum aggregatum ipſam conſtituen- 
tium ; ſeu logarithmorum ſumma quos ea repreſentant, dpl — 4a#* = pl — 
* = 3a* +34? AA +345 in &: | | 
Qualium cubus (ſeu rhombus ſolidus) apts fit 1. 
Si vero non ponatur 4 = 1, ſed cujuſcunque mag nitudinis: erit ſaltem 
2 3 4 . 
T2 * — +> &c in &. .. 
vel (poſito 2 e) erit e ＋ 1 + 3e + 4% &c in * = pi qualium 4 = 
4D quadrato vel , 1 , 
Un ue (ut prius) 4p — 437 qualium 4 = apxd cubo, vel (ſi angulus 
4 ſit Geo) rhombo ſolido. Wl e 
Cumque 4 (poſito 4 = 1) vel e (quicunque ponatur valor ipſius 4) fit 
minor quam 1 (propter 4 < d): illius poteſtates poſteriores ita continue de- 
creſcunt, ut tandem negligi poſſint; planique valor p/ exhibeatur quantumlibet 
vero propinquus. 
Atque hec eſt, Illuſtriſſime Domine, methodi, quam innuebam, ex meis 
principiis deductio, & demonſtratio brevis. Vale. Oxon. d. 5. Aug. 1668. 


Erunt omnes 4g (ſpatium 
pcp8 complentes), 


Some Illuſtration of the 
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ithmo-technia of M. Mercator, who 
communicated it to the Publiſher, as follows : 


Si quorum in manus incidit Logarithmo-technia mea, non inviti, opinor, 
adſpicient paucula hæc exempla, miram iſtius methodi facilitatem cum ſum- 
ma præciſione conjunctam oſtendentia. 


9 8 | Unitatis ordo | Binarii ordo 
4.2 * 
I If 1 2 - Duo ſunt ordines tabellæ, 
2 Nas l me” prior unitatis, alter binarii 
hpi 4; : propago, quorum uterque 
NN.. | 92333335 29 2.666666 denorum numerorum pri- 
2 2. ; 16 . morum logarithmos produ- 
F x | 0,2 32 6,4 cit, præter compoſitorunt 
6 || r | 0,166666 || 64 | 10,666666 Logarichmos, qui & ipſi re- 
— - — quiruntur. 
7 10, 142857 || 128 | 18,285714 | 
8 | I '- 7 . 256 32 þ 
9 1 , 111111 512 56,888888 | 
| IO 14051 1024 102,4 | 
Ex primo ordine | 
1. 
5 | 05 
033333333 | 0333333 
025 | wy 
02 * O02 
016666 + 10000333353 
01428 1 500025 
0125 10050335853 5 
: 9959330853757 
_—_ Pari modo ex eodem 1 
925 1 ordine procedunt ra- 
+ 10033534772 tiones or, 7887 
— 3502516792 | TV 569 T1888 T 89 85 
1053605 1564 | 18888. 
9531017980 


Gg 2 


Ex 
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Ex ſecundo ordine. 


2 | 2 
1 2 
266666666 2666666 
4. 4 
64 64. 
1066666 10 
182857 ＋ 20002667306 
32 — 200040010 
5689 20202707316 
1024 19802627 296482 
186 
. Haud ſecus ex eo- 
341, dem ordine eliciuntur 
630 anancs Aa5.. 2822. 
＋ 20273255404 ao 9% 1.88.8 2, TD 
— 2041099724 | 282822, &c. 
2231435512875 
12 1823215568042 
3 1 + 2 4054651080847 = + 
4 | ex pc. Na 10536051 564 
5 2 + 4 28768207244 = 
6 3 + 5 693147180524 2 4 = L2% 
7 8 * 3 2079441541563 = 1811 - 
8 I + 7 2302 58 509 2847 = Lio'"" 
| 9 |_EX PC- Pag-. | 953101798077 
io| 38 +9 239789527264 r = L111" | 
| 11 3+6 1098612288605 + 4 = L9" 


Similes ordines à zue, 4, & quovis alio numero derivari poſſunt, ſuas quiſ- 
que rationes 4: Ry 


Acquiſito logarithmo 100, conficienda eſt ſtatim tabella reducendorum lo- 
garithmorum naturalium ad tabulares, ut quævis ratio, ſimul ac inventa eſt, 
reducatur ad menſuram tabularium ; ita enim logarithmi compoſitorum, quorum 


ape 
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22 primorum logarithmos deſcenditur, ſimul fient tabulares abſque re- 
ductione. | 

Fiat igitur, ut logarithmus 100i non-tabularis 2 302 585 ad tabularem 10000000, 
ita 1 ad 4,3429448. Hic numerus bis, ter, quater & pluries ſumptus conſtituit 
tabellam reducendorum logarithmorum naturalium ad tabulares, quam hic ſub- 
jectam vides. 


I 043429448190 Hujus igitur- ope tabellæ, rationis 4% menſura 
2 086858896380 naturalis 20202707316 reducitur ad tabularem hoc 
3 130288344570 modo : 
4 I I 2761 | 
5 3 : 086858896381 
6 | 260576689141 0 
7 304006137332 f 2 
347435585522 8 
08685890 
* 7 3040061 
0 O 
7 30401 
3 1303 
I 043 
2 26 
87739243069 
Tum A logarithmo 100"' 20000000000000 
auferatur rationis ,%% menſura 82239243069 ate 
reſtat 19912260756031 = L 98 
unde ablato logarithmo 2" 3010299956640 
reſtat — 16901960800 291 = L 99 
cujus ſemis 8450980400145 = L 7 
Item rationis 22? menſura naturalis 19802627296 reducta, fit 86001717619 
Ergo jam logarithmo 100  20000000000000 
adde rationis 422 menſuram 86001717619 
fit — 2008 6001717619 = L 102 


unde ablato logarithmo 6" 7781512503836 
reſtat 12304489213783 = L 17 
Hic tabula numerorum primorum egregium uſum præſtare poteſt. 


Sed & ejuſdem primi 17 logarithmorum abſque ambage invenire datur, di- 
cendo: 20. 17 :: 10.8] 5; tum differentiæ inter 10 & 8| 5 (nimirum 115) 
ſumendo quadrati ſemiſſem, cubi trientem, &c, tractandoque iſtum ordinem, 
ut ſupra, inveniemus ſimul logarithmos abſolutorum 23, 197, 203, 1997, 2003, 


&c. | 
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＋ * | 15 
1 ef I,5 1,5 1 1125 
24 2325 1 1,25 1125 
$ 3.375 [1,125 1265625 
4 5,0625 | 1,265625 1518 
5 1»59375 © 1,51875 189 
6 | 11,390625 | -1,8984375 | 22 
1 obs 7145114040 
— 1137845 
10625188572 
1397619537 


. C#terdm iſthæc omnia, & longè plura ex prop. x11, xv & xvr Logarithmo- 
techniæ noſtræ aperte derivantur, non magis conſiderando hyperbolam, quam 
fi ea nuſquam in rerum natura extitiſſet. Quare fruſtra ſunt, qui hyperbolam ad 
conſtructionem logarithmorum vel hilum conferre autumant ; imo logarith- 
morum ope quadrare hyperbolam, verius eſt. Id quod exemplo oſtendere haud 
pigebit. In diagrammate (Fig. 1) fit an 74305816 parium, qualium at eſt 

1, & oporteat invenire aream BLHP. 


Opus eſt ad eam rem tabella ſubjecta, 


continet logarithmos naturales 
ſupra acquiſitos, in priori columna ab r ** 


ad 9, in altera à 10 uſque ad 


1000000000. 8 
I ©0090000000 | 02,30258509299 
2 69314715052 04,60517018599 
3 109861228860 [|| 66, 90775527898 
4 135029430104 | 09,21034037198 
5 | 160943791232 || 11,51292546497 
6 | 179175946912 || 1381551055796 
7 194591014904 || 16,11809565096 
8 | 207944154156 18, 42068074395 
9 | 219722457720 20,72326533695 


Tum prima figura numeri dati ſemper diſtinguatur a ſequentibus ſepara- 
trice, hoc mods ; 7, 43058 16, & ipſi prime figure ſemper adjiciatur 1, ita 
| conflagtur, hoc laco, 8. Quærenda eſt nunc rationis 8 ad 7, 43058 16 men- 
ſura naturalis. Id ut fiat commodius, dic: ut 8 ad 7, 43058 16; ita 1 ad 
0,9288227, hunc quartum proportionalem aufer ab 1, reliquum o, 711773 
voco poteſtatem primam, quæ ducenda eſt in ſe ita, ut in facto idem numerus 
partium extet, qui erat in ipſo o, 11773; productum o, oo 50662 eſt po- 

teſtas ſecunda, quæ rurſus ducatur in primam o, 711773, ut idem numerus 
partium exſtet, prodit o, ooo 3606, quz eſt tertia poteſtas; & eodem modo in- 
venitur quarta 0,0000256, & quinta o, ooooo 18. Deinde 


Poteſtas 
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Poteſtas prima o,0 7117/30 

Et ſecundæ ſemis 2335331 

Et tertiæ triens 1202 f addantur 
Er quartz quadrans 644 

Et quintæ pars quinta 4. 


ſumma — — 5,0738374 eſt menſura rationis 8 ad 
7, 43058 16, eadem ſcilicet cum ratione 80000000 ad 74305816. Porrò lo- 
garithmus abſoluti '$0000000 facile acquiritur ex ſuperiori tabella ; cum enim 
index prima figure numeri 80000000 fit 7, è regione 95 ex ſecunda co- 
_ excerpo logarithmum abſoluti 10000000 (hoc eſt unitatis ſeptem cyphris 


qui reperitur 5 i aie 16,11809565} 
cui ſubſcribo logarithmum 8. * 2,070441 54 addo. 
ſumma eſt logarithmus abſoluti 80000000 = 18,19753719 

ablata menſura rationis 80000000 ad 743005816 = 0,0738374 

reſtat logarithmus abſoluti 74305816 = 18,1236997, atque 


tanta eſt area BIHF. 


Mantifſe loco accipe modum facillimum quadrandi quamvis hyperbole 
partem per logarithmos tabulares. Dati numeri 74305816 logarithmus tabu- 
laris eſt 7, 87 102278, per ſuperioris tabellæ columnam ſecundam reducendus ad 
naturalem, proditque eadem, quæ ſupra, area BIHF = 18,123699872. 

Poſtremo, ne quis hæſitationi locus reſtet, accipe, quo patto ex prop. x11, 
xv, xV1, Logarithmot. calculum ſuperiorem derivem. 

Differentia terminorum rationem quamvis exprimentium ſi concipiatur diviſa 
in partes æquales innumeras ; compoſita erit ratio tota extremorum termino- 
rum ex innumeris ratiunculis terminorum à minimo ad maximum infinitiffima 
parte ipſius differentiæ ſe mutuo excedentium. Sin iidem illi termini innu- 
meri accipiantur pro mediis arithmeticis aliorum terminorum ſimili parte in- 
finitiſſima diſtantium; ſumma omnium ratiuncularum poſterioribus hiſce terminis 
intercedentium deficiet à tota ratione extremorum, non niſi ſemiſſe primæ & 
ultimæ ratiuncularum à prioribus terminis contentarum, id eſt, ratiuncula mi- 
nori, quam quæ ullis numeris exprimi poſſit. Quare poſito maximo termino 
© = 1, & parte infinitiſſima differentiz = 1, & menſura rationis minimæ itidem i; 
erit ut medium arithmeticum terminorum rationis minimam proximè præ- 
cedentis, ad medium arithmeticum terminorum ipſius minimæ; ita menſura 
minimæ, ad menſuram proxime majoris; hoc eſt: 


1 11 + 1+ 1 & menſuræ ultimæ 
1+ 211 + 41 + 81* &c penultimæ add. 
+ 311 + gi? + 271* Kc antepenultime 


— 
8 
— 
. 
— 
W * * 
— 
54% — by 


1 — 31 12: 1. 
fit ſumma ratiuncul. = 31 + 611 + 141* + 361 & = numero terminorum, 
phas ſumma eorundem terminorum, plus ſumma quadratorum ab iuſdem, 
&c. 


. Sin 
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Sin minimus terminus ponatur = 1, manentibus ceteris ut upra; evadit 
ſumma ratiuncularum — 3¹ — 611 + 1415 — 3619, &c. 

Hinc data differentia terminorum = ol t, erit numerus terminorum = of 1, 
& per 16 Logarithmot. ſumma eorundem terminorum = 0,005, & ſumma qua- 
dratorum = 0,000333. At data differentia terminorum = ol ot, numerus ter- 
minorum ell = 0,01, & ſumma eorundem = 0,00005, & ſumma quadrato- 
rum = 0,00000333, &c. 


Mow. Prop. iv, Logarithmot. ſigna i n intercedentia debebant eſſe 


alternatim ' affirmata & en atque ubicunque lector offenderit infinitiſi- 
mam, legat 3 


REMARKS 


ON THE 


TWO INFINITE SERIESES 


Which were found by Mr. Nicholas Mercator and Dr. John Wallis, in 
the foregoing Tracts, for the Purpoſe of ſquaring the Hyperbolick Spaces 
BIr# and FRA. | | 


By FRANCIS MASERES, Eſq. 


CURSITOR BARON OF THE EXCHEQUER. | 
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R E M AR K 8, &c 


ARTICLE 1, 


HE former of theſe ſerieſes, to wit, a — = Ob En LL 7 + — 


&c, gives the logarithm of the ratio of 1 1 . the logarithm 
equal to, or leſs chan, e eee 5 1, ſo 12 
. converge, and B be any quantity different from 2 WS either equal to, or Jeſs 


than, 1, ſo as to make the terms of the ſeries 3 r 
+ &c converge, the ſeries 3 — 1 7 &c will be to 
rhe ſeries a — > + == + 7 — 2 + &c in the ſame proportion as the 
ratio of 1 + Bto 1 is to the ratio of 1 ＋ a to 1. 


2. In ke exanger4he inter of eſe ſexieſes, 20 wit, 4 += ++ e 


+ = +£+ &c, gives the logarithm of the ratio of 1 to 4 — 4 when 4 — 


is of dy inainicade leſs than 1 ; that is, if a is of any deſe chan 5, 4 
and » be any quantity different from Aa, but — leſs than „ 


B 2 + & will be to the ſeries a + © 71 ＋ ＋ 


537 = += en proportion as the ratio 1 
wide ani_ef 6 EA R 


3. By the former of theſe ſerieſes 9 was invented by Mr. Mercator) we Mercator's 
may 'therefore find the logarithm . not —— than that of a + 4 — ex- 
to 1, or 2 to 1, but not the 1 er ratio. I mean in a — 2 
direct manner : for indirettly we yh diſcover b —_ * logarithm of any ratios of ma- 
ratio, how great ſoever; to wit, by iding iu greater ratio into ſeveral joriqy that ate 


other ratios, that ſhall, each of them, TE than the ratio of 2 to not greater 
than the ratio 


computing the logarithms of ſuch * by the ſaid ics, — of 2 tot. 
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adding them together into one ſum. Thus, for example, the ratio of 
the number 1057 to 1 is equal to the ſum of the ſeveral following ratios, 
to wit, the ratio of 1057 to 1050, the ratio of 1050 to 1000, the ratio 
of 1000 to 800, the ratio of 800 to 5o, (which is equal to the ratio 
of 16 to 1, or to four times the ratio of 2 to 1, or to 8 times the ratio 
of Vn to 1) and the ratio of 50 to 48, the ratio of 48 to 3, (which is 
equal to the ratio of 16 to 1, or to 8 times the ratio of V to 1) the ratio of 
3 to 2 + 2, the ratio of 2 ＋ to 2, the ratio of 2 to V, and the ratio of 
Vn to 1. Therefore, if we were to compute by the faid ſeries a — 


= + 1 — = + = — 4 + &c, the logarithms of the ratios of 1057 to 1050, 


of Togo to 1000, of 1000 to 800, of 2 to 1, of 5o to 48, of 3 to 2 + 2, 
and of 2 + + to 2, (every one of which ratios is leſs than the ratio of 2 to 
1), and then were to add together the logarithms of the ratios of 1057 to 
10 50, of 1050 to 1000, of 1000 to 800, and eighteen times the logarithm 

of the ratio of 2 to 1, and the logarithm of the ratio of 50 to 48, and the 

logarithm of the ratio of 3 to 2 + +, and that of the ratio of 2 + + to 2, 
the ſum would be the logarithm of the propoſed ratio of 1057 to 1. Andin 
this indire& manner, it is evident that the logarithm of any other ratio, how 
great ſoever, might be obtained by means of this ſeries of Mercator. But by 
a direct, or immediate, application of it we cannot compute the logarithm of 
any ratio that is greater than that of 2 to 1. 


But Pr. Wal- 4. But by the ſecond ſeries above-mentioned, to wit, the ſeries a + 
lis's ſerieſes 1 a3 a4 * 46 . , a 5 
vill exkibit = + — TT + — +T + &c (which was invented by Dr. Wallis), it is 
- 1-1 i poſſible to find at once the logarithm of any ratio, how great ſoever. For 
ratio of ma- the ratio of 1 to 1 — 4, of which the ſaid ſeries exhibits the logarithm, may, 
Jonity, how by taking 4 of a ſufficient - magnitude, though always leſs than 1, be made to 
greatioever. equal any ratio of majority how great ſoever. Thus for example, if a is = 

292, we ſhall have 1 — a=1 = 2 =—==W =——; and conſe- 
quently the ratio of 1 to 1 — 4A will in this caſe be equal to the ratio of 1 to 
or of 1000 to 1, and therefore the ſeries a + — + = 17 7＋＋ + 


8 + &c will in this caſe be equal to the logarithm of the ratio of 1000 to 1. 


And in the ſame manner it may, by increaſing the magnitude of Aa ſo as to 
make it approach ſtill nearer to 1 (though it never can be abſolutely equal to it), 
be made to exhibit the logarithm of any othgr and greater ratio, how great 
ſoever. It may therefore be juſtly conſidered as a complete ſupplement to the 


| former ſeries A 2 — = + &c, which had been invent- 


SE 4 LE 
ed by Mercator, and which was capable of exhibiting only the logarithms of 
ſuch ratios as were not greater than the ratio of 2 to 1, 7 Ss 


"But neither . It muſt, however, be obſerved, that neither of theſe ſerieſes is of much uſe 
of theſe Te> in practice when a is but a little leſs than 1; as for example, when it is equal 
rieſes is of | 

— an to D or =, or even 2; becauſe the convergency of their terms is 
2 the ratio, ni thoſe caſes ſo exceeding flow, that it would be neceſſary to compute a 


pro- 


of Mr. Mercator and Dr. Wallis. 


prodigious number of them in order to obtain the values of theſe ſerieſes exact to 
a moderate number of decimal figures. And, when 4 is abſolutely equal to 1, 


» * 6 

the ſeries a — 2 + © —© the” > + &c, (which in this caſe becomes 
1—4+++-—-+++-— + + &c, and is equal to the logarithm of the ratio 
of 2 to 1) converges with ſuch exceſſive ſlowneſs, that it is totally impoſſible 
to obtain its value exact to ſeven or eight places of figures, by the mere com- 
putation and addition and ſubtraction of its terms; though by certain com- 
pendious methods that have been invented for the Kon its value may be 
found to that, or a ſtill greater degree of accuracy. But, when 4 is equal onl 
to + or Y, or any leſſer ion, the terms of theſe two ſerieſes will converge wit 
great ſwiftneſs, and they will be found exceedingly convenient for the purpoſe of 
computing logarithms. And by the computation of theſe ſerieſes in theſe eaſy 
caſes, in which their terms will decreaſe ſo ſwiftly, it will be poſſible, by a little 
addreſs and management in the choice of the ſmall ratios, the logarithms of which 
we compute by them, to find the logarithms of all other ratios, how great ſoever ; 
of which I propoſe to give a few examples in the ſubſequent part of this 
diſcourle. 


6. Some learned and ingenious mathematicians have, fince the diſcovery of 
theſe two ſeriefes by Mr. Mercator and Dr. Wallis, inveſtigated ſome other in · 
finite ſerieſes, which converge with a ſtill greater degree of ſwiftneſs than theſe do, 
in order to facilitate ſtill further the computation of logarithms. But thoſe ſerieſes 
are leſs ſimple in the laws by which their terms are generated than theſe 
original ones invented by Mercator and Wallis; and there is uſually need of a 
good deal of care and attention in the application of them to the computation 
of the logarithm of a given ratio : ſo that, upon the whole, I think theſe of 
Mercator and Wallis deſerve to be preferred to them. Nor do I conceive that 
any more convenient methods of computing the logarithms of given ratios are 
likely ever to be found out, or indeed need be wiſhed for, than thoſe which 
are afforded us by theſe two valuable ſerieſes. | 


A* AS 
Sos bm ww 


. Theſe two ſerieſes a == += = + - >> + &c, and a + = — 


/ 6 

S8 * + &c are nearly of equal uſe for the purpoſe of com- 
puting the logarithms of given ratios ; inſomuch that I know not upon what 
ground to give one of them the preference to the other, For, though the 
latter will, in theory, exhibit the logarithm” of any given ratio of majority how 

reat ſoever ; whereas the former can only exhibit the logarithm of a ratio that 
1s not greater than the ratio of 2 to 1: yet, in practice, they are neither of them 
(as we have already obſerved) fit to exhibit the logarithms of any but ſmall 
ratios, . or ſuch as differ but little from a ratio of equality, and ariſe 
from ſuppoſing A to be much ſmaller than 1, as, for example, to be 
equal to + or Ys Or vr, or ſome leſſer fraction; and theſe logarithms 
they will enable us to compute with nearly the ſame degree of eaſe and 
expedition. It ſeems therefore to be almolt a matter of indifference which 
of theſe two ſerieſes we make uſe of in the bulinels of computing loga- 
rithms ; and perhaps it may be beſt in ſome cafes to make uſe of one of them, 
and in other caſes to make uſe of the other. Thus, for example, if we wanted 
to 
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of which the 


logarithm is 
ſought by it, 
is a ſmall 

ratio, or dif- 
fers bur little 
from a ratio 
of equality, 


But when 
that ratio is 
equal to the 
ratio of 10 
to , or that 
of 11 to 

10, or any 
lefler ratio, 
theſe ſerieſes 
will befound 
very uſeful. 


When the ra» 
tios, of which 
the loga- 
rithms are to 
be computed, 
are ſmall, the 
two ſerieſes 
are nearly 
equally uſe- 
ful, 
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to find the logarithm of the ratio of 1t Rn & 
r former ſeries 12 — 2 ＋ 2 


= = + 7 5 + &c, which was invented by Mercator, than by the Wok 


ſeries a 4242 +242 += + &c, which was invented by Dr. 
Wallis, For, if ve conkider the ind of 11 to 10 as being equal to the ratio 
of 33 to 42, or of 48 + . to 42, or of 1 + rs to 1, its logarithm will 
be equal to the feries 4 = = + = — f + . 5 + be, upon a ſuppo- 


fition that 4A is = +, . — 


2 X 10* + 3 X 103 _— 
* 1 | _ vo — 
e F —_ T7 &c, or 0,100,000,000 = 
©49014C 22281025 000 
0014090, ©00, 100,000 + EE — + &c. . if we 
ble the ſame ratio of 11 to 10 as being equal to the ratio of 4+ to 
„ or of 4+ . or @ 1 0.3 = or its logarithm will be 


equal to the ſeries a + = + = nf = + = F + 7 + 27; upon a ſuppoſition 


1 
that A is Pr, O90 2% eee 2 * 


— . Ke. And it is evident that this latter ſeries, which pro- 
n en #4 hk, ee eee the ſeries 1 — 
rr be, l proce 


che powers of , and therefore in computing the logarithm of this ratio of 
1 5 to 10, 2 — jor more convenient to 2 uſe pr e A 5 


= += '+ + And, on 4 other hand, in computing eee ue 
45 10 to 9, it mn be rather more convenient to make uſe of the ſeries A 4 
2 


SES >= = + > + &c than of the ſeries a — 2 . S+ 
4 


== at. For, if we conſider the ratio of 10 to 9 as . to 
the 185 of , or 1 55 or of 1 + + to 1, its logarithm 


a ſuppoſition that a is = 5, . is, hs the ſeries 5 — = + 


XL. 
I 


I 
ET. CEL 7 r Tax7ay © 


I 7 + — 88 — = * + &c, which proceeds by the powers 
of 3. But i Te conkider the fame ratio of 10 to 9 as being equal to the 
ratio of 12 tO Fs or of 42 to 42 — 4, or of I to 1 ＋ . its lo- 


garithm will be equal to the ſeries a + > + += += — +7 + &, 


upon a ſuppoſition that A is = +, that is, o te ſee oe e N 


© * — W. — EX... 


+ 


* * | Wb 
CIs . + %c, or > 


. Mirtater and Dr. Wallis, © 
+ e + 7779 + 7g c, or o, 100, O00, + 
ear . Wenge 4. Lærttege 4, agg . ke, which pro- 
ceeds by the powers of . And it is evident that this latter ſeries, which 
proceeds by the powers of 7s, is rather eaſier to compute than the other ſeries 
G I I a OOTY a 
rere which proceeds 
by the powers of ; and therefore in computing the logarithm of this ratio of 
10 to 9 it would be rather more convenient to make uſe of the ſeries a + 
22 71571 += + 1 &c than of the ſeries a — + + — © 


— — —- + 
AS , 


3 4 
7 — + + &c. But the advantage of the one of theſe ſerieſes over the other 
in theſe 


kind, with reſpect to 
the facility of computing them, is not very . 


and in all other caſes of the ſame 
conſiderable 
8, There js, however, one advantage in having both theſe ſerieſes for the 
pay of computing logarithms rather than only one of them, which may de- 
erve to be taken notice of ; which is, that they ſerve to confirm each other, or 
as proofs of the truth of the arithmetical operations, by which the logarithm of 
a given ratio has been obtained. Thus, for example, if we had computed the 


logarithm of the ratio of 11 to 10 by the ſeries a — 2 + - 5 


— + &c to eighteen or twenty places of figures, and were doubtful whether 


we had not made a ſlip in ſome of the * by which we had 

obtained it, it would be expedient to compute it alſo by means of the ſeries A + 
2 $ 6 

_ + = — — +> + 7 + &c to the {ame number of places of figures. 

And, if the value obtained far it by this ſecond ſeries d exactly with the 

value found for it by the firſt ſeries, we might conclude with confidence, that the 

arithmetical operations had been rightly performed, and that the value of the 


faid logarithm was rightly aſſigned. 

| 9. As theſe two ſerieſes 4 = Los + 7 7 142542 + &c and A ++ 
E+2 +£ +4 + + &c, are ſo beautiful from their fimplicity, and at 
the ſame time ſo fir and convenient for the purpoſe of computing logarithms, 
it ſeems to be deſirable that the truth of them ſhould be eſtabliſhed in the 


fulleſt and cleareſt manner poſſible, and by more than one demonſtration, The 
foregaing demonſtrations of them are derived from ,the contemplation of te 


2 $ 
hyperbola, and that of the latter ſeries 4 ＋ — + = += 2 _ 


+ 
- + 
4 

+ &c, which was invented by Pr. Wallis, is grounded likewiſe op fame of the 

propoſitions of that learned author's AR1THMETICA INFINITORUM, which is 
a work that is now hut little sead, though ſoumerly at had a great and de- 
ſerved reputation. I ſhall therefore here ſubjoin other inveſtigations of both theſe 
ſerieſes, which have no relation to the hyperbola, or to any other curve-lined _ 
2 what- 


239 


0,010,000,000 | 
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And they 
may be uſed 
as proofs and 
confirma- , 
tions of cach 
other. 


As theſe two 
ſerieſes are ſo 
highly uſe- 
ful it is fit 
that their 
truth ſhould 
be eſtabliſhed 
by more than 
one demon- 


ſtration. 


Other de- 
monſtrations 
will there- 


fore be given 
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whatſoever, but are on principles that are-purely arithmetical, and de- 
rived from the nature of ratios (of which logari are nothing more than 
the meaſures exprefſed in numbers), by the help of the celebrated theorem of 
Sir Iſaac Newton for rw in an infinite ſeries of rational quantities, the 
roots of à binomial quantity. are, as I believe, the ſame in ſubſtance with the 
inveſtigation given of theſe ſerieſes by Dr. Edmund Halley in his. diſcourſe on 
this ſubject, in the Philoſophical Tranſactions, N? 216, and were ſuggeſted to 
my mind by reading that diſcourſe z which, however, is written with ſo great 
a degree of obſcurity that I am not ſure that I rightly underſtand it. But, 
whether they expreſs the ideas he meant to convey, and are therefore-only a com- 
mentary upon his inveſtigation, or whether they are ſomething different from it, I 


have endeavoured to make them as clear ang as caſy as I could ; and, in order to 


 fcrupled to expoſe m 


The 

fition which 
is here in- 
.tended to be 
demonſtrat-- 
ed. 


enſure that eſſential object in treating of theſe difficult ſubjects, have not 
elf to the danger of being cenſured by ſome of my 
more acute and learned readers for the much leſs fault of too great prolixity. The 


inveſtigation of Mercator's ſeries a — ＋ 11 — — LY + Xe, 


which expreſſes the logarithm of the ratio of 1+ A 10 1 „is as follows: 


10. The propoſition of which I here mean to eſtabliſh the truth, is this: 
If there be two different quantities, A and x, that are both of them leſs than 
1, and of which, conſequently, the ſeveral powers A“, A, A“, A, A“, &c, 
and nB*, 35, 5“, 35, n*, &c, are decreaſing quantities, the two infinite ſerieſes 
2 $ 2 
rr 
+ &c, (which, it is- evident, will be decreaſing progreſſions) will be meaſures, 
or logarithms of the ratios of 1 + A to 1 and of 1 + B to 1; or the 


e 4* 8 CEN I k TR 
10 22237 + &c will be to the ſeries B — — 


+ 12 2 + &c in the ſame proportion as the ratio of 1 ＋ 4 


=” 5 
to 1 18 e eee . | 


Or, if we change the notation a little, and ſubſtitute the ſmall letters & and 
9, inſtead of the capital letters a and 8 reſpectively (which will be more 
eeable to the notation now moſt in uſe in treating of theſe kinds of ſerieſes), 
the propoſition which we are to demonſtrate the truth of, will be as follows : 
it there be two different quantities & and g, that are both of them leſs than x, 
and of which conſequently the ſeveral powers , Y, E, &', &, &c, and 
q*, % 95 95 25 * * be Ie en N two infinite ſerieſes 
— 1 PSS och A NS. EFECESS 
, 7 ＋ 1677 . 7 * 1 r 


£4 &c, (which, it is evident, will be decreafing progreſſions), will be 


meaſures, or logarithins, of the ratios of 1 + K to 1 and ofi +9 to 1; or 


the ſeries 1.— 2 + == = 17 + &c will be to the ſeries 7 — 


2 


| ＋ 57 1 — f &e in the ſame proportion as the ratio of 1 +-k 
to 1 is to the ratio of i + g to 1. | Im; 


In 


* < 4 
2 PEERS * L dw, » 2 


* 


b . 4 1 F3rz \ + "- * 2 - 
ba * 4 "wy 4 2 * * 3 Fw} 
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In order to demonſtrate the truth of this propoſition, it will be expedient to 
premiſe the two following propoſitions, as lemmas. 


* 


L EMMA I. 


11. If there be three unequal quantities, as the right lines Ap, Ax, and 
AF in the figure hereunto annexed, whereof ap is the leaſt, and Ar is the 
greateſt, and their differences Dx, Er, are extremely {mall in compariſon of 
the quantities themſelves (as for example, leſs than a millionth part of either 
of them), the proportion of the ratio of ar (the greateſt of the three quan- 
tities) to AD, (the leaſt of them), to the ratio of az (the middle quantity) to 
AD (the leaſt quantity) will be very nearly equal to the proportion 'of the 
difference, DF, of the terms of the former ratio, to the difference, Dx, of the 
terms of the latter ratio, And the differences or, uE may be taken ſo ve 
{ſmall in compariſon of the leaſt term AD, that the proportion of the ſaid dif- 
ferences ſhall approach as near as we pleaſe to the proportion of the foreſaid 
ratios, or ſhall differ from it by a quantity, or ratio, that is leſs than any aſſigned 
ratio whatſoever, 


| 


— — 1 ad " On DAB. 1 
4 D» L M NE 0 . 
DEMONSTRATION, 


Let the ratio of Ar, the greateſt of the three quantities, to AD, the leaſt of 
them, be divided into a very great number of leffer ratios, all equal to each 
other, by the inſertion of intermediate proportionals, as AL, AM, AN, &c, be- 
tween AD and AF. | 

Then, fince AM is to AL as AL is to AD, it will follow, dividendo, that LN 
is to AL as DL to AD, and, permutando, that LM is to DL as AL to AD. And, 
in like manner, becauſe ax is to AM as AM is to AL, it will follow, dividends, 
that MN is to AM as LM is to Ar, and, permutando, that MN is to LM as AM is 
to AL. Therefore, when AD, AL, AM, and AN are nearly, equal to each 
other, the differences DL, LM, and MN will alſo be nearly equal to each other. 
Therefore, when the two extreme terms AD and AF (and conſequently, 2 fortiori, 
all the intermediate terms, AL, AM, AN, &c, between the ſaid two extreme 
terms), are nearly equal to each other (as for example, when ar exceeds ap 
only in the proportion of 1000,001 to oo, ooo), all the differences DL, LM, ux, 
&c contained between the points Þ and F, will alſo. be nearly equal to each 
other, and more nearly than Ap is to AF: fo that, if Ar is to AD as 1000,00T 
to 1000,000, the common ratio of MN to LM, and of LM to DL (being the 
ſame with the common ratio of Ax to Au, and of A to Al., and of AL to 
AD), will be leſs, or nearer to a ratio of equality, than the ratio of 1000,001 


to I000,000, 1 
| 11 Now, 


Sir Iſaac 
Newton's 
binomial 
theorem in 
the caſe of 
roots, ex- 
preſſed in the 
plaineſt and 
cleareſt man- 
ner, 
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Now, when two lines or other quantities, of unequal magnitudes, are di- 
vided into parts of the ſame fize, the length or magnitude of the greater of 
the two will be to the length or magnitude of the lefler in the ſame proportion 
as the number of thoſe equal parts contained in the greater to the number of 
them contained in the lefler. Therefore, when Ar is to AD in a proportion 
that approaches very nearly to a ratio of equality (as for example, when it 
EXC : AD only in the proportion of 1000,001 to 1000,000, or the exceſs of 
Ar above AD is equal to only one millionth part of Ap), and conſequently the 
differences DL, LM, and MN, &c, are nearly equal to each other, the line 
DF will be to the line DE very nearly in the ſame proportion as the number of 


the leſſer differences pt, 1M, MN, &c, contained between the points 


and F, to the number of thoſe differences contained between the points v 
and x, and conſequently in the ſame proportion as the number of the equal 
ratios of AL to AD, AM to AL, AN to AM, &c, contained in the ratio of ar 
to Ab, to the number of thoſe ratios contained in the ratio of AE to ap, and 
therefore in the ſame proportion as the ratio of ar to Ap to the ratio of Ak to 
AD ; that is, DF, the euer of the greateſt and leaſt terms Ar and av, 
is to DE, the difference of the middle term Az and the leaſt term av, in 
this caſe very nearly in the ſame proportion as the ratio of Ar, the greateſt 
term, to AD, the leaſt term, is to the ratio of Ax, the middle term, to ap, 
the leaſt term. ; 1894 

And, as, by diminiſhing continually the difference pr, by making the point 
r approach nearer and nearer to the point D, the proportion of AF to AD 
may be made to approach as near as we pleaſe to a ratio of equality, it fol- 
lows that that difference may be taken ſo ſmall, in compariſon of av, that 
the common ratio of the differences DL, LM, MN, &c to each other ſhall 
approach as near as we pleaſe to a ratio of equality, and conſequently that the 
proportion of DF to DE ſhall be as nearly equal as we pleafe to the proportion 
of the ratio of AF to AD to the ratio of az to a9. . E. D. 


| LEMMA 11. | 
12. If #be any quantity not greater than 1, and 2 be any whole number 


whatſoever, the quantity 1 + M, or /* I + x, that is, the #' root of the 
binomial quantity 1 + x, will be equal to the following infinite ſeries of de- 
creaſing terms, to wit, I + = Xx —= e f 


* — 1 22 — I * 


— , and v = —X — x . and x, r, e, k, 1, x, &c for the ſeve- 
| 15 | X27) 


of Mr. Mercator and Dr. Wallis. 


ral following co-efficients of the powers of x in this ſeries), to the ſeries 1 + — x 
„N nit 42D ox on [EDD E 

24 zu 4" 52 b. 
K pat + EE x * . x H 4 . „ 17 . „ K 


A 
+ &c ad infinitum; in which ſeries the ſeveral co-efficients of x, x*, , a*, 
„, a*, x", x, 4, *, &c, are derived, or generated, from the firſt term x by 
1 — 1 2 — 1 


the continual, or ſucceſſive, multiplication of the fractions =, — — 


2n 3% 
3 — 1 42 — 1 f — 1 bn — 1 72 — 8a — 1 92 — 1 , 8 
——, „L, i. r,, Kc, which are there 


fore called their gexuring Mamba. 


13. In theſe generat ing fractions, it is evident that 1 — 1, che numerator 
of the ſecond fraction — is formed from 1; the numerator of the firſt 
fraction - by the addition of 2 — 2, or the addition of » and the ſubtraQion of 


2; for 1 4 1 — 2 is 2 - 1: And it is evident likewiſe, that the numera- 
tors of all the following fractions after the ſecond fraction ——, to wit, the 


The gene- 

rating frac- 
tions of the 
terms, 


The conſti- 
tution, or 

law, of the 
ſaid gene- 
rating frac» 


tions, 


numerators 2# — 1, 3# — 1, 4 — 1, 5 — 1, bn — 1, 7 — , 8 = 1, 


94 — 1, &c, are formed from the numerator # — 1 of the {aid ſecond fraction, 
and from each other by the continual addition of to every preceding nume- 


rator. And the denominators of the ſecond fraction — and the third frac- 


tion — and all the following fractions, to wit, the denominators 2 3#z 
4, 5n, 6n, 7n, 8n, gn, 10n, &c, are formed from # (the denominator of 
the firſt fraction =), and from each other by the cominual addition of 2 to 
the preceding denominator, | 


14. This is Sir Iſaac Newton's famous binomial theorem in the caſe of roots 
or fractional powers, expreſſed in what I take to be the moſt intelligible and con- 
venient manner poſhble ; as by this way of expreſſing it we avoid all mention 
negative quantities 1n the co-efficients of the ſeveral terms of the ſeries, from 
the uſe of which negative quantities, I have obſerved that a good deal of per- 
plexity often ariſes in other ways of expreſſing it. This expreſſion of the value of 

1 


1 is derived from the ſeries 1 ＋ 2A TIA cx* + 
322 m — 4 * — , "4.2 — 
e 1 ＋ & (which is = 1 + #*) by ſubs 


ſticuting —- in its terms inſtead of x. 


15. For a demonſtration of this celebrated theorem in the caſe of foots, or 
fractional powers, I refer the reader to a learned treatiſe of Algebra, lately 
publiſhed at Dublin by Dr. Hales, a fellow of Trinity College in. that city, 
and intitled Analyſis #quationum. In this valuable work (which was publiſhed 


in the year 1784) the reader will = amongſt many other curious * 
1 2 a de 


Books in 
which the 
reader may 
find demons 
trations of 
this theorem. 
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a demonſtration of this theorem of Sir Iſaac Newton, that extends to the 
caſe of roots, or fractional powers, as well as to the caſe of integral powers. 
See that treatiſe, pages 33, 34, 35, &c, — 39. And he may likewiſe ſee 
another and very ſatisfactory demonſtration 'of this theorem in the caſe of roots, 
or fractional powers, in the Mathematical Tracts of the very learned Dr. 
Charles Hutton, Profeſſor of Mathematics at the Royal Military Academy at 
Woolwich, which were publiſhed at London in the year 1786. See the ſaid 
Tracts, Tract vi, pages 65, 66, 67, &c, — 79. On 64 preſent occaſion I ſhall 
take the truth of this theorem for granted. | 


16. Coroll. 1. It follows from the foregoing lemma, that 1 + 4 — 1, or 


ir 1, or the exceſs of the u root of the binomial quantity 1 + x 
above 1, is equal to the infinite ſeries — 45 RR _ Bx* + = Ob 
Oo Dt + —_ Ex* — —.— r* + &c; in which a is, as before, equal 


. . . — 1 
to 1; and Bis = = As or the co-efficient of x; and c is = —— B, Or the 


co-efficient of *; and o is = 5. c, or the co- efficient of x* ; and the 


following capital letters Ex, r, o, &c, are equal to, or ſtand for, the co-efficients 
of x4, x*, x*, and the other following powers of x. 


17. Coroll. 2. If » be a very large number, as for example, the ninth power 
of a million, or 1 with 54 cyphers annexed to it, or 1,000000,000000,000000, 
©00000,000000,000000,000000,000000,000000, (which Mr. Locke, in his 


Eſſay on Human Underſtanding, calls a nonillion), the quantity 1 . 
— 1, or the exceſs of the n** root of the binomial quantity 1 + x above 1, 


. » Xx a x3 a SO} AY 
oy be very nearly equal to the ſeries — = — + 37 = FIRTH — 
I T &c, un, or to f x the ſeries a — . + — => +> 
= + &c, ad infinitum : and » may be taken of ſo great a magnitude, that 


the ratio of = x the ſeries · — + = => — + == + &c, to 


0 * 
TN 1 ſhall approach as near to a ratio of equality as we pleaſe, 

For, when # is equal to a nonillion, or any ſuch very great number, it is 
evident that » — 1 and 22 — 1 and 32 — 1 and 4 — 1 and 32 — 1, &c, 
will be very nearly equal to u, an, 3, 4#, 5», &c, on account of the im- 
menſe magnitudes of the numbers , 2#, 3", 4, 5n, &c in compariſon of 


the unit which is ſubtracted from them. Therefore the ſeries —A* = b 
2+ Zen [Eng ED = + &c (which is = 


T Fe 52 


I | 
IF, - 1) will in this caſe be very nearly equal to — AX — 2 Bax" + 25 | 
C x3 


of Mp. Mercator and Dr. Wallis. 


renn 
e — D + © 8 * — r* + &c, =—XIX#—— NK 
2 1 1 _ 
+-X-X-XIl XxX * 7 * 2 4 „ 
N "I 1 of 1 : NS ON $1 T5 
— — — — = — 
X—X =X1Xx SXAXEXEXE x 2xcr xe + bs = 
Xx I I I x3 I * 
V 
* 


— I 3 OT TEEN equal to — X the ſeries x = += 


842 2 —＋ 22 &c, ad infinitum. And it is evident, that if any * 
2 be 3 that differs very to from a ratio of equality, » may 


be taken of ſo great a magnitude that the e proportion of T + a — 1 co 


x the ſeries „ — 2 + S =O + ET + &c, 1 eee 
to a ratio of equality chan ſuch aſſigned ratio. d. E. D. 


18. Theſe lemmas 22 premiſed, the main propoſition may be ſtated 
and demonſtrated in the manner following. 


THEOREM 1. 


If & and grare any two quantities leſs than 1, whereof we will ſuppoſe & to 
be the greater; the ratio of 1 + E to 1 will — —_ — — 1 + qtorin 


the ſame proportion as the infinite ſeries & — > + 5 _ — 7 +5 —7 + &e 
to. the infinite ſeries g —£ +£— 7 b Ke . 


DEMONSTRATION. 


Let v be put, as before, for any very large number, as, for example, for a 
nonillion, or the ninth power of a million. 
T hen, by the 204d corollary of the 24 of the foregoing lemmas, we ſhall have 
#3 g* h 


| ; 4 
TÞ- — 3, very nearly, = — x the ſeries k 2 ＋ 7242 


&c, ad infinitum, and 1 + * — 1, very nearly, = = x the ſeries 7 — + 
LADS £1 + &c. And, by increaſing the magnitude of , each 


of theſe ratios may be made to come as near to a ratio of equality as we 


pleaſe. 
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pleaſe. Therefore the proportion of TI - 1 to pas. I is in this 
caſe very nearly the ſame as that of = x the ſeries & = f A + 
— = + &c, to x the ſeries q — 2 S ET &c, and 
conſequently, as that of # times © x the ſeries & — © +5 —＋ + S = 
++ &c, to n times > & the ſeries p — E NE —£ + L T-, or as 
that of theſeries E — = + = — = +5 — T e, to. the ſeries 9 — 
L+L-L+£ =£+ ke; that is, the proportion of the excels of the 


$ 
as root of the binomial quantity 1 + & above 1 to the exceſs of the x root of 


the binomial quantity 1 ＋ 9g above 1 is, in this caſe of the very great magni- 
tude of u, very nearly the ſame as that of the ſeries k — 5 += — 7 + _ 


| 2 , $ 
— = + &c ad infinitum to the ſeries q — 2 14 = 27 — 7 + &c ad 
fi | ag 3 
Now the ratio of 1 + & to f is to the ratio of 1 +gq to 1 in the ſame 
proportion as any given part of the former ratio, is to the like part of 
the latter ratio, and conſequently, as the #*, or nonillionth, part of the 
former ratio is to the 1, or nonillionth, part of the latter ratio. But 
the ratio of the 1 root of 1 + to 1 is the 1 part of the ratio of 
1+#to 1; and the ratio of the #** root of 1 + q to 1 is the »* part 
of the ratio of 1 + q to 1. Therefore the ratio of 1 + k to 1 is to the 
ratio of 1 + gq to 1 in the ſame proportion as the very ſmall ratio of the z* 
root of 1 + & to 1 is to the very {mall ratio of the h root of 1 ＋ q to 1. 
But it has been ſhewn above in lemma 1, that when three quantities are 
2 nearly equal to each other, the ratio of the greateſt of the three to the 
leaſt will be to the ratio of the middle quantity to the leaſt in very nearly the 
ſame proportion as the exceſs of the greateſt quantity above the leaſt is to the 
exceſs of the middle quantity above the leaſt and by diminiſhing the greateſt 
and middle quantities continually, ſo that they ſhall approach nearer and nearer 
to an equality with the leaſt, we may make theſe two proportions, to wit, that of 
the ſaid two ratios and that of the ſaid two exceſſes, approach as near to each 
other as we pleaſe, Therefore in theſe three quantities, to wit, 1 and the 1h, 
or nonillionth, root of 1 9 and the 1b, or nonillionth, root of 1 + &, (in 
which the exceſſes of the two latter quantities above the firſt quantity 1 are fo 
extremely ſmall that they will not appear before the 54 place of decimal frac- 
. þ 


tions), we may conclude, that the ratio of the greateſt, to wit, 1 + „, or the 
#* root of 1 + 4, to 1, the leaſt, will be to the ratio of the ſecond quantity, 
a 1 


to wit, 1 T *, or the 1 root of 1 + 2, to 1, the leaſt, very . 
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| . 
ſame proportion as the exceſs of the greateſt, or 1 +, above the leaſt, or 


1, to the exceſs of the ſecond quantity, or 1 IF, above the leaſt, or 1. 
But it has been before ſhewn, that the ratio of 1 + k to 1 is to the ratio of 
1 +9 to 1 in the ſame proportion as the very ſmall ratio of the 1 root of 
1+#kto 11sto woke? P o44g of the uh root of 1 + g to. 
Therefore the ratio of 1 + & to 1 will be to the ratio of 1 + q to 1 very 
nearly in the ſame proportion as the exceſs of the 2 root of 1 + k above 1 
to the exceſs of the v root of 1 + q above 1. 
But it has been ſhewn above, that the proportion of the exceſs of the 1 root 
of 1 + k above 1 to the exceſs of the root of 1 + q above 1 is, in this 
caſe of the IP gout magnitude of u, very nearly the — as that of the 


ſeries k — 2 27 71 + &c ad infinitum to the ſeries q — 


3 
LE +£ — CE en 


5 | 
" Therefore the ratio of 1 + & to 1 will 58 ho 20008 of t +qto 1, in the 
** ks 


fame proportion as the ſeries & = — + — ＋ + ——- oc + &c ad in- 
finitum to the ſeries g — 2 + —L+£ _— + &c ad infinitum. 
d. E. D. 


19. The foregoing demonſtration may be expreſſed in fewer words, as 

lows : 

Let n be put as before, for any large number; as, for example, for a nonillion, 
or the ninth power of a million. 


Then it will follow from lemma 2, coroll, 2, bar T T= — 1 will be very nearly 
equal 0 2 * * infinite ſeries & — T5 ++ 


&c, and that 1 FF — 1 will, in like manner, be, very nearly, equal to — 
x the fires 9 = L£ += + L=— C4 &c. Wiel FTI 


cs gp palin FF — 1, very nearly, i the ſame proportion as = X 


The fore- 
going de- 
monſtration 
expreſſed in 
fewer words. 


the ſeries & — = + / — 1 = ++ & to — X the ſeries q — 
EE = £+L—$ + be, that, in the ſame proportion as the #* part 

4 ft — 2+ 224k « — = + &c tothe a part of the ſeries | 

9 — 2 ＋ Ce 72 — Þ + &c, and conſequently in the ſame proportion 


whe vic fas Þ = £4 2 EY EL to the whole 


ſeries 9 — © + © — Mi 7%: L + tee. 
Now 


4 


1 N nnn . * FU So St + 
U 0 oee: tion 
* 2 222 N + YG - LOVES * 2 n * 92 * FOE © "I'M 
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Now the ratio of 1 + k to 1 is to the ratio of 1 + 9 to 1 in the ſame pro- 
portion as the 2 part of the former ratio is to the 2 part of the latter ratio, 
1 


and conſequently in the ſame proportion as the ratio of 7 + I to 1 is to the 
rat io FT 7 to 1, | 

But, becauſe and x approach extremely near to an equality 
with 1, it follows from lemma 1, that the ork WY err to 1 will be to 
the ratio of IDS I, very nearly, in the ſame proportion as the exceſs 
of TER above 1 to the exceſs of 1 T* above I, or 45 1 — 1 to 


1 * mY — 1. : 5 ; 
Therefore the ratio of 1 + K to 1 will be to che ratio of 1 + g to 1, very 


nearly, in the ſame proportion as 1 + D — 1 is to 1 7 gin — * : 
But it has been ſhewn, that, in this caſe of the very great magnitude of », 
1 T ; 
the proportion of 1 N — 1 to Bo a — 1 is, very nearly, the ſame as 
: 3 
that of the ſeries æ — — += — + — — = + &c ad infinitum to the 
ſeries q = — 5 — — ＋ ＋ — 1 + &c ad infinitum. 
Therefore the ratio of I + E to 1 will be to the ratio of 1 ＋ 9 to 1 in the 


fame e ee as mem In T A 2 Ke od Min 
tum to the ſeries q — — * — — + — + &c ad inſnitum. QE. p. 


20. And, if ſtill greater brevity of expreſſion be deſired, the foregoing de- 
monſtration may be expreſſed in a ſtill conciſer manner by the help of a 
little · additional notation, as follows: | 


"The ſame de- Let R. +* be uſed to denote the ratio of 1 + kto1, and . ——L£ to de- | 


— | wk 

- exprelle 3 | | * 3 7 

_ note the ratio of 1 + 9 to 1, and R. = to denote the ratio of 1 + 2 
greater x ” 


: 7 x 
9 to 1, and 23 to denote the ratio of 1 + 9d to 1, and — 1 
28 „ 8 I 


to denote the 1 part of the ratio of 1 + K to 1, and - *= +7 
to denote the 2 part of the ratio of 1 + q to 1. | I 
With this notation the demonſtration will be as follows: 


Let # be put, as before, for any very large number, as, for example. for 3 
nonillion, or the ninth power of a million. 8 ple, for a 


Then 
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| . 144 1 + , , T rt ++ 
Then will a. be to a. I in the ſame proportion as — X 1. 


TER. . 


to = * R. =, that is (by the nature of roots), as EK 7... R. 


1 
that is, by lemma 1 (on account of the near approach of 1 + I and 1 + 4. 
* T 


to an equality with 1), as T + &j* — 1 to 1 + * — 1, that is, by lemma 
2, coroll. 2 (on account of the very great- magnitude of the number #), as 


I . 4 Z 47 45 4⁰ 1 . s 
— X the ſeries k _ + ren + oe po X the ſeries q' — 


+ — + - — ＋ ＋ &c. and conſequently (multiplying both ſides 


by #), es the feries & = f F . 0 0 be fries 


3 
1 + — * — 5 + &c. d. E. b. 


SCHOLIUM. 


21. This propoſition is accurately true, though, when # is of any finite mag- 
nitude, how . great foever, ſome of the intermediate propofitions, by means of 
which it is proved, are only very nearly true. For, as theſe intermediate propo- 
ſitions are not limited in the degree in which they approach to truth or ac- 
curacy, but may be made to come as near to being accurately true as we 
pleaſe, by increaſing the number , the concluſion derived from them muſt be 
accurately true. For, if it were ſuppoſed; to be not accurately true, but only to 
approach within certain limits of the truth, we might increaſe the magnitude 
of # till the ſaid concluſion was made to approach nearer to being accurately 
true than the aſſigned limits; which would be contrary to the ſuppoſition of its 
having approached only within the ſaid aſſigned limits of the truth, and conſe- 
quently would prove that the ſaid ſuppoſition was falſe. Therefore the ſaid 
concluſion does not only approach within certain Iimits of the truth, but is 


accurately true. | | 


22. We have now, I hope, ſufficiently eſtabliſhed the truth of Mr. Merca- 
tor's propoſition, to wit, © that if q be made to repreſent ſucceſſively ſeveral 
different fractions, or quantities leſs than 1; the correſponding values of the 
infinite ſeries g — — lk — 3 — £ + &c. will be proportional 
to the ſeveral ratios of the correſponding values of 1 + gq to 1 reſpectively, or 
will be the logarithms of thoſe ratios.” It remains that we illuſtrate the uſe of 
this ſeries in the buſineſs of computing logarithms by applying it to a few ex- 
amples. I ſhall therefore now proceed to apply it to the computation of the lo- 
garithms of the nine following ratios, to wit, the ratio of 10 to 9, that of 11 
to 10, that of 81 to 80, that 9 to 120, chat of 2401 to 2400, that of 

169 
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169 to 168, that of 289 to 288, that of 361 to 360, and that of 529 to 528 ; 
by means of which we ſhall be able to diſcover the logarithms of the ratios of 
the 23 firſt natural numbers, to wit, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 
14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, to 1, or (according to the 
common abridged and imperfect way of ſpeaking on this ſubject), the logarithms 
of thoſe numbers. By theſe computations the great utility and excellency of 
this ſeries will be moſt manifeſt... And as in making theſe computations in the 
mſtances above-mentioned the numerator of the fraction that is equal to ? is 
always 1, and the denominator of it is a whole number, I think it will be con- 
venient to ſubſtitute — inſtead of g in the binomial quantity 1 + 9 and the 
- infinite ſeries g — £ + 45 45 £ + £ e. whereby the ſaid bi- 
nomia} quantity will be changed into 1 + =, andthe faid ſeries will be changed 
into the ſeries = — r K r r v + G. or the loga- 
2 — I . . 1 T T T 
rithm of the ratio of 1 Þ+ 2 wo 1 will be the ſeries — = — 9 
1 1 ” . 
* Ta _ + Sc. ad infinitum. 


23. If we ſhould have occafion to expreſs this ſeries in ſuch a manner as to 
pr out the generating fractions by the ſucceſſive multiplication of which its 
ſecond and third and other following terms are derived from the firſt term 
— and from each other, it may be done by putting A for the whole firſt term , 
and B for the 'whole fecond term , and c for the whole third term — 
and » for the whole fourth term , and E, P, o, R, 1, k, I, M, and the follow- 
ing capital letters of the alphabet, for the whole fifth, ſixth, ſeventh, eighth, ninth, 
tenth, eleventh, twelſch, and other following terms of the ſeries; by which 


| he . , r I I I I * oF I 

i + 57 = a5 E vill be converted into the ſeries = — = + == 
— | 2 — + &c. But the terms of the 
feries n : L . — — 


* z | 
wr mm tw tw bm To 
Tode + &c are ſo extremely ſimple and conciſe that there ſeems to be no 
occaſion to change its form. 


EXAMPLES 


Il 


* X Ax M F L E 8 


or THE | | 
| comers ION OF THE LOGARITHMS 


ov. 11K ee. 


RATIOS or SEVERAL NUMBERS 


| Denoted by the binomial quantity As 


1 O I. 
By means * * infinite ſeries 5 = 15 + Jr | hs 8 


A I x . x : 
—_ + TH = + PPT N Tam"* —_—__ } I 142 + 15m's n 
1 x | i t . 

+ Tos 1585 + Kc, 


INVENTED BY MR. NICHOLAS MERCATOR. 


EXAMPLE I 


24. ET it be required to find by means of the ſaid ſeries the logarithm 
4 of the ratio of 10 to 9 (or of 9 + 1 to 9, or of =to 2), or 


of 1 + —to . 
Here m is = 9, and = Ww= S oni rl, 4. fut, &c. 
We ſhall therefore have Fob | | A 
= * 7 8 . eee = 091 545,679,013, 345.5751 


I 1 I 
r 
13451079) 2 
And r ( vr K A* = nmmatghooreacr = 0.001,$71,744,1 12,482,853; 
And - (= 5 x 2 = „* x 9 eamsg ute) = = o. ooo 5241 $9790,27 5,878 3 


| of : And 
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And — (= Xx —= _ ＋ * ES = 0,000,016,935,087,808,430 ; 
And __ = _ * ＋ * 5 = 20000 TD, = 0.000,001,881,676,423,158; 
And — = _ X — — 57 X 7 — ED = 0.000,000,209,07 5,158,128; 
And — (= __ X 75 = — * — = deere = o. ooo, ooo, o23, 230, 573, 125; 
And (= = * = = „ * 7 = GE ms) = 0.000,000,002,531,174,791 ; 
And =; (= _ * — = — * 7 = ES = 0.000,000,000,286,797,199 ; 
And ds (= 2 x 5 eee) = c00,099000051866, 56 
And —_ = I * — = — X 7 = CY = o. ooo, ooo, ooo, oog, 540,706 ; 
And — (= 7557 * 5 = _ X 5 = — 32549-700) = 0.000,000,000,000,393,411; 
And => (= A* — == X I = — — = o. ooo, ooo, ooo, oo0, o43, 712; 
And —_ (= = X _ 517 * 7 = HD mus = 0.000,000,000,000,004,8 56; 
And —_ _ * * — — =; X = _ eee bow o. ooo, ooo, ooo, Oo, O00, 539 
And > = _ * — — —; * 5 — . o. ooo, ooo, ooo, ooo, ooo, o59; 
And 755 = 755 * — = 155 X 7 = — —— = 0.000,000,000,000,000,006 ; 
And conſequently 

_— te = * = = . = o. 006, 172, 8 39,306, 172, 839; 

And os & 75 * 7 = — — — 2 0.000, 457,247,370, 827, 617 2 

And _ (= = X ry = OLE = o. ooo, o38, 103, 947, 568, 968; 

And — = —— * = — etre = o. ooo, oog, 387,01 7,561,686; 

And _— f= — X — = — — = o. 00, O00, 313, 612,737,193 

And — K 2 . Dee eee) — o. ooo, ooo, oa 9, 867,879,732; 
7% 7 7 | And 


And r (= _ X - = :e; = o. ooo, ooo, oo, goz, 821, 640: 
And * (= — X _ = debe) = o. ooo, ooo, ooo, 286,797, 199; 
And — (= = N25 ä RNs = o. ooo, ooo, ooo, oa8, 679, 7193 
And — Ca —_ X - = . ns = 0.000,000,000,002,896,94t ; 
And —— (= 5 x 15 = — — — de, 0 7 
And n (= — X 25 = — — o. ooo, ooo, ooo, ooo, o30, 262; 
And = (= 5 * 70 = — ) o. ooo, ooo, ooo, ooo, oo3, 1223 
And 12 (= A * 7 = — = o. ooo, ooo, ooo, ooo, ooo, 323; 
e (= 515 * — = ——— — o. ooo, ooo, ooo, ooo, ooo, o333 
Fn (= _ X = = — = o. ooo, ooo, ooo, ooo, ooo, oo3; 
And CR = — X _ = — — = O. ooo, ooo, ooo, ooo, ooo, ooo. 
Therefore the ſeries _ — 5 — 72 — — + — = + — I + 
7 = += rip = yy ow + 5 


nc is 
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* 
0 111,111,111, 111,111,111, — ooo, 172, 839, 506, 172, 839, 


+ 3. . 457,247,370, 827, 617, 


3. .. 38, 103, 947,568,968, 


+ . 54 + 3387,01, 561,686, = 3. . „ 313, 612,737,193. 
+ 3. . . . . 29,867,879, 732, = 3. „ ++ 3+ . 2,903, 821, 640, 
+ 3. „ 3. . . 286,797:199, = 3 „ 4 „ 526,679,710, 
+ 3. 300030 „5 289,941, 3. +0 yo 0 0 0 5295038, 
+ joo0 3000300030 00-30 30562, joooge oo gee » yo „ 31 
þ 3 we geo eye „ 3323, „„ „ „„ qͥ e 5 33, 

— . = Ji 0 gowe yes 5 yo: & ge--e yen th 


+ 3.. 


— 


=. 111, 571,775,657, 104, 874, — 0.006,211,259,999,278,572, 
= o. 105, 360, 5 15,657,826, 302. Therefore this number o. 105, 360, 515, 657, 


$26,302 is the logarithm. of the ratio of 1 + 7 to 1, or of 10 to g. 


d. E. 1. 
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N. B. This number is true in all the places of figures except the laſt, 
where there ought to be a unit inſtead of a 2, the more accurate value of 


this logarthm being 0.105,360,515,657,826,301,227. 


EXAMPLE 11. 


23. Let it be required to find by means of the ſaid ſeries 2. — 23 


1 
3883 


5 10 T 
10 + 1 to 10, or of - 


Here m is = 
M + 


We ſhall therefore have 


i 


= = + &c the logarithm rn to 10 (ar of, 
to 2) orofi + 2 60 1. 


: , 
IO, oy — = — 10 — o. ioo ooo, ooo, ooo, ooo, ooo. . 


am - gu * 


* 


__ = — * — = — * = = 5 = o. oro, ooo, ooo, ooo, ooo, ooo; 
And — (= K = = 5X = DD) = 0,001,000,000,000,000,000 ; 
And _ = — * — = _ * 2 , = o. ooo, 100, ooo, ooo, oo0, ooo; 
And —.— = _ X = = — * 2 * — — — | 2 o. ooo, o to, ooo, ooo, ooo, ooo; 
And — — — X — = = X _ = — — — ) = do. ooo, ooi, ooo, ooo, ooo, ooo; 
And —(= N = X— = —— ) = do. ooo, ooo, 100, ooo, ooo, ooo; 
And r (= — * 55 =—X—== — ) = o. ooo, ooo, oio, ooo, ooo, ooo; 
And —— = * * 5 = — X 75 = — — ) = do. ooo, ooo, oo i, ooo, ooo, ooo; 
And 5 = D _ — — * —— — ) = 0000,006,000,100,000,000 3 
And —7 (= 55 0 * = = — * 7 Dees) = o. ooo, ooo, ooo, o io, ooo, ooo; 
And _ = = x 2 = r = = — — o. ooo, ooo, ooo, oi, ooo, ooo; 
And 7 - (= —_ X — = _ * 15 * e --ongt the = o. ooo, ooo, ooo, ooo, ioo, ooo; 
And —; = 2 * 22 * 255 * — = —— — ) = 0.000,000,000,000,010,000 3 


And 


255 


8 8 t ___ 0,000,000,000,000,010,000 1 
And —7 (= 7777 X =» — 77 X — _ - 70 ) — O. O00, 00, ooo, ooo, oo, oo0; 
I 3 3 I __ 0.000,000,000,000,001 ; 
And —7 = In * 7 5 ir N — =) = o. ooo, ooo, ooo, ooo, ooo, 1003 
I x I I I 0.000,000,000,000,000, 100, 
And; (= 77 X = =7 X 2 — o. ooo, ooo, ooo, ooo, ooo, oro; 
And conſequently 
I OY r __ 0.010,000,000,000,000,000, __ 
Nr . — ) = do. oo, ooo, ooo, ooo, ooo, ooo; 
r 1. oo t, ooo, ooo, ooo, ooo, oo | : 
And Jr (5 * 1 ——) o. ooo, 333, 333,333,333, 3333 
l AS | I __ 0.000,100,000,000,000,000, __ 
And — þ (= — * == , ) = 0.000,02 5,000,000,000,000 z 
I I 1 __ 0.000,010,000,000,000,000 
And __ (= * 17 = o. ooo, ooa, ooo, ooo, ooo, ooo; 
And ie (= r * + = DDD ) = 0,000,000, 166, 666, 666,666; 
x x t __ 0.0003000,100,000,000,000, _ | 
And — (22 xx 72 * ) = do. ooo, ooo, o 14, 285, 714, 285 
I NY t __ 0.000,000,010,000,000,000\ _ | 
And g (= 7 X F= 3 ) = 0.000,000,001,2 50,000,000 3 
I I I 0.,000,000,001,000,000,000, 
And = (= — X T= - ) = o. ooo, ooo, ooo, 11, 11,177; 
I x 1 oOo, ooo, ooo, ITS | ; 
And rs ( — * — = — ) = o. ooo, ooo, ooo, o io, ooo, ooo; 
1 — 0.000,000,000,010,000,000 ) 


= 0,000,000,000,000,909,090 z 


— 
— 


11 


And I (= 1 „ 2 222 ͤ 


72 77 X 17 = = 0.000,000,000,000,083,333 3 
And — (= =7 X 1 = — = o. ooo, ooo, ooo, ooo, oo), 692; 
And Jr: (= I7 X 2 = — Oman; = 0.000,000,000,000,000,714 3 
And -==7 (= 15 7 — IR) = 0.000,000,000,000,000,066 ; 
And — = —_ * 15 = S = c. ooo, ooo, ooo, ooo, ooo, oo6; 
And n (= —75 * 7 = — — = o. ooo, ooo, ooo, ooo, ooo, ooo. 


7 


1 — * 


71. _ Remarks on the To foregoing Infinite Serieſes 


1 I I 1 r I 1 . 
ö n I . g tir” 8 2D 
gn © tom © T rr Tm * Tur br oa wy 


o. 100, oo, oo, ooo, ooo, ooo, y—ũ—ñ O. oog, ooo, ooo, ooo, ooo, ooo, 
3. .3335333,333, 333,333, 3. . 25, oo, ooo, ooo, ooo, 
3. + 3+ . 2, O00, ooo, ooo, ooo 3. + 3+ . 166,666,666, 666, 
3. 5 14,285, 714, 28 5, 3. 2 ++ 3+ . 1,2 $0,000,000, 
3. 4 „„ „ „„. 3111,111, 111, 322 9 © » 90 10,000,000, 
3» ++ ye ++ 3+ + + 3909, 090, 3. „% „% „% „ go 00 g0 83,333. 
$+ +030 £2 30 + „ %%% 00 90 © 7,092, go ++ „„ „ „ gene geengeee]igs 
+ $+ 04900090 +030 00 ye © + ge K 333 „% „ 1 4 „ ye + + ge © , 
= 9.100, 335,347,731, 15,77, — 0.005, oz5, 107,920, 750, 719, 
= 0. og, 3 10, 179, 804, 324, 858. Therefore this number o. 095, 3 10, 179, 


804, 324, 858 is the logarithm of the ratio of 1 + — to 1, or of 11 to 10. 
| f Q: E. I. 


++++++ 


EXAMPLE III. 


26. Let it be required to find, by means of the foreſaid ſeries, the logarithm 
of the ratio of 81 to 80, (or of 80 + 1 to 80, or of == a to-) or of 1 + 


1 


” I . 
Here m is = 80, and— is 55 = 0.012, zoo, ooo, ooo, ooo, ooo. 


We ſhall, therefore, in this caſe have 


= = = * — = = * = = EL 9 = 0.000, 1 56, 2 50, ooo, ooo, ooo; 
And = = 2 * _ = 55 X = = . —) = o. ooo, oo 1, 953, 1 25, ooo, ooo; 
And = (= 55 * 2 * = = — ——) = o. ooo, ooo, o24, 414, 062, 500 
And 2 ( K == N. = — = 0.000,000,000, 305,175,781 ; 
And = (= — * - = = * By = D = o. ooo, ooo, ooo, oog, 8 14,697; 
And 75 = 175 * = = 15 * = = — 14697 = 0.000,000,000,000,047,083 ; 
And 2 _ X _ = = X = = wenn, = o. ooo, ooo, ooo, ooo, ooo, 596 ; 


And 
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Eel þ 1 I 0.000,000,000,000,000, 
And — (= 2 X 7 =.=7 X 80 = — 596) == 0.000,000,000,000,000,007 ; 
$4 1 di. ooo, ooo, ooo, ooo, ooo, oo 
And = N * 6 50 . E = o. ooo, ooo, ooo, ooo, ooo, ooo; 
And conſequently 
1 d. ooo, 1 56, 2 50, ooo, ooo, ooo 
—(= — N = = 5 —) = o. ooo, o78, 125, ooo, ooo, ooo; 


= 2229201195311 2$4000,000) — 0.000,000,651,041,666,666 ; 


- 
2 
1 
7 LRoT 1 3 
And _ =— X ＋ = CESS = 0.000,000,006,103,515,625 ; 
I I td. ooo, ooo, ooo, 30 5781 
And = (= — * "= LIE TY ) = 0.000,000,000,061,035,156; 
Tg rt __ 0.000,000,000,003,814, hs 
And (== K F = 2022214297) = 0.000,000,000,000,635,782 ; 
And —(= — X 7 = nent nity = 0.000,000,000,000,006,811 ; 
And = = — * — — — — = o. ooo, ooo, ooo, ooo, ooo, o74; 
And — = — * = = —) do. ooo, ooo, ooo, ooo, ooo, odo. 


Therefore the ſeries — — — hats ä — + = _ 555 + &c. 
is = 053012, 500, ooo, ooo, ooo, ooo, — 009,078125,090,000,999, 
+ / jo <0 go » <1 666,666; = $a ge 6,103, $15,025, 
8 e — 3 „ „„ . 633,782, 
+ 3. 2 2 . . . 6,811, — eee 
= 0.012, 500, 651, 102, 708, 633, — o. ooo, 78, 131, 104, 151, 481, 


= o. 012, 422, 519,998, 557, 152. Therefore this number 6.012, 422, 519, 


098,557,152 is the logarithm of the ratio of 1 + & — to 1, or of 81 to 80. 
Q. E. Is 


EXAMPLE IV. 


27. e find by means of the ſame ſeries — = += 


- + = zz + Se the logarithm of the ratio of 121 to 120 (or of 120 
TI to 120, ae 1200, or of 1 + — to Io 
LI Here 
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Here »} is 120, and — = — = o. oo8, 333, 333,33 3,333,333, Ce. 


120 
We ſhall therefore have, 
5 t= LE 0 2 1 2 X EY hs Con SS HTS e323 3331335 Y = o. ooo, o69, 444, 444, 444,444] 
And (= r* * = = Det, = o. ooo, ooo, 58, v0g, 0g, oz; 
And _ (= 1x == Xx == 2200099 57HT017232723) = oiooo, ooo, oo4, 822, 530, 864; 
And 755 (= = * _ = __ * 120 = gy = 0.000,000,000,040,187,757 
And _ FR _ * — = — x 155 — D ) = 0:000,000,000,000, 334, 897 
And 5 (= 25 & — = = * —5 = D 2 = oꝛooo, ooo, ooo, ooo, oo2, 790; 
And r ( r* N + = a DDD D = o ooo, ooo, ooo, ooo, ooo, og; 
And — — = X _ = — * 120 Low S oO. ooo, ooo, odo, ooo, ooo, ooo; 
And conſequently f 
— (= _ X — = Druruturut) = o. ooo, og34, 722, 222, 222, 2223 
And 7 1 X — 2 ES = 0.0608,000,198,001,334, 867 ; 
And —(= — K — = ER nt = 0.000,000,001,205,632,716 ; 
X 


I 1 o. ooo, ooo, ooo, o40, 18 1 8 ; R 
And — (= = = — - —— 97 = Oo, oo, oo, oo8, o37, 551; 
And A (== x += — 8 ) = o. ooo, ooo, ooo, oo0, 55, 8 16; 
And —(= — X — = — — = 0.000,000,000,000,000,398 z 


| þ 
00 IC &| on | + | vo | to | 


. 
7 
5 


0,000,000 000,000,000,0 2 3 
————) = 0.000,000,000,000,000,002. 


T herefore 
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1 1 
Therefore the ſeries 2 — 2 + — A 
Se is = 


0.008,333,333»333»333»3Z3» — 0.000,034,722,222,222,222, 
＋ 3. . . . 5192, 901, 234,567, = 3 „ „„ eee | 
＋ 3. yo 00 go 8,037,551, — 3 ͥ gee 2 
Þ Joo 0 90> 554 0; 56.6 5 gh'y's o e eee ee «2, 
So. o08, 333,526, 242,005, 849, — 0. 000,0301723427,0100750; 
= 0.008,293,802,814,095,093, Therefore thin number o, o08, 298, 802, 814, 


695,093 is the logarithm of the ratio of 1 + 727 to 1, or of 121 to 120. 
Q E. 1. 


EXAMPLE V. 


28. Let it be 3 to find by means of the ſaid ſeries — — — = + — = 
= 4 1 — = y + &c the logarithm of the ratio of 2401 (which is the 
fourth * of 1 to 2400, (or of 2400 + f to 2400 or of e- to 0 2550), 
or of 1 + == to 1. 

Here m is = 2400, and — is = 2555 = o. ooo, 416, 666,666, 666,666. 
We ſhall therefore have 


— = — X _— = = X — = Capo 150066, 656,666, = 0.000,009,173,611,111,111; 
And —7 _ = X — = — * — — — o. ooo, ooo, ooo, o7 2, 337, 962 
And — (= — * — — 5 * 2 = — — = o. ooo, ooo, ooo, ooo, ogo, 140; 
And _ _—_ 2 * — = 55 * — 2 — = o. ooo, ooo, ooo, ooo, ooo, o12 
And 55 (= - X — = = X = = — — = O. ooo, ooo, ooo, ooo, ooo, ooo; 


I I T 0. ooo, ooo, 173,611, 111,111 
— (INA — ) = o. ooo, ooo, o86, 80 5, 555, 555; 
bu * 7 , 6 
And Nr (= * 3 = — D) = 0.000,000,000,024,112,654 ; 


LI2 | And 
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I LEM I o. ooo, ooo, 000,000,030, 140 
And * (= — ＋ * - £3229) = o. ooo, ooo, ooo, ooo, oo), 33 5; 
1 1 0,000,000,000,000,000,01 2 
And Ir (= — X 72 = — 2 ) = o. ooo, ooo, ooo, ooo, ooo, ooa. 
© 1 1 1 1 1 1 .* . * 
Therefore the ſeries 1 "Im — ms 5 2 —— Se 1s 15 this 


caſe == 0.000,416,666,666,666,666, — 0.000,000,086,805,555,555, 
= . — eee bee Sa: nt 
bo . „ „ „„ „ £0.90» 2, — „„ q „4 ꝗͥ 4 „443 „„ „„Jͥ „ ꝙͥ 0.65 
di. ooo, 410, 600 SIT Inn, — o. ooo, oo, 080, 80 5, — mg 
= o. ooo, 416, 579, 88 5, 216,232. Therefore this N o. 00, 416,579,885, 
216,232 is the logarithm of the ratio of 1 +2 


— to 1, or of 2401 to 2400. 


Q.E, 1. 
EXAMPLE VL, 

29. Let it be required to find, by means of the ſame ſeries — ws — 

1 1 x I 


7 yr F — 5 + Ec the logarithm of the ratio of 169 (which is 
the ſquare of 13) to 168 (or of 168 + 1 to 168, or of — 5 SOS... 


O 8805 or of 1 
+ — 00 1. 
3 611 5 
Here m is = 168, and — is = 166 = 0-005,952,380,952,380,952. 
We ſhall therefore have 
7 I 1 T . oo56, 962, 380, 952, 380, 9 22 
1 1 I 2 0. ooo, oz 3, 430, 839, 002, 26 
And _ =—X==—= N 168 33 6s _ 2 = o. ooo, ooo, 210, 897, 85 1, 203; 
I 7 OT 1 _ 0.000,000,210,897,851,20 : 
1 I I o. ooo, ooo, oo 1, 20 5, 344, * 


I T __ do. ooo, ooo 007, 472, 28 : 
XX = ————— LEY) = 0.000,000,000,000,044,477 3 


T 
m 
13 1 d. ooo, ooo, ooo, ooo, og 4, 477 
=== * 5 768 ) 0. ooo, ooo, ooo, ooo, ooo, 264; 


And 


of Mr. Mercator aud Dr. Wallis. 


And (= * = 7 


_ — — * = = . 2222 = o. ooo, 17,71 5,419,501 51333 
And = (xs — x 7 = ner) = 0.000,000,070,299,283,734 3 
And = (= = X oY = ER) = 0.000,000,000,313,836,088 ; 
And 75 (= - * TY = ener = 0.000,000,000,001,4944457 3 
And 855 = 2X LA = — titel?) — = 0.000,000,000,000,007,412 z 
And 7 (= = X 7 = — = = 0.000,000,000,000,000,037 3 
1 95 — (= — ** - — — — = o. ooo, ooo, ooo, ooo, ooo, ooo. 

Therefore the ſeries — — — — = = + = 2 + 75 — dar + 


Sec is = o. oo5, 952, 3 80, 952, 380, 952, — 0.000,017,715,419,S0I,133, 


Jo ++ 30 00 3. 70, 299, 283,734, 3. „„ « 3+ 313, 836, 088, 
+ hm. an 3+ 229 2 „ „ „ „ „1 3 7412, 
+ 3 55 9. + © 5 2.375 — ISS yo 00 yooogeoogeceyg 


0.005,934,735519,814,547- 
$19,814,547, is the logarithm of the ratio of x + 708 to 1, 


8.555,95 753,159,100; — 8.888,87, 3,4633 
Therefore _ number o. o0 35, 934, 735. 


or of 169 to 168. 
Q. E. I. 


EXAMPLE VII. 


30. Let it be required to find by means of the ſame ſeries the logarithm 
of the ratio of 289 (which is the _ of 17,) to 288 (or of 288 + 1 to 288, 


8 
ek FOG or of 1 + 255 0 f. 


or of f 0 ao) 


Here m is = 288, and - — WI 10 = o. 03, 472,222,222, 22,222, CC. 


261 


— ©:000,000,000 ooo, ooo, 26 
. 2 0 000,000,000,000,000,001 ; , 


262 Remarks on the Two foregoing Infinite Serig/es 
We ſhall therefore have 


[ 0.003,472,222,222,222,222 


(= Sx L => nkeeggferrereet) = oc ena gt. rtl ce, 5 
And ( * I == DDr = o. ooo, O00, o, 862, 247, 8 5; 
And 71 (= 77 * — =? — * == — 212471085 =) = = 0.000,090,000,145,355,024 ; 
And et (Sr X = = _ X FR = CE HD, = 0,000,000,000,000,504,704 3 
rn = 0.,00,000,000,000,001,752; 
_ _ (= m_ X — = — * =, = 2 2 — —-— o. ooo, ooo, ooo, ooo, ooo, oo; 
And conſequently 
— *= — * — . hare 2th) = = 9,000,006,028,163,580,246 ; 
And . = _ X —_ = nem nts co. ooo, ooo, o13, 954, o82, 361; 
And — = _ X == DD 29 = 0-000,000,000,096,338,756 ; 
And gf (= qr" * 7 * = Sener err — = o. ooo, ooo, ooo, ooo, 100, 940; 
And — = —_ * — = ne —— o. ooo, ooo, ooo, ooo, ooo, 292 
And 1 (= — * ＋ = = ED = o. ooo, ooo, ooo, ooo, ooo, ooo. 
Therefore the ſeries — — — — 5 — 72 + = Fer + 7 — — 7 


+ Sc is in this caſe = 


0.003,472,222,222,222,222, — 0.000,006,028,163,580,246, 
06, — . „ „ + + 3+ 36,338, 756, 
+ . . „.. 100,940, = „ „„ 4 „4 „„. 292, 
+ 3. „ „„ „„ „ „d % e e geen ge ee ge en g4e% n 


=0. 003,472,236, 176,405, 523, o. ooo, o06, 28, 199,919, 294, 
= o. oog, 466, 207, 976, 486, 229. Therefore 2 8 number o. oog, 466, 207, 976, 


486, wy is the logarithm of the ratio of 1 + —+ A to 1, or of 289 to 288. 


Q. E. I. 
7 EXAMPLE 


5 
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EXAMPLE VIII. 


31. Let it be required to find by means of the ſame ſeries the logarithm of the 
ratio of 361 (which is the ſquare of 19,) to 360 (or of 366 + 1 to 360, or of 


60 + 1 360 3 
or ls” of of 1 + cop W's 


Here m is = 360, and conſequently — is = 1 = 0.002,777>777>777»s 
777,777 
We ſhall therefore have, 
* * De eee, = o. ooo, 00%, 7 16,049, 382,716; 


1 1 
(= 2 
* m 
I 


E 5H VEN fin 1 __ 0.000,007,716,049,382,916, _ 
And (= TX = * HE a EE $3272) = 0.000,000,021443 3,470,507 ; 
I 1 1 — 1 1 O. ooo, ooo, 021, 4 14 O, G7 * a 


= en kr = 0.000,000,000,000,165,381 ; 


I 8 
And — (= K = 750 


1 
4 
f do. ooo, ooo, ooo 65,38 | 
And _ (= _ X _ = 25 X 900 = 2 — Y) = o. ooo, ooo, oOo, ooo, O00, 4593 
— | 8 
WY = 2222222459) = o. ooo, ooo, ooo, ooo, ooo, ot; 


And = (= 350 


= 222 97,710,049-382.7 26, = 0,000,003,858,024,691,358 ; 


,000,000 — — = o. ooo, ooo; O00, 014, 884, 3543 
— — — = o. ooo, ooo, ooo, ooo, o33, o76; 


, 000 4 
DDr) = 0,000,000,000,000,000,076 z 


_ 6 


8 


| 


> 

5 

A. 

[| 

X X 
bl 


> 
5 
AQ. 
1 — 
* 
— 
ll 
X 
o| 


ooo, ooo, ooo, ooo, ooo, 
22 DD) = o. ooo, ooo, ooo, ooo, ooo, ooo. 
Therefore 


8 
A. 
[| 
J 
X 
w| = 
[ 


7 
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Or the ſeries = = —- 77 r ir ft Oil 
this caſe = 


o. ee eee eee — 0. Weener e 
+ 3. . © T4 144,499,109, — 3. 2 „ „ „ „ „ $0 3 
+ . .. 33,076, — ad TD oe 41k 6, 


: = o. oo2, 777, "OTROS TAR _— IETF SIT. 788, 
= o. o02, 773,926, 882,725, 34. Therefore 2585 number o. o02, 73, 926, 88 , 


725,234, is the logarithm of the ratio of 1 + Fa to x, or of 361 to 360. 
Q: E. I, 


EXAMPLE IX. 


32. Let it be required to find by the ſame ſeries the logarithm of the ratio of 


529 (which is the ſquare of 23,) to 528 (or of 528 + 1 to 528, or of - 7 : 
; | 
to ). or of 1 + 0 


Here m is 528, and conſequently —.— 2 28 = o. o01, 893, 939, 


393,939,393, Sc. 
We ſhall therefore, in this caſe, have 


ad 2 (= 1 d. ooo, ooo, ooo, ooo, o24, 368 


X 


) = do. ooo, ooo, ooo, ooo, ooo, o46; 


5 3 x 0.00 1,893, 939,30 3˙0 FS | | 
* A HE — 32392) = o. ooo, oog, 587, 006, 427,915; 
1 1 1 0. ooo, oog, 687, 06, 427,9 189 | 
| SETS 15% Big I 0.000,000,006,793,572,780, _ | 
And — (= N= — = 58 ) = do. ooo, ooo, ooo, o12, 866, 615; 
n 1 13 0.000,000,000,01 2,866, _; | Ie 
And _ 8 K == 728 ” = o. ooo, ooo, ooo, oo, 024, 368; 
. 
m3 m m 528 528 
I 1 1 __ 0.000,000,000,000,000,046, _ . 
And =p (= =F X ry — * 5778 528 = O. ooo, ooo, ooo, ooo, ooo, ooo; 


And conſequently 


0.000,003, 587,006,427,91 9 — 
2 — 


o. 00, 01,793, 503, 213, 9573 


= o. ooo, ooo, oo, 264, 524, 260; 


. e 


& 
2 
And — (= —- K 0.000,000,006,793,572,780 
. ( 3 


”, 
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1 T I o. , 866, a | 5 
And i (= A * 7 — — ) = 0.000,000,000,003,216,653 ; 4 


I I I o. ooo, ooo, ooo, ooo 68 | 
And Tm = 7 — X T7 = : — ) = 0.000,000,000,000,004,873 ; 
And —.— (== — X — = — en none = o. ooo, ooo, ooo, ooo, ooo, oo. 


Therefore the ſeries 2 — + == + * + &cis = 


0.001,893,939,393,939,393, — 0.000,001,793,503,213,957, 
＋ 3... ye 00 30 . 2,264, 524, 260, : 4 „ + 5+ + 3,210,053, 
+ 3. 6 4 „ 9 5 (45873, — 33... 5 75 


= o. o01, 893, 941, 058, 468, 520, o. 00, 01, 793,500, 430, 617, 
= o. oo, 892, 148, 152, 037, 9gog. Therefore this number o. oo 1, 892, 148, 152, 
037,909, is the logarithm of the ratio of 1 + 11 to 1, or of 529 to 528. 
Q. E. 1. 


An application of the foregoing nine 1 of ſmall ratios to the inveſtigation of 


0 
the logarithms of the ratios of the firſt 23 natural numbers, (2, 3, 4, 5, Cc. 10 
24 incluſively,) to 1. 
33. Having thus found, with no great labour, the logarithms of the nine ſmall 


ratios of 10 to , of 11 to 10, of 81 to 80, of 121 to 120, of 2401 to 2400, of 169 
to 168, of 289 to 288, of 361 to 360, and of 329 to 528, by means of the ſeries 


Lit 5 = rt e e + C we may, by 


combining theſe few logarithms with each other by addition, ſubtraction, multipli- 

cation, and diviſion, eaſily diſcover the logarithms of the greater ratios of 2 to 1, 3 
to1,4ton, 5; to 1, 6 to 1, 7 to 1, 8 to 1, 9 to r, 10 to 1, 11 to 1, 12 to 1, 13 to 1, 
14 to 1, 15 to 1, 16 to f, 17 to 1, 18 to 1, 19 to 1, 20 to 1, 21 to f, 22 to 1, 23 to 
1, and 24 to 1, or (as, for the ſake of brevity, they are more frequently called) the 
logarithms of the numbers 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17 18, 
19, 20, 21, 22, 23, and 24. This may be done in the manner following. 


34. The ratio of 11 to ꝗ is equal to the ſum of the ratios of 11 to 10 and 10 to 9. 
Therefore the logarithm of the ratio of 11 to ꝗ is equal to the ſum of the logarithme 
of the two latter ratios, that is, (as appears by Examples firſt and ſecond, ) to the 
ſum of 0.105,360,515,657,826,302, and 0.095,310,179,804,324,858, or to 
o. 200, 670, 695, 462, 151, 160. | 

The ratio of 121 (which is the ſquare of 11) to 81 (which is the ſquare of 9) is 
double of the ratio of 11 to 9. Therefore the logarithm of the ratio of 121 to 81 
is double of the logarithm of 11 to 9, and — is equal to 2 X 0.200, 


670,695,462,151,160, or to 0.401,341,390,924,302,320. 
M m The 


— 
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 Theratioof 121 to 80 is equal to the ſum of the ratios of 121 to 81, and of 81. 
to 80. Therefore the logarithm of the ratio of 121 to 80 is equal to the ſum of 
the logarithms of the ratios of 121 to 81, and of 81 to89, But the logarithm of the 


ratio of 121 to 81 has juſt been ſhewn to be = o. 401, 341, 390, 924, 302, 320; and 


the logarithm of the ratio of 81 to 80 has been ſhewn in Example third to be = 
0.012,422,519,998,557,152. Therefore the logarithm of the ratio of 121 (0 
80 is 


= 0.401,341,390,924,302,320] _ | 
+ e:915,422,519,998,557,155 hs .413, 763,910, 922,859.47. 
The ratio of 1 20 to 80 is equal to the exceſs of the ratio of 121 to 8o above the 


ratio of 121 to 120. Therefore che logarithm of the ratio of 120 to 80 is equal 
to the exceſs of the logarithm of the ratio of 121 to 80 above the logarithm of the 
ratio of 121 to 120. But the. logarithm of the ratio of 121. to 80 has juſt now 
been ſhewn to be 0.413,763,910,922,859,472 ; and the logarithm of the ratio of 
121 to 120 is ſhewn in Example 4 to be 0.008,298,802,814,695,093, There- 
fore the logarithm of the ratio of 120 to 80 is equal to the excels of 0.413,763, 
910,922,859,472 above 0.008,298,802,814,095,093, or to o. 405, 465, 108, 108, 


164,3 79 
The ratio of 3 to 2 is the ſame with the ratio of 120 to 80. Therefore the 


| 1 of the ratio of 3 to 2 is 0.405, 465, 108, 108, 164, 379. 


0.810, 930, 216,21 


rate phraſe), the logarithm of the number 5 is 1.609, 437,9 12,434, 100, 304. 


Thercfore the logarithm of the ratio of 10 to 4 is equal to the ſum of the logarithms 


he ratio of 9 (which is the ſquare of three) to 4 (which is the ſquare of 2) is 

double of the ratio of 3 to 2. Therefore the logarithm of the ratio of g to 4 is 

double of the logarithm of the ratio of 3 to 2, and conſequently is equal to 2 x 
0.40 5,465,108,108,164,379, or to 0.810,930,216,216,328,7 58, 

The ratio of 81 (which is the ſquare of 9) to 16 (which is the ſquare of 4) 

is double of the ratio of 9g to 4. Therefore the logarithm of the ratio of 81 to 16 

is double of the © quo of the ratio of g to 4, and conſequently is equal to 2 x 
„328,758, or to 1.621,860,432,432,057,516. 

The ratio of 80 to 16 is equal to the exceſs of the ratio of 8 1 to 16 above the 

ratio of 81 to 80. Therefore the logarithm of the ratio of 80 to 16 is equal to the 

exceſs of the logarithm of the ratio of 8 1 to 16 above the logarithm of 81 to 80, 


that is, to the excels of 1.621, 860, 432,432,657, 3516 above o. 012, 422, 5 19,998, 
$57,158, or to 1. 609.437, 912,43 % 100, 364. 


The ratio of 5 to x is equal to the ratio of 8 to 16. Therefore the logarithm of 
the ratio of 5 to 1 is equal to the logarithm of the ratio of 80 to 16, and conſe- 
quently is 1.609,437,912,434,100,364 ; or (in the uſual abridged but inaccu- 


d. E. I. 
35. The ratio of 10 to à is the ſame with the ratio of 5 to 1. Therefore the 


logarithm of the ratio of 10 to 2 is 1.609, 43 [2912-4349100,364- | 
The ratio of 10 to 4 is equal to the ſum of the ratios of 10 to 9 and of ꝗ to 4. 


of rhe ratios of 10 to 9 and of 9 to 4, that is, to the ſum of the logarithm * 
: | 360, 
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360,515,657,826,302, and the logarithm 0.810,930,216,216,328,758, or to 
0. 916,290, 731, 874,155, 60. | 
The ratio of 4 to 2 is equal to the exceſs of the ratio of 10 to 2 above the ratio of 
10 to 4. Therefore the logarithm of the ratio of 4 to 2 is equal to the excels of 
the logarithm of the ratio of 10 to 2 above the logarithm of the ratio of 10 to 4. 
But we have juſt now ſeen that the logarithm of the ratio of 10 to 2 is 1.609,437, 
912,434,100,364, and the logarithm of the ratio of 10 to 4 is o. 9 16,290, 731,874, 
15 5 ,060, Therefore the logarithm of the ratio of 4 to 2 will be equal to the ex- 
ceſs of 1.609, 437,912, 434, 100, 364 above 0.916,290,7 31,874, 1 55,060, that is, 


to o. 693, 147, 180, 559,945, 304. | 
he ratio of 2 to 1 2 equal to the ratio of 4 to 2. Therefore the logarithm of 


the ratio of 2 to 1 is equal to the logarithm of the ratio of 4 to 2, and conſequently 
is o. 693, 147,180, 559,945, 304, or (in the common abridged, but inaccurate, 
language upon chis ſubject), the logarithm of the number 2 is o. 693, 147, 180, 


5597945, 304 . 1. 


36. The ratio of 4 to 1 is double of the ratio of 2 to 1. Therefore the loga- 
rithm of the ratio of 4 to 1 is double of the logarithm of the ratio of 2 to 1; and 
conſequently is equal to 2 x o. 693, 147, 180, 559,945,304, or to 1.386, 294,361, 
119,890,608 ; or, in other words, the logarithm of the number 4 is = 1.386, 
294,361,119,890,608, d. E. I. 


37. The ratio of 8 to 1 is triple of the ratio of 2 to 1. Therefore the logarithm 
of the ratio of 8 to I is triple ofihe logarithm of the ratio of 2 to 1; and conſe- 
2 is equal to 3 x o. 693, 147, 180, 559, 945, 304, or to 2.079, 441, 541,679, 
35,912 ; or, in other words, the logarithm of 8 is = 2.079, 441, 541,679, 
83357912. Q. E. 1. 


38. The ratio of to 1 is equal to the ſum of the ratios of g to 4 and of 4 to 1. 
Therefore the logarithm of the ratio of 9 to 1 is equal to the ſum of the logarithms 
of the ratios of g to 4 and of 4 to 1. But it has been ſhewn that the logarithm of 
the ratio of 9g to 4 is = 0.810,930,216,216,328,758, and the logarithm of the 
ratio of 4 to 1 is = 1.386, 294, 361,119, 890, 668. Therefore the logarithm of 
the ratio of 9 to 1 is | 

= 0.810,930,216,216,328,758,\) _ . 
+ pre 361,119,3g0,008, = 2.197,224,577,336,219,366 ; | 
or the logarithm 4 e number 9 is 2.197, 224, 577,336,219, 366. Q E. 1. 


39. The ratio of 3 to 1 is equal to half the ratio of 9 to 1. Therefore the 
logarichm of the ratio of 3 to 1 is equal to half the logarithm of the ratio of to 


1, and conſequently is = Dee, or 1.098, 612, 288,668, 109,683; 
or the logarithm of the number 3 is = 1.098, 612, 288,668, 109,683. . E. 1. 


M m 2 : | 40, The 
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40. The ratio of 6 to 1 is equal to the ſum of the ratios of 6 to 3 and of 3 to 1, 
and conſequently to the ſum of the ratios of 2 to 1 (which is equal to the ratio of 
6 to 3,) and of 3 to 1. Therefore the logarithm of the ratio of 6 to 1 is equal to 
the ſum of the logarithms of the ratios of 2 to 1 and of 3 to 1, that is, to the ſum 
of o. 693, 147, 180,3 59,945, 304, and 1.098,612,288,668,109,683, or to 1.791, 
759,469, 228, 054, 987; or (according to the common way of ſpeaking) the loga- 
rithm of 6 is = 1.791,59, 469, 228,054,987. Q. E. 1. 


41. The ratio of 10 to 1 is equal to the ſum of the ratios of 10 to ꝙ and of to 
1. Therefore the logarithm of the ratio of 10 to 1 is equal to the ſum of the loga- 
rithms of the ratios of 10 to 9 and of 9 to 1. But it has been ſhewn that the 
logarithm of the ratio of 10 to 9 is 0.105, 360, 51 5, 657, 826, 30a, and that the 
logarithm of the ratio of 9 to 1 is 2.19, 224, 577, 336, 219, 366. Therefore the 
logarithm of the ratio of 10 to 1 is equal to the ſum of o. 105, 360, 515, 657, 826, 302 
and 2.197, 224, 577, 336, 219, 366, or to 2.302, 68 5, 92, 994, o4 5, 668, or (in the 
uſual way of ſpeaking on this ſubject) the logarithm of 10 is 2. 302, 585,092,994, 
045,668, . 
N. B. This number is true to ſeventeen places of figures, or in all the figures 
but the two laſt, the more accurate value of the logarithm of 10 being 2.302, 585, 


92, 994, 045, 684, 17. 


42. The ratio of 11 to 1 is equal to the ſum of the ratios of 11 to 10, and of 
10 to 1. Therefore the logarithm of the ratio of 11 to 1 is equal to the ſum of the 
logarithms of the ratios of 11 to 10 and of 10 to 1, that is, to the ſum of o. o 3m, 310, 
179, 804, 324,858, and 2.302, 58 5, 92, 994, o45, 668, or to 2.397,89, 272, 
| 199,370,520 3 or 2.397,895,272,798,370,526 is the logarithm of the num- 

r 11. Q. k. 1. 


43. The ratio of 24 to 1 is equal to the ſum of the ratios of 24 to 8, and of 8 
to 1, that is, to the ſum of the ratios of 3 to 1 (which is equal to the ratio of 24 
to 8) and of 8 to 1. Therefore the logarithm of the ratio of 24 to 1 is equal to 
the ſum of the logarithms of the ratios of 3 to 1 and of 8 to 1, that is, to the ſum 
of 1.098,612,288,668,109,683 and 2.079,441,541,679,835,912, or to 3.178, 
053,830, 347,945,595. ö 5 
The ratio of 2400 to 100 is equal to the ratio of 24 to 1. Therefore the 
logarithm of the ratio of 2400 to 100 1s equal to the logarithm of the ratio of 24 to 

I, or to 3.178, 53, 830, 347,945,505 _ 

I' be ratio of 100 to 1 is double of the ratio of 10 to 1. Therefore the logarithm 
of the ratio of 100 to 1 is double of the logarithm of the ratio of 10 to 1, and con- 
fequently is equal to 2 X 2.302, 58, 092, 994, o45, 668, or to 4.60 5, 170, 185, 
988,091,336. 

The ratio of 2400 to 1 is equal to the ſum of the ratios of 2400 to 100 and of 
100 to 1. Therefore the logarithm of the ratio of 2400 to 1 is equal to the ſum 
of the logarithms of the ratios of 2400 to 100 and of 100 to 1, that is, to the ſum 
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of 3.178,053,830,347,945,595 and 4.605,170,185,988,091,336, or to 7.783, 
224,016,336,036,931. 

The ratio of 2401 to 1 is equal to the ſum of the ratios of 2401 to 2400 and of 
2400 to 1, Therefore the logarithm of the ratio of 2401 to 1 is equal to the ſum 
of the logarithms of the ratios of 2401 to 2400 and of 2400 to 1. But it has been 
ſhewn in Example 5th, that the logarithm of the ratio of 2401 to 2400 1s 0.000, 
416,579,885,216,232 ; and we have juſt now ſeen that the logarithm of the ratio 
of 2400 to 1 is 7.783,224,016,336,036,931. Therefore the logarithm of the 
ratio of 2401 to 1 is equal to 0.000,416,579,885,216,232 + 7.783,224,016, 
330,030,931 = 7.783,640,596,221,2 53,163. RE” OR | 

The ratio of 7 to 1 is one fourth part of the ratio of 2401 to 1. Therefore the 
logarithm of the ratio of 7 to 1 is one fourth part of the logarithm of the ratio of 


2401 to 1, and conſequently is = Po en = 1.945,910,149,055, 
313, 290; or, (according to the uſual way of ſpeaking on this ſubject, ) the loga- 
rithm of 7 is 1.945, 910, 149, 055, 3 13, 290. . E. 1. 


44. The ratio of 14 to 1 is equal to the ſum of the ratios of 14 to 7 and of 7 to 
I, or (becauſe the ratio of 14 to 7 is equal to the ratio of 2 to 1) to the ſum of the 
ratios of 2 to 1 and of 7 to 1. Therefore the logarithm of the ratio of 14 to 1 is 
equal to the ſum of the logarithms of the ratios of 2 to 1 and of 7 to 1; that is, to 
the ſum of 0.693,147,180,559,945,304 and 1.945,910,149,055,313,290, or to 
2.939-057>329,015258,594 3 or 2.639,057,329,015,258,594 1s the logarithm. 

14. . E. 1. 


45. The ratio of 21 to 1 is equal to the ſum of the ratios of 21 to 7 and of 7 to 
I, or (becauſe the ratio of 21 to 7 is equal to the ratio of 3 to 1) to the ſum of the 
ratios of 3 to 1 and of 7 to 1. Therefore the logarithm of the ratio of 21 to 1 is 
equal to the ſum of the logarithms of the ratios of 3 to 1 and of 7 to 1; that is, 
to the ſum of 1.098,612,288,668,109,683 and 1.945,910,149,055,313,290, or 
to 3.044, 522, 437,723, 422,973; or, in other words, the logarithm of 21 is 


3.044, 522, 437, 723, 442, 97. QE. 1. 


' 46. The ratio of 16 to 1 is equal to four times the ratio of 2 to 1. Therefore 
the Iogarithm of the ratio of 16 to 1 will be equal to four times the logarithm of 
the ratio of 2 to 1; that is, to four times o. 693, 147, 180, 559,945,304, or to 
2.772, 588,722, 239,781,216. Therefore 2.772, 588,722, 239,781,216 is the 
logarithm of 16. | . E. 1. 


47. The ratio of 18 to 1 is equal to the ſum of the ratios of 18 to g and of g to 
1, or (becauſe the ratio of 18 to g is equal to the ratio of 2 to 1,) to the ſum of 
the ratios of 2 to 1 and of 9 to 1. Therefore the pa of the ratio of 18 to x 
is equal to the ſum of the logarithms of the ratios of 2 to 1 and of ꝗ to 1 ; that is, 
to the ſum of 0.693,147,180,559,945,304 and 2.197,224,577,330,219,366, or 

o 
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to 2.890,371,757,896,164,670; or the logarithm of 18 is 2.890,371,7 57,896, 
164,670. Q. E. 1, 


48. The ratio of 12 to 1 is equal to the ſum of the ratios of 12 to 6 and of 6 to 
1, or (becauſe the ratio of 12 to 6 is equal to the ratio of 2 to 1,) to the ſum of 
the ratios of 2 to 1 and of 6 to 1. Therefore the logarithm of the ratio of 12 to x 
is equal to the ſum of the logarithms of the ratios of 2 to 1 and of 6 to 1 ; that is, 
to the ſum of 0.693,147,180,559,945,304 and 1.791,7 59,469,228,054,987, or 
to 2.484,906,649,788,000,294; or the logarithm of 12 1s 2.484,906,649, 
788, ooo, 294. | Q. E. 1. 


49. The ratio of 24 to 1 is equal to the ſum of the ratios of 24 to 12 and of 12 
to 1, or (becauſe the ratio of 24 to 12 is equal to the ratio of 2 to 1,) to the ſum 
of the ratios of 2 to 1 and of 12 to 1. Therefore the logarithm of the ratio of 24 
to 1 is equal to the ſum of the logarithms of the ratios of 2 to 1 and of 12 to 1; 
that is, to the ſum of 0.693,147,180,559,945,304 and 2.484, 906, 649, 788, ooo, 
294, or to 3.178, 053, 830, 347,945,598; or the logarithm of 24 is 3.178, of, 
830, 347,945, 599. d. E. 1, 


50. The ratio of 15 to 1 is equal tothe fum of the ratios of 15 to 5 and of 5 to 
1, or (becauſe the ratio of 15 to 5 is equal to the ratio of 3 to 1,) to the ſum of 
the ratios of 3 to 1 and of 5 to 1. Therefore the logarithm of the ratio of 15 to 
1 is equal to the ſum of the logarithms of the ratios of 3 to 1 and of 5 to 1 ; that 
is, to the fum of 1.098,612,288,668,109,683 and 1.609,437,912,434,100, 364, 
or to 2.708,050,201,102,210,047; or, in other words, the logarithm of 15 is 
2.708,050,201,102,210,047. d. E. 1. 


51. The ratio of 20 to r is equal to the ſum of the ratios of 20 to ro and of 10 
to 1, or (becauſe the ratio of 20 to 10 is equal to the ratio of 2 to 1, to the ſum 
of the ratios of 2 to 1 and of 10 to 1. Therefore the logarithm of the ratio of 20 
to I is equal to the ſum of the logarithms of the ratios of 2 to 1 and of 10 to 1; 
that 1s to the ſum of o. 693, 147, 180, 5 59, 945, 304 and 2.302, 58 5, o92, 994, o45, 
668, or to 2.995, 732,273, 553,990, 972; or the logarithm of 20 is 2.995, 732, 


273,553,990, 972. . 


52. The ratio of 22 to 1 is equal to the ſum of the ratios of 22 to 11 and of 11 
fo 1, or (becauſe the ratio of 22 to 11 is equal to the ratio of 2 to 1,) to the ſum 
of the ratios of 2 to 1 and of 11 to 1. Therefore the logarithm of the ratio of 22 
to 1 is equal to the ſum of the logarithms of the ratios of 2 to 1 and of 11 to 1; 
char is, to the ſum of o. 693, 147, 180, 559, 945, 3o4 and 2.397, 895,272, 798, 370, 
526, or to 3.091,42, 453,358, 31 5, 830; or the logarithm of 22 is 3.091,042, 
453,358, 315, 830. | Q: E. I. 


7 N 53. To 
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3- To find the logarithm of the ratio of 13 to 1 we muſt procced as follows. 

he ratio of 168 to 1 is equal to the ſum of the ratios of 168 to 21 and of 21 
to 1, or (becauſe the ratio of 168 to 21 is equal to the ratio of 8 to 1,) to the ſum 
of the ratios of 8 to 1 and of 21 to 1. Therefore the logarithm. of the ratio of 
168 to 1 is equal to the {um of the logarithms of the ratios of 8 to 1 and of 21 
to 1; that is, to the ſum of 2.079,441,541,679,835,912 and 3.044, 522,437,723, 
422:973, or to 5. 123,963, 979,403, 258,885. 

Further, the ratio of 169 to 1 is equal to the ſum of the ratios of 169 to 168 and 
of 168 to 1. Therefore the logarithm of the ratio of 169 to 1 is equal to the ſum 
of the logarithms of the ratios of 169 to 168 and of 168 to 1. But the logarithm 
of the ratio of 168 to 1 has juſt now been ſhewn to be = 5.123,962,979,403,258, 
885; and the logarithm of the ratio of 169 to 168 has been found in Example 6th 
to be = 0.005,934,735519,814,547. Therefore the logarithm of the ratio of 
169 to 1 will be equal to the ſum of 0.005,934,735,519,814,547 and 5.123,963, 
979,403,258,885, or to $129,898, 714,923:0731432- But the ratio of 13 to 1 
is equal to half the ratio of 169 to 1, becauſe 169 is the ſquare of 13. Therefore 
the logarithm of the ratio of 13 to 1 will be equal to half the logarithm of the ratio 
of 169 to 1, and conſequently will be equal to half of 5.129,898,714,923,07 3, 
432, or to 2.564, 949, 357,461, 536,716; or, in other words, the logarithm of the 
number 13 will be 2.564, 949, 357,401, 536, 716. Q. E. I. 


54. To find the logarithm of the ratio of 17 to 1 we mult proceed as follows. 
The ratio of 288 to 1 is equal to the ſum of the ratios of 288 to 18 and of 18 to 
1, or (becauſe the ratio of 288 to 18 is _ to the ratio of 16 to 1, 288 being equal 
to 16 x 18,) to the ſum of the ratios of 16 to 1 and of 18 to 1. Therefore the 
logarithm of the ratio of 288 to 1 is equal to the ſum of the logarithms of the ratios 
of 16 to 1 and of 18 to 1 ; that is, to the ſum of 2.772,588,722,239,781,216 and 
2.890,371,757,896,164,670, or to 5. 662, 960, 480, 133,945,886. 
urther, the ratio of 289 to 1 is equal to the ſum of the ratios of 289 to 288 and 
of 288 to 1. Therefore the logarithm of the ratio of 289 to 1 is equal to the ſum of 
the logarithms of the ratios of 289 to 288 and of 288 to 1. But the logarithm of 
the ratio of 289 to 288 has been found, in Example 7th, to be 0.003,466,207,976, 
486, 229 andthe logarithm of the ratio of 288 to 1 has been juſt now ſhewn to be 
5.662,960,480,13 5,945,886. Therefore the logarithm of the ratio of 289 to 1 
will be = 0.003,466,207,976,486,229 + 5.662, 960, 480, 13 5,945,886 = 5.666, 
426,688,112,432,115. Therefore the logarithm of the ratio of 17 (which 1s the 
5.666, 426,688, 112,432,115 


ſquare- root of 289) to 1 will be = r = 2.833, 213, 344. 
056,216,057 ; or the logarithm of the number 17 will be 2.833, 2 13,344,056, 
216,057. Q. E. 1. 


| 55. To find the logarithm of the ratio of 19 to 1 we muſt proceed as follows. 
The ratio of 360 to 1 is equal to the ſum of the ratios of 360 to 20 and of 20 to 
1, or (becauſe the ratio of 360 to 20 is equal to the ratio of 18 to 1,) tothe ſum of 


— 
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the ratios of 18 to 1 andof 2oto 1. Therefore the logarithm of the ratio of 360 
to I is equal to the ſum of the logarithms of the ratios of 18 to 1 and of 20 to 1 ; 
that is, to the ſum of 2.890,371,757,896,164,670 and 2.995,732,273,553,990, 
972, or to 5.886, 104, 031, 450, 155, 642. 

Further, the ratio of 361 to x is equal to the ſum of the ratios of 361 to 360 and 
of 360 to 1. Therefore the logarithm of the ratio of 361 to 1 1s equal to the ſum 
of the logarithms of the ratios of 361 to 360 and of 360 to 1. But the logarithm 
of the ratio of 361 to 360 has been found in Example 8th to be 0.002,773,926, 

882,725,234; and the logarithm of the ratio of 360 to 1 has been juſt now ſhewn 

- to be 5.886, 104, 031, 450, 15 5, 642. Therefore the logarithm of the ratio of 361 

to 1 will be = o. 002, 773,926, 882,725, 234 + 5.886, 104, 031,450, 185,642 = 

5.888,87, 958, 332,880, 876; and conſequently the logarithm of the ratio of 19 
5.888,87, 968, 332, 880, 876 


(which is the ſquare- root of 361) to 1 will be . = 2.944, 
438,979, 166,440, 438; or, in other words, the logarithm of the number 19 will 
be 2.944, 438, 979, 166, 440, 438. q. E. I. 


56. It remains that we find the logarithm of the ratio of 23 to 1. Now this 
may be done as follows. 

The ratio of 528 to 1 is equal to the ſum of the ratios of 528 to 22 and of 22 
to 1, or (becaule the ratio of 528 to 22 is equal to the ratio of 24 to 1, 528 being 
=22 X 24) to the ſum of the ratios of 24 to 1 and of 22 to 1. Therefore the 
logarithm of the ratio of 528 to 1 is equal to the ſum of the logarithms of the 
ratios of 24 to 1 and of 22 to 1, that is, to the ſum of 3. 178, 0533, 8 30, 347,945, 
598 and 3.091, 042, 453, 358, 315, 830, or to 6.269, 096, 283,706, 261, 428. 
Further, the ratio of 529 to 1 is equal to the ſum of the ratios of 529 to 528 
and of 528 to 1. Therefore the logarithm of the ratio of 529 to 1 is equal to the 
ſum of the logarithms of the ratios of 529 to 528 and of 528 to 1. But the loga- 
rithm of the ratio of 529 to 528 has been found in Example gth to be = 0.001, 
892,148,152,037,909 ; and we have juſt now ſeen that the logarithm of the ratio 
of 528 to 1 is = 6.269,096,283,706,261,428. It follows therefore that the 
logarithm of the ratio of 529 to 1 will be = 0.001,892,148,152,037,909 + 
6.269,096,283,706,261,428 = 6.270,988,431,858,299,337 ; and conſequently 
the logarithm of the ratio of 23 (which is the ſquare-root of 529) to 1 will be 
equal to half the logarithm 6.270,988,431,858,299,337, or to 3.135, 494, 213, 
929,149,668; or, in other words, the logarithm of the number 23 is = 3.135, 


494,215,929, 149, 668. d. E. I. 


57. It appears therefore that the logarithms of the ratios of the firſt 23 natural 
numbers, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 
22, 23, and 24, to 1, or (according to the common way of ſpeaking on this 
ſubject) the logarithms of thoſe numbers are as follows; to wit, 
| Log. 2. = 0.693,147,180,559,945,304 3 

Log. 3. = 1.098,612,288,668,109,683 ; 
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Log. 4. = 1.386,294,361,119,890,608 ; 
Lo 5. = 1.609, 437,912, 434, 100, 364; 
Log. 6. = 1.791, 789,469, 228, 054, 985; 
Log. 7. 1. 945,910, 149,055, 313, 290; 
Log. 8. = 2.079, 441, 541,679, 835, 912; 
Log. 9. = 2.197, 224,577,336, 219,366; 
Log. 10. 2.302, 585, o92, 994, o45, 668; 
Log. 11. = 2.397,89, 272, 798, 370, 526; 
Log. 12. 2.484, 906, 649, 788, ooo, 294 
Log. 13. 2.564, 949,357,461, 536,716; 
Log. 14. 2.639, 057, 329,61 5,258,594 ; 
Log. 15. = 2.708, og, 201, 102, 210, 47; 
Log. 16. = 2.772, 588,722, 239,78 1,2163 
Log. 17. 2.833, 213, 344, 056, 216,057 
Log. 18. = 2.890, 371,757, 896, 164, 670 
Log. 19. 2.944, 438,979, 166, 440, 438; 
Log. 20. 2.995, 32,273, 553,990,972; 
Log. 21. 3.044, 522,437,723, 422,973; 
Log. 22. 3.091, 42, 453, 358, 315,830; 
Log. 23. 3.135, 494, 21 5, 929, 149,668; 
Log. 24. = 3.178, 053, 830, 347,945,598. 
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Theſe logarithms (if no miſtakes have been made in my computing them) are 
exact to the ſixteenth place of decimal figures, or in all but the two laſt places of 
figures. The firſt nine of them have been computed to a few more places of 
figures, by the learned Mr. Leonard Euler, and are inſerted in his Introdu#io in 
Analyfin Inſinitorum, in two volumes quarto, publiſhed at Lauſanne, in the year 


1748, They areas follows, 


Log. 2. = 0.693,147,180,559,945,309,417,232,1 ; 
Log. 3. = 1.098,612,288,668,109,691,395,245,2; 
Log. 4. = 1.386,294,361,119,890,618,834,464,2 ; 
Log. 5. = 1.609, 437,912, 434, 100, 374, 600, 759, 3; 
Log. 6. = 1.791,79, 469, 228, 055, ooo, 8 12,477, 33 
Log. 7. = 1.945,90, 149, 055, 313, 305, 105, 463,9; 
Log. 8. = 2.079, 441, 541, 679, 835,928, 251, 696,4; 


Nn Log. 
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Log. 9. ='2.197,224,577,336,219,382,790,490,5 3 
Log. 10. = 2.302, 585, 092, 994, o45, 684, 0 1, 991,4. 
See Euler's Introduttio in Analyſin Infinitorum, tom. i. page 91. 


A recapitulation of the foregoing deductions of the logarithms of the ratios of 2 
10 1, 3 1 1, 4 10 1, 510 f, and the other following numbers, up to 24, to 1, 
from the logarithms of the nine ſmaller ratios before computed, expreſſed in a 


more conciſe manner . | 


58. The foregoing deductions of the logarithms of the ratios of 2 to 1, 3 to r, 
4 to 1, and the other following numbers, up to 24, to 1, from the logarithms of 
the nine ſmaller ratios of 10 to 9, 11 to 10, 81 to 80, 121 to 120, 2401 to 
2400, 169 to 168, 289 to 288, 361 to 360, and 529 to 528 (which were com- 
puted by means of the infinite ſeries — = — + —, — * — — = + 
Sc.) may be expreſſed more conciſely as follows: | 

Let the logarithm of any ratio be denoted by the capital letter L. prefixed to a 
fraction of which the antecedent of the ratio is the numerator, and the conſequent 


of it is the denominator ; ſo that, for example, the logarithm of the ratio of 10 to 
9 ſhall be denoted by L. _ 


Then we ſhall have in the 14 place, 
L. — = o. 105, 360, 51 5, 657, 826, 302; 


2dly, L. —— = 0.095, 3 10, 179, 804, 324, 858; 
8 
3dly, L. 5 = o. 012, 422, 519,998, 557, 1523 


Atchly, L. — o. 008, 298, 802, 8 14,69 5, 93; 
sthly, L. — = o. ooo, 416, 579, 88 5, 216,232; 
169 
6thly, Lo 75 
-thly, L => 


0.005,934»7 3551948144547 3 
0.003,466,207,996,486,229 ; 


[l 


b 
Schly, L. = = o. O02, 73,926, 882, 72 5,2345 
And gthly, L. = = 0.001,892,148,152,037,909. 
Theſe logarithms were all computed by means of the ſeries = — — + — — 


2 * 3 m3 
== + —_ — = + Fc. in the above nine examples. And from theſe original 
logarithms 
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logarithms all the others were derived, by reaſonings which may be more briefly 
expreſſed in the following manner: 


88 It * „310, 179, 804, 324,8 58 
59. L. 72 L. = + L. 7 * i e o. 200, 670, 69, 462, 1 51, 160. 
I 


L. Ir n= 3 2L. I * = 2 X o. 200, 670, 695, 462, 1 * = o. 401, 341, 390, 924, 30, 3 20. 


8118 121 81 | 1341,390,9244302, ; 
L. e is = L. Ir ＋ L. 95 = 1+ — Een = 0.413, 763, 910, 922, 8 59, 472. 


1 121 _ 0.413,703,910,922,859,472] __ 
L. 80 is L. 18 L. 120 1= 0,008,29 2 — o. 405, 465, 108, 108, 164,3 19+ 


L. is = L. a = = 0.405,465,108,108,164,379. 


| L.2 = 2 * I. = = 2 X 0. 405, 465, 108, 108, 164,379 0.810, 930, 216, 216,328,758. 
L 81 3 2 * de 6 6 
10 18 * XL. = 2 x o. 810, 930, 216, 216,328,758 = 1.621 8605432, 432, 577516. 


80 81 =; 1.621,860,432,432,057,616]7 __ 
L. 76 is L. 3 — L. 85 2 ——— — = 1.609, 437,912, 434, 100, 364. 


L. Lis = L. = = 1.609,437,912,434,100,364; or, in the uſual way of expreſſing it, the 


logarithm of the number 5 is 1.609, 437,912,434, 100, 364. Q_E.1, 


L,— SL — = 1.609, 437,912, 434, 100, 364. 


1.— 1a L. + L. = * Io = 0.916,290,731,874,1 55,060. 


L. i L. = I. — Ne 5 - So. 693, 147, 180, 559,945, 304. 


= is L. 4 = 0.693,147,180,559,945,304 ; or the logarithm of the number 2 is = 0.693, 
147,180, 559,943, 304. * K. 1. 


L.Lis=2 * L.— = 2 X 0.693,147,180,559,945,304 = 1.386, 294, 361, 119, 890, 608; or 
the logarithm of the number 4 is 1.386,294,361,11 - ea q. E.1, 
n 2 
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L—is=3xL —==3 x 0.693, 147,180, 659.945, 304 = 2.079,441,541,679,835,912 ; 
the 8 of the kits 8 is 2,079,441,541,079,835,912, 


QE, I, 
8 ro, © 6,216,328, 
"13 21 WY — 3 4 = R * n J; =2. 197,2449577-336, 219,366; or the 
1 of the number is = 2.197,224,577,330,219,3006. | | Q. E. I, 


L. * 1 — wi L = 2. DE 


= 1.098, 612,288,668, 109, 683; or the loga- 
rithm of the number 3 is 1.098,612,288, 668 ,109,683. 


Q E. I, 
bl , 8 * , , 

L.Sis=L.=+ Las L. ILA I. oct 98.6 aaa — = 1.791,7 59,469,228, 

54,687 ; ; or the ben of the aber 6 is = 1.791, 759, 469, 228,054, 987. Q. B. 1. 


10 PILE - o. 1055, 360, 5 156,687, 826, 30'227 
L. is L. * I. = 1 2. pou < mag ee ot = 2. 302,585,092,994,045,668 ; or the 


| logarithm of the number 10 is = 2.302,585,092,994,045,668. | Q. E. 1, 
The more exact value of this logarithm 1s 2. 302, 58 5, 92, 994, o45, 684, 017. 


5 , , , ,8 , 8 8 
Ln L. 3 ＋ IL. = I 238788620 847688] = 2-397-895,272,798,370,526; or the 
| logarithm of the es 11 is = 2.397,895,272,798,370, 526. . B. I. 
8 8,6 12, 288,668, 100, 683 1 
LL. LAL L= I 7453 476c, 53591] 3.178, 53, 330, 347,945.89. 


1.262; is = L.= = 3.178,053,830,347,945,595- 


L,— = 2X L. = = 2 X 2.302,585,092,994,045,6608 = 4.605, 170, 185, 988, og r, 336. 


2 55 — = & -. ION 3.178, 053, 830, 347,945,598 11 
— 2607 2 = On 9,8 86,216,232 
L. — is = L. — 4 L. = 1+ 7. 3 3 = hn bobs 21,253,163. 


bz 2 is L. 25 2 ah gyha20$90 = 1.945,910,149,055,313,290; or the logarithm 


of the number 7 is = 1.945,910,149,055,313,290. .. 


of Mr. Mercator and Dr. Wallis. 277 


693.145. 80, 60.048. : 
Lis L- FTL. TL LL gAzgibi nd 882 343.305] = 2:639,057:329,61 5,2 58,5943 


or che lahm of che number 1415 2. 639,057, 329,615,268, 594. . E. I. 


. 098, 612, 288,668, 109,68 
L.=is=L.— + L.-=L.- + L. 2 R eo pra grep. = 3-044,522,437,723»4222973 5 


or the logarithm of the number 21 is 3.044, 322,437,723, 422,973. | G 1. 1. 
LE 1 4 XN. 1. 7 = 4 X 0.693, 147, 180, 5 59, 945,304 = 2.772, 588,722,239,78 1,2163 or 
the logarithm of 16 is 2.772, 588, 22, 239,781, 216. . E. 1. 
8 , , 8 , . 
L Fi =LF+LI=LI-+LE= 4519925 ray = 2:890,37 1757,896,164,670; 
or the logarithm of 18 is 2. 890, 3) , 37,896, 164,670. d: E. 1. 


I.— is L. + L.2 L.  +L.> = 1 12 RS Net = 2.484, 906, eee, ; 


or the banda of 12 i 2.484.906, 649,788,000,294. Q: E. 1 


1. 7 is = L. 2 ＋ L 1. Lr ＋ L. T * 42 4 —— 23857294] = 3-178,053,830,347,945,598 3 
or the logarithm of 24 is 3. 178,063,830, 34759437598. Q. E. I. 


0 8 6 88 „668, ,68 * | 
L. Sis L. 5 ＋L. LS LLT LTI * e 2. 708, ogo, 201, 102, 210,047; 


or the logarithm of 15 > 1 708,00, 201 „102, 210, o47. . E. 1. 


7 bl 80, 5 85 — | 
LY =L2+LY=LE+LY = {| op 1 g 25852 6f] 4.995,32, 273,553,990, 978; 


or the logarithm of 20 is 2. 995,32, 273,5 53599059). E. I. 
6 , , 8, * , — 
LEs=LZ+LE=LISLE = {| OS f 55.378.526] = 3.091,042,453,358,315,830; 
or the logarithm of 22 in % 001,042,458. 058, 315,830. Q. E. I, 


168. 68 8 7 5 ,6 8 bl 
LL. 1 TL. KL. TTL = Calzada 44573 J = 5: 123, 963,979,403, 258, 885. 


LY; FE BS. = o. oo5, 934,73 5,5 19,8 14,54 
5= L. 766 168 9 1 11s. 123, 953,979,403, 258,88 885 


= 5-129,898,7 149923407 3:432+ 
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L. is X L. = = Dre = 2. 564,949, 357,46 1,536,716; or the logarithm of 


13 is 2.564, 949,357,461, 36,716. d. E. 1. 


288. 1 288 18 1 16 18 2.772, 688,722, 230,781, 21614 
L. e L.—-+ L.— L. ge L.— _ Mo rg ky rar) HY} = 5.602,960,430,135,945,886, 


289, _ r 289 288 _ 0.003,466,205,976,486,229 ] __ | 
L. Lis = L. 288 1 L. 2 15 n = 5.666, 426,688, 112,432, 115. 


2 — 4322115 _ 2.833, 213,344,056, 216,057; or the logarithm of 


L. ＋ is x L. 


I 2 
17 is 2.833, 213,344, o 56, 216,057. . Q E. I. 
| 360. „ 360 20 17 18 . 2.890, 371, 757, 896, 164,670 
L. is L. 0 ＋ L. J L. I TL. IJ = 1 +:2.995732273-553.999972 = 886, 104, oz 1, 450, 155, 642. 


Gr. 361 | Wy © 0.002,773,926,882,725,2 14 mh 
I. is = L. 556 * 1 — ; SEM roar aro trotga = 3.888,87, 958, 332,880,876. 


— 5 888,877,958, 332,880, 876 
77 2 


I. = 2.944,43, 979, 166,440, 38; or the logarithm of 


19 is 2.944,438,979,166,440,438. QE. 1. 

———- 7 LE=Lt..2 = La 040-045-599 8 = 6 C 
7 ; 1 * * r F 1 73.97, 42,4 53,3 58,3 155830 F 209,090, 283,706, 261, 428. 
” | 8 0 58 , 8, 3 b | 

L. . is L. 528 + 1. — = 460788, 8270 = 6.270988, 431,858, 299, 337. 


1. — 3 x L. 22 = IL PUTS SEE = 3-135;494,215,929,149,668 ; or the logarithm of 
the number 23 is 3.135,494,215,929,149,668. | . E. I. 


—— 8 
Concerning the logarithmick ſeries invented by Dr. Wallis, 


I ſhall now proceed to conſider the ſeries A + = 4+ 2 + = + fx + 5 + 


, 5 
Sc, which was invented by Dr. Wallis, and which, if A be ſuppoſed to be leſs 
than 1, is equal to the logarithm of the ratio of 1 to 1 — A. 


60. The propoſition of which I here mean to eſtabliſh the truth, is this. 

If there be two different 8 a and B, that are, both of them, leſs than 
1, and of which, conſequently, the ſeveral powers A“, A, A“, A, A, Ce, and 3“, 
85, B*, B*, B*, Ec are decreaſing quantities, the two infinite ſerieſes a + 

2 $ , 6 * 3 4 ns 6 
E+E+E+S+F+ Tandy + ++ E+>+Þ+Ec 
(which, it is evident, will be decreaſing progreſſions, will be meaſures, or loga- 
rithms, of the ratios of 1 to 1 = A and of 1 to 1 — B; or the ſeries a + 
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44 7 4 + — = +7 3 + &e, will be to the ſeries B + = —+E+= + 


= 
* Se in the hel proportion as the ratio of 1 to 1 — A is to the ratio 


of 1 tO - — B. 
Or, if we change the notation a little, and ſubſtitute the ſmall letters ł and 4 


inſtead of the capital letters a and B reſpectively (which will be more agreeable 
to the notation now molt in ule in treating of theſe kinds of ſerieſes), the propo- 


ſition which we are to demonſtrate will be as follows. 
If there be two different quantities & and 3, that are both of them leſs than ly 


and of which, conſequently, the ſeveral powers k*, &, &, &, 4, Ce, and 9“, 
7 4 4, 4, &e ml be decreaſing Pe, the two infinite _—_ k + 


8 +> ++F+ &Gcandg+L+ Dp £+ Lo £ +86 
(which, it is evident, will be decreaſing progreſſions) will be 9 or loga- 
rithms, of the ratios of 1 to 1 — k and of 1 to 1 — 15 or the yo k + : — 
+ =+= + 2 = + &c will be to the ſeries +,— L + £ - + £ + £ £ 


=_ Sci in the tins proportion as the ratio of 1 to 1 — 4 to the ratio of I 8 


rw +: 
In order to demonſtrate this propoſition it will be neceſſary to premiſe the fol- 


lowing propoſition, as a Lemma. 


L EMMA lll, 


61. If x be any quantity leſs than 1, and be any whole number whatſoever, 
the quantity 1 — =, or "(1 — x, chat is, the »* root of the reſidual quan- 
tity 1 — x, will be "equal to the following infinite ſeries of decreaſing terms, 


to wit, 


n 2n 32 4 * 

3 1 — 1 22 —1 33 — 1 42 —1 | 
7 RAID AX 3 * 42 * 5 1 * * 

Es 1 — 1 22 —1 42 —1 = 2 
6 ob e X — XK * — e 


I 
D, and D = 


Ws or (if we put A = 1, and B = —,ande = 
„ — I 5 „ and E, r, e, u, I, x, 0 for the Gd following co- 


3 efficients 
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 efficients of the powers of x in this ſeries, reſpectively), to the infinite ſeries 1 — — 


XAX==— * —— Xx — = * Dat — * E * — 
6 — 1 X . X 1 * ele K * 9 — 
8 


6 * n n P 10 
X K* — Oc ad infinitum ; in which ſeries all the terms after the firſt term 1 


are marked with the fign —, or are to be ſubtracted from the ſaid firſt term, and 
the ſeveral co-efficients of x, a*, *, x*, X, &, 4, 4 „, „ Sc, are derived, 
or generated, from the firſt term 1 by the continual, or ſucceſſive, multiplication 


1 21 22 — t 38 —1 42— 1 f— 1 62 —1 22—1 82—1 
of the fractions —, T 0s 1, 74. . bg ”-. gn 


, Sc, which are therefore called their generating fractions. 


102 


62. The law by which all theſe generating fractions after the firſt fraction 2 
are formed, or derived, from the ſaid firſt fraction — and from each other, is as 


follows. The numerator 2 — 1 of the ſecond fraction 2 - is formed from 1, 


the numerator of the firſt fraction —, by the addition of n — 2, or by the addi- 
tion of x and the ſubtraction of 2; for i + n - 2 is = # — 1, And the nume- 
rators of all the following fractions after the ſecond fraction — , to wit, the nu- 


merators 2#—1, 3 — 1, 4% =— 1, 5 —1, 62 —1, 7 — 1, 82 — 1, 
9% — 1, Se, are formed from the numerator 2 — 1 of the ſaid ſecond fraction, 
and from each other by the continual addition of ꝝ to every preceding numerator. 
And the denominators of the ſecond fraction, , and the third fraction, 5 5 
and all the following fractions, to wit, the denominators 2 2, 3 , 4, 5n, 6 u, 
7u, 8n, gn, Ce, are formed from x, the denominator of the firſt fraction, — 


and from each other by the continual addition of 2 to the preceding deno- 
minator. 


63. This is another branch of the above-mentioned celebrated theorem of Sir 
Iſaac Newton for finding the roots of a binomial quantity. For it extends to the 
roots of a reſidual quantity, as 1 — x, or of the difference of 1 and x, as well as to 
the roots of a binomial quantity, properly fo called, as 1 + x, or the ſum of 1 and x. 
And the foregoing manner of expreſſing this theorem in this caſe of the z** root 
of 1 — x is, as I apprehend, the moſt intelligible and convenient way of expreſſing 


it that can be choſen, This ſeries is derived from the ſeries 1 — = a K + 
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N 7 


— S ex +5 Dif -= = - c or 


m ' m a — I | m mn —} 2282 m 9 = j 
TX IX FX xi—— X— e #4 EN > 
m—2 m— 3 22 m — 1 m — 2 * — 3 * — 4 > 
NR Kar I NG 
* — * 2 * * = * es, (which is =T = 


by ſubſtituting — in its terms inſtead of n. 


64. Coroll. 1. It follows from the foregoing Lemma, that 1 1 — 2|—,or the 
exceſs of 1 above the x root of the reſidual quantity 1 — x, is equal to the infi- 
nite ſeries — Ax r e + Dat + x * + 


Z® 5 
Dr 8) + 15 nat + 1 + Ln K x? ＋ &c, 


ad infinitum ; in which A is, as before, = 1; and B is = —A, or the co-efficient 


* — 1 . . 292 —1 
of x; and e is = _ B, or the co-efficient of *; and o is = 


co-efficient of x*; and the following capital letters, x, r, c, h, 1, k, Cc, are 
equal to, or ſtand for, the co-efficients -of &, *, x*, *“, &, *, and the other 
following powers of x, and in which all the terms are marked with the ſign +, or 


added to each other. 


65. Coroll. 2. If a be a very large number, as, for example, the ninth power 
of a million, or 1 with 54 cyphers annexed to it, or 1,000,000,000,000,000, 
000,000,000,000,000,000,000,000,000,000,000,000,000, (which Mr. Locke, 
in his Eſſay on Human Underſtanding, calls a nonillion,) the quantity 1 — 

1 


c, or the 


1 , or the exceſs of t above the uh root of the reſidual quantity 1 — x, will 
, 3 * 

be very nearly equal to the ſeries = + — nor” ths 51 Mg = * 87 + &c 
3 $ 

ad infinitum, or to — Xx the ſeries x + += + = + 2 * Sc ad 

infinitum. And the number u may be taken of ſo great a magnitude that the ratio of 
1 yp 

— x the ſeries x + = += + - + 5 1 wg + &c ad infinitum to 1 — 

1 

1 — x)z ſhall approach as near to a ratio of equality as we pleaſe. 

For, when u is equal to a nonillion, or any ſuch very great number, it is evi- 
dent that » — 1, and 22 — 1 and 3 1 and 42 — fand 352 — 1, Sc, will 
be very nearly equal to u, 2 1, 3", 47, 5 u, Cc, on account of the immenſe, 
magnitudes of the numbers n, 2, 3 , 4%, 5, Sc, in compariſon of the unit 


which is ſubtracted from them. Therefore the ſeries — a x + — x + 
Oo | 
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— ex" = nk oe — pi r + Ce (which is = 1 


1 
+ ) will in chis caſe be very nearly = —a # + — 1 + = 0 + — 
D* + = 2 + Era + So. = — a# += B. * 7 ＋ G * + 9 N 
xo Nr G N N N XA 
1 


p XD x5 ES Mi e Land - 
1 1 


X 1 xx + < x + x = + Yin Bats x #* + &c=—x += 
I x3 


+ = x EOS En + Le + &c =— 5 * 


na 
x2? 


$4 u£4- AE +EXS+8e=2 x tho lake +£ = + 7 + 
=+= += + &c. Therefore 1 — 1 e eee 


r g ＋ —+= ＋ + &c ad mfinitum. 
And it is evident chat, if any ratio whatſoever be aſſigned that differs very little 
from a ratio of equality 2 may be taken of ſo great a magnitude that the propor- 


tion of 1 — 1 — NT to x the ſeries x + — —+= + — 7 += ＋ + &c 
ſhall approach ſtill nearer to a ratio of equality chan ſuch aſſigned ratio. 
Q. k. D. 


66. This lemma being premiſed, the main propoſition may be ſtated and de- 
monſtrated i in the manner following. 


THEOREM II. 


If & and g are any two ſmall quantities leſs than 1, whereof we will ſuppoſe 1 to 
be the greater; the ratio of 1 to 1 — 4 — be — the Ou of 1 _ 1 - in the 


ſame proportion as the infinite ſeries æ + — La Es + - =+7F + Ec to 
che infinite ſeries q + £ 2 ＋ £+£ S 2. +£ NOS 


DEMONSTRATION, 


Let n be put, as before, for any very large number, as, for example, for a 
nonillion, or the ninth power of a million. 
3 Then, 
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8 | 1 
Then, by the 2d Corollary of the foregoing Lemma, we ſhall have 1 = 1 — , 
very nearly, = — X the ſeries & + = += + + = + = + &c i 
T 


nitum, and 1 — 1 — , very nearly, = — x the ſeries g + L+£ + =. 


+ © + £ + &e ad influitum. And, by increaſing the magnitude of #, each of 
theſe ios may be made to come as near to a ratio of equality as we pleaſe. 
I I ; 


Therefore the proportion of 1 — 1 — fs to 1 — 1 l is, in this caſe of the 
very great magnitude of , very nearly the ſame as that of — * the ſeries 

* 42 47 ks * | 1 . 5 
we e e ——p ad infinitum to x the ſeries 9 + - 
1 5 + = * + © + &c ad infinitum, and conſequently, as that of 


4 
# times — X the ſeries & + = + — += + + = + &c ad infinitum to # | 


times - x the ſeries q + 2 ＋ ＋ + 7 + + &c ad infinitum, or as 
that of the ſeries K + = + _ + 2 += + — + &c ad infinitum to the 
| ſeries 9 +L +45 1 1 2 + &e ad infinitum ; that is, the propor- 
tion of the exceſs of 1 above the . root of the reſidual quantity 1 — & to the exceſs 
of 1 above the A root of the reſidual quantity 1 — g, is, in this caſe of the very great 
magnitude of x, very nearly the ſame as that of the ſeries k + 7 += += 
„ infini ft 44 +4C+t | 
+ — + + + &c ad infinituw to the ſeries 1 + ＋ + == + = + —£ + 
5 | 2 3 4 $ 
Sc ad infinitum. 

Now the ratio of 1 to 1 — k is to the ratio of 1 to 1 — q in the ſame 
proportion as any given part of the former ratio is to the like part of 
the latter ratio, and conſequently, as the 1, or nonillionth, part of the 
former ratio is to the #**, or nonillionth, part of the latter ratio. But 


1 
the ratio of 1 to the h root of 1 E or to D is the x part of the ratio 
of 1 to 1 — k; and the ratio of 1 to the 1 root of 1 — q 1s the »* part 
of the ratio of 1 to 1 — 2. Therefore the ratio of 1 to 1 — & is to the 
ratio of 1 to 1 — in the „ the very ſmall ratio of 1 to the 
1 


uh root of 1 — k, or to 1 — D is to the very ſmall ratio of 1 to the 2 root 


1 1 
of 1 — , or to 1 — 2. : : | 
But it has been ſhewn above, in Lemma r, article 11, that when three quanti- 
ties are very nearly equal to each other, the ratio of the greateſt of the three 


to the leaſt will be to the ratio of the middle quantity to the leaſt in very w_ 
; O0 2 the 
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the ſame proportion as the exceſs of the greateſt quantity above the leaſt is to 
the exceſs of the middle quantity above the leaft ; and hence it follows, divi- 
dendo, that the ratio of the greateſt of the three to the leaſt will be to the exceſs of 
the ſaid ratio above the ratio of the middle quantity to the leaſt, or to the ratio of 
the greateſt quantity to the middle quantity, in the ſame proportion as the exceſs 
of the greacelt quantity above the leaſt is to the difference whereby the ſaid exceſs 
exceeds the excels of the middle quantity above the leaſt, or to the excels of the 
greateſt quantity above the middle quantity: or, in other words, if L, u, and x 
are three quantities that are very nearly equal to each other, whereof L is the 
greateſt and x is the leaſt ; it appears from Lemma 1, article 11, that the ratio of 
L to N will be to the ratio of M to x very nearly in the ſame proportion as the diffe- 
rence L — N is to the difference x — x ; and conſequently, dividends, the ratio of 
L to x will be to the exceſs of the ratio of L to x above the ratio of M to x, that is, 
to the ratio of L to M, very nearly in the ſame proportion as the difference 1 N 
is to the exceſs of the difference L — x above the difference M — N, that is, to 
the difference L — M. Therefore in theſe three quantities, to wit, 1 and the 


uh, or nonillionth, root of 1 — 4, and the ah, or nonillionth, root of 1 — E, 
1 1 


or 1, 1 9%, and 1 , (in which the exceſſes of the firſt quantity 1 above 
the two latter quantities are ſo extremely ſmall, that they will not appear before 
the ga place of decimal fractions), we may conclude, that the ratio of the 


greateſt, to wit, 1, to the leaſt, to wit, 1 —F , will be to the ratio of 1, the 
greateſt, to 2 , the middle quantity, very nearly in the ſame proportion 
as 1— — „ the difference between the greateſt and the leaſt, is to x — 
=>. , the difference between the greateſt and the middle quantity. 

But it has been before ſhewn, that the ratio of 1 to 1 — & is to the ratio ob 


1 to 1—9 in the ſame proportion as the very ſmall ratio of 1 to 1 -. 


is to the very ſmall ratio of 1 to 1 — . 
Therefore the ratio of 1 to 1 — & will be to the ratio of 1 to 1 — gq very 


nearly in the ſame proportion as the exceſs of 1 above 1 to the exceſs 


of 1 above 1 — q\" . N 
But it has been ſhewn that, in this caſe of the very great magnitude of u, 


the exceſs of 1 above 1 — I is to the exceſs of 1 above 1 — 9, very nearly in 


the ſame proportion as the ſeries æ + = + = 1 + = + &c ad 
infuitum to the ſeries g + © +£ + ++ © S ad infinitum. 


Therefore 
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Therefore the ratio of 1 to t K wh be 0 the Lax w 1 to 1 — 2, in the 
ſame proportion as the ſeries k þ — + — + — 1 1 2 + 7 © + &c ad in- 


Fnitum to the ſeries q + — + — ＋ + L + c IL as &c A infinitum. 
Q. k. b. 


The foregoing demonſtration expreſſed in fewer words, 


67. The foregoing demonſtration may be expreſſed in fewer words, as 


follows : 
Let » be put as before, for any very large number; as, for example, for a nonil- 


lion, or the ninth power of a million. 
3 


Then it will follow from Lemma 3, coroll, 2, that I 3 will be very nearly 
nigh to - X the infinite ſeries þ + — + — + — + —— oe : + 


r 


— 7 + &c, and that 1 1 =" __ in like manner, 4 very nearly, equal to 
erna, + L + 8 - +£ + 5 + 7 + &c. Therefore 


1 — 1 — * will be to 1 — 1 > , very nearly, in the ſame ee 
as — X the nn aA: + * + 5 + 7 * + = + &c to — 


X the infinite ſeries q 4 * 2 7＋ * - + 2 11 17 0 that is, in the ſame 


proportion as the 1 part * the infinite feries k 2 E = + Z a 2 


+ &c to the 1h part of the infinite ſeries q + 2 +£ +L+£ - + Lal * 
* 3 . in the ſame proportion as 5 whole fries k + — + 25 
+ — + — + ＋ * &c ad inſinitum, to the whole ſeries 4 + * £ 
+ 4 + 4 + L + &c ad infinitum. 


Now the ratio of : to 1 E is to the ratio of 1 to 1 — in the ſame proportion 
as the h part of the former ratio is to the »* part of the _ ratio, and conſe- 


. in the fame proportion as the ratio of 1 to 1 —D7 = is to the ratio of 1 to 
29 4 „ ; 
1 1 
But, becauſe 1 — T7 and 1 — g\= approach extremely near to an equality 
I 


with 1, it follows from Lemma 1, that the ratio of 1 to 1 — P's will be to the _ 
| 3 
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of 7 = to 1 * in very beach the . roman as the . of 2 above 


— kn is to the exceſs of 1 — * above 1 =7 „ Or (putting . for the 
1 — 4]: 
4 
— 5 = 3 x 
ratio of 1 to 1 H, and R. L for the ratio oft — gn to T — e) that R. 

| 1-—&* 
T 
; = 


T 
will be to x. very nearly in the ſame proportion as 1 = 1 — &\s 
1 A- 1 — 1. 

1 1 
is to 1 — % — 1 — g. And therefore it follows, dividendo, that the firſt of 
theſe four quantities will be to the excels of the firſt above the ſecond in very nearly 
the ſame proportion as the third quantity to the excels of the third above the fourth, 


1 1 1 = 
that is, that R. I will be to R. - R. t very nearly in the ſame 


ED I — þ* 12 


— 


proportion as I — I — n 1— 1 =: r= = LO en OUR 


I 1 * I ; I 
R. . 1, and 1 — 1 — 4 1 
1A. 1 — A ld 
: I 
js TNF + DEE = 3 TPP) at m1 T 
k 1— 46 
1 1 
will be to R. i very nearly in the ſame proportion as 1 — 1 — #'n to 1 — 
1 — * 
i | 
1 . Therefore the ratio of 1 to 1 — # will be to the C to 1 - g very 


nearly in the ſame proportion as 1 — 282 is to 1 — qe of 


But it has been ſhewn at, in this caſe of the very great magnitude of , the 
proportion of + — 1 — AT 1 = He —1 —- q by is very nearly the ſame as that of 
the ſeries 1 + 5 += + = +5 +5 + &c ad infinitum to the ſeries 9 + 


5 DS 1 4 8 +L 14. i pe 
Therefore 
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Therefore the ratio of 1 to 1 — & will be the ratio of 1 to 1 — in the ſame 


proportion as the feries # + — + — + == + — + —— + &c ad - 
nitum is to the ſeries q + — = — = — + * + - + &c ad infinitum. 


5 6 
. E. D. 


The ſame demonſtration expreſſed with fill greater brevity. 


68. And, if ſtill greater brevity of expreſſion be deſired, the foregoing demon- 
ſtration may be expreffed in a ſtill concifer manner, as follows. 

Let z be pur, as before, for any very large number, as, for example, for a 
nonillion, or the ninth power of a million. 


Then will 8 — be to R. - — - in the ſame proportion as — XX. — to 


1 1 
— XX. =p that is, (by the nature of roots,) as x. TT tor, TT that is 


1 — Dn 1 —7* 
1 1 
by Lemma 1, (on account of the near approach of 1 — N and 1 —g]# to an e- 
1 1 


quality with 1,) as 1 1 10 — 1 —9 , chat is, by Lemma 34, coroll. 2, 
(on account of the very great magnitude of the number u,) as — x the infinite 
feries k + = + = + - + = + — &c to — x the infinite ſeries q + —— 
+ — + —— + —— + - + &c, and conſequently (multiplying both 
fides by u) as the infinite ſeries æ + = + = + _ + _ + ＋ + &c to 


the infinite ſeries 2. + © + © + £ + £ + e. Q. E. D. 


Derne. 


69. This propoſition is accurately true, though, when is of any finite magni- 
tude, how great foever, ſome of the intermediate propoſitions by means of which 
it is proved, are only very nearly true, For, as theſe intermediate propoſitions are 
not limited in the degree in which they approach to truth or accuracy, but may 
be made to come as near to being accurately true as we pleaſe, by increaſing the 
number », the concluſion derived from them muſt be accurately true. For, if it 
were ſuppoſed to be not accurately true, but only to approach within certain limits 
of the truth, we might increaſe the magnitude of x till the ſaid concluſion was 
made to approach nearer to being accurately true than within the aſſigned limits; 
which would be contrary to the ſuppoſition of its having approached only as near 

, as. 
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as the ſaid aſſigned limits to the truth, and conſequently would prove that the ſaid 
ſuppoſition was falſe. Therefore the ſaid concluſion does not only approach with- 
in certain limits of the truth, but is accurately true. | 


70. We have now, I hope, ſufficiently eſtabliſhed the truth of Dr. Wallis's 
propoſition, to wit, ** that, if q be made to repreſent ſucceſſively ſeveral different 


fractions, or quantities leſs than l, the ſeveral values of the infinite ſeries q + 
—— + — + _ + — + + + &c will be proportional to the ſeveral 
ratios of 1 to the correſponding values of 1 - q reſpectively, or will be the loga- 
rithms of thoſe ratios.” It remains that we illuſtrate the uſe of this ſeries in the 
buſineſs of computing logarithms by applying it to a few examples. I ſhall there- 
fore now proceed to apply it to the computation of the logarithms of the nine fol- 
lowing ratios, to wit, the ratio of 10 to , the ratio of 11 to 10, the ratio of 81 to 
80, the ratio of 121 to 120, the ratio of 2401 to 2400, the ratio of 169 to 168, 
the ratio of 289 to 288, the ratio of 361 to 360, and the ratio of 529 to 528 
which are the ratios of which we computed the logarithms above in the nine ex- 


WCW 
amples of the uſe of the former ſeries g N * R x o+ 


&c, that was invented by Mr. Mercator. See above, art. 24, 25, 26, 27, 28, 
29, 30, 31, and 32. By the help of theſe nine logarithms we ſhall be able to find 
the logarithms of the ratios of 2 to 1, 3 to 1, 4 to 1, 5 to 1, 6 to 1,7 to 1, 8 tot, 
9 to t, 10 to 1, 11 to 1, 12 to 1, 13 to 1, 14 to 1, 15 to f, 16 to 1, 17 to 1, 18 to 
I, 19 to 1, 20 to 1, 21 to f, 22 to 1, 23 to 1, and 24 to 1, and the logarithms of 
all greater ratios that are compoſed of theſe ratios, by mere addition and ſub- 
traction; which will make the utility of this ſeries ſufficiently manifeſt. And, as 
in computing the logarithms of the ſaid nine ratios, the numerator of the fraction 
that is equal to is always 1, and the denominator of it is a whole number, I think 


it will be moſt convenient to ſubſtitute — inſtead of 9 in the reſidual quantity 


x — 9 and the infinite ſeries 9 + 2 * L+ + + &c, 


whereby the ſaid reſidual quantity will be changed into 1 — =, and the ſaid ſeries 


vill be changed into the ſeries — + — * + r 155 Fa —_ + 
I 
＋ 


&c, or the logarithm of the ratio of 1 to 1 — — will be the ſeries — * 


1 4 — + &c ad infinitum. 


; 3 4 5 ms 


71. If we ſhould have occaſion to expreſs this ſeries in ſuch a manner as to point 
out the generating fractions by the ſucceſſive multiplication of which its ſecond 


and other following terms are derived from the firſt term —and from each other, 
ic 


PL 
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it may be done by putting the capital letter a for the whole firſt term =, and 3 
for the whole ſecond term , and c for the whole third term = ,and D for 
the whole fourth term 2 „ and E, r, o, H, 1, k, L, , and the following capi- 
tal letters of the alphabet, for the whole fifth, ſixth, ſeventh, eighth, ninth, tenth, 
eleventh, twelfth, and other 1 m_ of he A i by which ſubſtitution ' 
T 
the ſaid Series = + — + = + + r. 
e e + he wll cool imo the ſeries = + . + 422 2 += 
+ £2 + = E e Ba the term of 


T 
the his £4 5 — 1 am + —_—* 1 ITT” Jr + —_ + 
— * — + Ke are ſo extremely ſimple and conciſe that there ſeems to 


be no occaſion to change i its farm, 


Pp EXAMPLES 


E £ A M ” * E 8 


OF THE 


0 3:3: +4 


COMPUTATION or tus LOGARITHMS 


O F THE 


RATIOS or 1 ro SEVERAL NUMBERS 


r 


Denoted by the reſidual quantity 1 — 5 * means of the infinite ſeries — + 
1 'T I r 1 
rere 
1 I I T I I 


I I 
10m"? ” 11m" + 12m" + L3m*3 + 144+ * I $155 T 166 + 17m*7 + 
7 
Tins + XG, 
INVENTED BY DR. WALLIS. 
—— 
EXAMPLE I. 


. it be 2 8 to find by means of the aforeſaid ſeries — and, 
1 — + — = + 7= _ + &c nd infinitum, the 8 of the 


75 


ratio of 10 to 9 (or of 10 to 10 — 1, or of — to ), or of 1 to 1 


1 
Wnt —. 
- 10 


3 — 1 — r — 
Here m is = 10, and — Is = —— 2 0.100,000,000,000,000,000. 
We 
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We ſhall therefore have, 

7 = = X — = — * 27 = — — = o. oo, ooo, ooo, ooo, odo, ooo; 
And — (= — * 22 — X 75 = — —— = = o. oot, ooo, ooo, ooo, ooo, oo; 
And _ 2 — X == 15 * — = — — — = = 0-000 NOI, 0000007 : 
And 2 (= = X — = _ X 75 = — — = o. ooo, oro, ooo, ooo, ooo, ooo; 
And _ — 5 * 2 — * i = —— = 0.000,001,000,000,000,000 3 


. 


13 
* 
* 

| 
ll 


0.000,00 — mm nn 
wat 10 10 


o. ooo, ooo, 100, ooo, ooo, ooo 
m1 10 10 


o. ooo, ooo, oo, ooo, ooo, ooo; 


do. ooo, ooo, oto, ooo, ooo, ooo; 


I 
| 
X 
. 


10 0 = 0.000,000,001,000,000,000 3 


—. 0-000,000,001,000,000,000 
10 


ö 
25 x = 0.000,000,010,000,000,000 = 
) = 


o. ooo, ooo, ooo, ioo, ooo, ooo; 


And r ( = * —= N = Seeger ) = o. ooo, ooo, ooo, o io, ooo, ooo; 
And 755 fon A * 55 = 1 * 1 = = 5 — 2 0-000,00M0:007,000,008 ; 
And —; (= 1 * = 5 x = = D = 0.000,000,000,000, 100,000 ; 
And 55 — — 5 * 1 — — 5 * — _ Cette) = 0.000,000,000,000,010,000 ; 
And _ &- _ X _ I — X 75 = | — = = nme „ooo 
And * 2 = X = = 5 = ehen 
And — = (= 255 x — "_ =; X 75 — — — 5 0.000,000,000,000,000,010 3 
And conſequently , "oy | "RE. 
— (= = X — — — = 0400 Wenn nen, 
And (= 5 x = SERIES) = 0-000,333:333-33313939333 ; 


" Ppa | And 


292 
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| 1 1 , 1 __ 0,000,100,000,000,000,000, __ 
And . ( X >= _ 2 222) = 0.000,025,000,000,000,000 3 


__ 0.000,010,000,000,000,000 )= 


- o. ooo, oo, ooo, ooo, ooo, ooo; 


And ,",(= = x + De DD) = o ooo, ooo, 166, 666, 666, 666; 


And = (= x 7 = CO ——) = = 0.000,000,014,28 55714, 285; 


77) al 7 
I 7 I 0.000,000,010,000,000,000, _ | 0 
And 8 (= * N 7 2 T ) = 0.000,000,001,2 50, ooo, ooo; 


o. ooo, ooo, oo i, ooo, ooo ooo 
9 


= o. ooo, ooo, ooo, 111,111,111; 


1 0. O00, ooo, ooo, 100,000,000 
— 2 x - = ) = 0.000,000,000,010,000,000 ; 


10m \ p39 10 10 
| 1 000,000,000,010,000,000 . f 
And : — = 7 * — 13 2 77 * — O. OOO, ooo, ooo, ooo, 909, 090; 
| 1 1 r __ 0©,000,000,000,001,000,000, __ 
And 12m (= — * 12 — 12 — o. ooo, ooo, ooo, ooo, o83, 333 3 


13 13 


| And —; (= = * = = DNR) = 0.000,000,000,000,007,692 ; 


0.000,000,000,000,010,000, __ | 
And . (= —7 * —= R222) = o. ooo, ooo, ooo, ooo, ooo, 714; 


14 14 14 
I I 1 . ooo, ooo, ooo, ooo, oo r, ooo 
And 7 ( 1 T ) = 0.000,000,000,000,000,066 ; 


O. ooo, ooo 000,000,000 100. 
And — (== * == — = a = o. ooo, ooo, ooo, ooo, ooo, oo6; 


— ©.000,000,000,000,000,010\ __ 
= — 0,000,000,000,000,000,000. 
And T 7 ( 755 22 7 = TI „OOO, ooo, ooo, ooo, 


Therefore the feres & 1 28. f 5e. gn nja tne 


: 1 
7 
cls = 
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0;100,000,000,000,000,000, 
3. . 5,000,000,000,000,000, 
9 ++ 33333333533 33333333 33 
3. . . 25, 000, ooo, ooo, ooo, 
3. « 3+ « 2,000, ooo, ooo, ooo, 
3. + 3+ 166,666, 666,666, 
Jo ++ 3 14,285,714, 285, 
3. . + « 3+ « 1,2 50,000,000, 
3 . „ „ 111,111,111, 
3. + 9+ „ 5. 10, ooo, ooo, 
3+ ++ „„ + 3+ „ + 5909, 90, 
3. „ „ 3. . 83,333; 
3. „ „ eye . 75692, 
3. „ „„ „„ 5 3714, 


ONES „%% %„„ „„ „5 , 


+++++++++++++++ 


r 
= o. 103, 360, 515,657, 826, 296. 
Therefore this number o. 105, 360, 51 5, 657, 826, 296 is the logarithm of the ratio 


1 
of 1 to 1 — —— or of 10 tog. bx +, . E. 1. 


N. B. This value of the logarithm of the ratio of 10 to 9 is leſs than its true 
value by about 5 in the 18th place of decimal fractions, or o. ooo, ooo, ooo, ooo, 
000,005. For, if we add o. ooo, ooo, ooo, ooo, ooo, oog to o. 105, 360, 51 5,657, 


826, 296, their ſum will be o. 105, 360, 51 5, 6 57, 826, 301, which agrees with the 


true logarithm of this ratio in all its figures, the more accurate value of this loga- 
rithm being o. 105, 3 60, 515,657, 826, 301,227. 


EXAMPLE Il 


73. Let it be required to find by means of the ſame infinite ſeries > +: 
— + = + 2 * — 8 + &c the logarithm of the ratio of 11 to 10 (or 
I1-1 

11 


| FE. 
of 11 to 11 — 1, or of — to 5 or of 0 Ge: 9 An 


Here m is = 11, and = = _ = 0.090,909,090,909,090,909, &c. 


We ſhall therefore have A Ee 
— 2:299:999099:909-299-999\ = ,.008,264,462,809,917,355 3 
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1 
* E 11 
12 EEAXTS 4 ) .000,751,314,000,901,577 3 


And 


X 


X 


X 


X 


X 


And =: (= = 


X 


| 2 \ 
al- - Al- aſe al- al- al- l- - l- 1 4 - 


X _X 


X 


1 2 

nd ( 
wr” Wy 
nd n (= gu x 


And W y 
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* 77 — Der) _ o. ooo, o68, 301, 345,536, 50% 


* 1 = eee eee = o. ooo, oo6, 209, 213, 230, 591; 


2 ) 825 


o. ooo, ooo, 564, 473, 930, of; 


i ©, — 53 
8 


2-44 . £,000,000,051,315,811,82 3 = 


11 11 


* 


) = o. ooo, ooo, og 1, 3 15,8 11, 823; 


* 


o. ooo, ooo, oo4, 665, 7 3, 802; 


[| 
T 
* 


— 
N 11 


) do. ooo, ooo, ooo, 424, 097, 618 


06 0.000,000,000,424,097,G18 


* ) = o. ooo, ooo, ooo, o38, 5 54, 328 


.900,000,000,038, 554.323 
os. 4 


X 


— — — 
— « — 


- A- 


i 


) = o. ooo, ooo, ooo, oog, 504, 938; 


" [| 


X 


. ooo, ooo, ooo, oog, $04,938 ?) = x 


_ o, ooo, oo, ooo, ooo, 318, 630; 
2 1 2 0. ooo, ooo, ooo, ooo, 31 8,630 1 : 
go rp So ron AVI g999999028,966 ; 


—— —— nt» ay OR 


7 = o. ooo, ooo, ooo, ooo, ooa, 633; 


o. ooo, ooo, ooo, ooo, oo2, 633 933) = 
11 


o. ooo, ooo, ooo, ooo, ooo, 239; 


o. oo 000,000,000, 2 
== X 2 — — ＋* . 39 ) = 0.000,000,000,000,000,021 z 


0.000,000,000,000,000,021 


— by * o. ooo, ooo, ooo, ooo, ooo, ooi; 


1 eee) = = o. 004,132,231 404, 958, 677; A 


.2 


Son ny = 4. 000,250,438, p66 95751923 3 


0:000,068,301,345-536,597 — 
4 


o. ooo, o17, 75, 336, 384, 126; 


e ) = 0.000,001,241 ,842,646,1 183 


And 


ib 
9m? 
is = 


+ Tom's + ITE + 1171 * = ＋ 2785 12 7 + 1 + Se 
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>. 4:54 r 1 — 0©.000,000, 564,47 33930,052, __ 
And IT (= IX + == 7 ) = 0.000,000,094,078,988,342 z 
| $4 24: 3 0 = eee | | 
And 755 (LE = x 7 : 2 — = o. ooo, ooo, oo), 330,830,260 ; 
1 1. _ 0.000,000,004;665,073,802 | ; 
And * (= 7 X 7 T )- do. ooo, ooo, ooo, 583, 134, 225 
ws r o. ooo, ooo, oo0, 424, 97, 61 898 
kh r __ 0.000,000,000,038, 564, 328 
And — _ 8 7 * 7 — => 0. 000,000,000,003,855,432; 
And 3 1 1 __ 0.060,000,000,003;504,958, _ | 
nd r (== X—= = ) = 0.000,000,000,000,318,630z 
"= I 1 o. ooo, ooo, ooo, ooo, 318, 630 | 
And —_— — * = CC 2 ) = do. ooo, ooo, ooo, ooo, 26, 5523 
I Ns | I 0.000,000,000,000,028,966, __ 
And —_— — K * . 8 — ) = o. ooo, ooo, ooo, ooo, 02, 228 
I el 1 __ 0.000,000,000,000,002,033, _ 
And = (= — XK 17 * — ) = do. ooo, ooo, ooo, ooo, oo0, 1883 
21 — I __ 0.000,000,000,000,000,239, _ 
And = (= v * 7 * T ) = 0:000,000,000,000,000,015; 
| I $4 0.000,000,000,000,000,021 
And -—; (= —_ _—_ = ——) = 0.000,000,000,000,000,001 z 
H 1 1 1 i ; 
Therefore the ſeries — 3 755 + — 12 * Th + 5 + #3 + 


3 
4,132,231, 404, 958, 6 
3 5 » 250,438, 266,967,192,. 
3. . 17,075, 336, 384, 126, 
3. „ . 1, 241,842,646, 118, 
3. + 3+ . 94,078,988, 342, 
3. . „ + 3+ 75330, 830, 260, 
3 * „583,134,223, 
3. „ % 4141,95), 
jo ++ go v „ 3,855,432, 
3. 00-9000 „ „„ 310,30, 
— "39 05 ys 6 6 go BOITENY. 
3. 00 ye „ 0:90.00 50 0, 
375 „ „„ eye 188, 
3. „%%% „„ „ „„ „ „4 „„ „ꝙꝗ 6 4 „% I fo 
3. % „ 9% „% % 9 % 1, 


= 0. O96, 3 10, 179, 804, 324, 8 52. 


rettete, 
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Therefore this number 0.095,310,179,804, 324,8 52, is the logarithm of che 


ratio of 1 to 1 — —, or of 11 to 10. d. E. 1. 
This number agrees with the value of the ſame Meeri found e in 
1 r T I 1 
article 25 by Mercator's ſeries —— , e = or „ - 


+ 2 all the figures but the laſt, that value being 9:095,3 10,179.04, 
324,858. 


EXAMPLE III. 


74. Let it be required to find by means of he. ome ſeries the logarithm of the 


ratio of 81 to 80, or of $1 to 81 — 1 (or of 42 % , or of 1 to 1 


Here m is = 81, and — is = gr = 0.012, 345,679,012, 345,679. 


We ſhall therefore have 


* (= EXE =D x4 DH) S 0.000, 152, 415, 790,275,872 
And — (= _—_ * — 2 5 * 8 = EDU HL = 0.000,001,881,676,42.3,158 ; 
And = (= 5 X _ = 77 * . == ä LIE = 0.000,000,023,230,573,125; 
And = (= — X — — — * = = Lot EEE, = 0.000,000,000,286,797,199 ; 
And r (= = * — — 5 * = = DS, = o. ooo, ooo, ooo, oog, 540, 706; 
And — (= — * — — — X _ = e ) = o. ooo, ooo, ooo, ooo, o43, 5 12; 
And — FI ＋ * 2 = * Ir = ——— gs, = o. ooo, ooo, ooo, ooo, ooo, 539 ; 
And _ = e * 2 = _ * = = — — = o. ooo, ooo, ooo, ooo, ooo, oo6; 
And conſequently 


— 0.000% 152,41 5,9227872 


) — o. ooo, ob, 207, 895, 137.936 ; 


1 
ry | 
_ * . = o. ooo, ooo, 627, 225, 474, 386; 


„ 
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— — — — = o. ooo, ooo, oo 5, 807, 643, 281; 
And — (= = net tangy, = 0.000,000,000,057,359,4393 


—. 0-000,000,000,003, 540,706 
A. 6 


) = do. ooo, ooo, ooo, ooo, 590, 117; 


7 
o. ooo, ooo, ooo, ooo | 
222539) = 0.000,000,000,000,000,067 ; 


= — — o. ooo, ooo, ooo, ooo, ooo, ooo. 
"DOM. I I x I I I I 


is = 


4x4 
34 
4x4 
= * _ = DRC) = 0.000,000,000,000,006,244 3 
* * * 
_ 


0,012,345,079,012,345,079, 
3. . ,070,207,895,137,936, 
3. 5 0+ 3027,225,474,380, 
$* ++ 9+ *4 Jo + 5,807,643,281, 
3+ ++ 3+ „ . 5733594393 
3+ ++ 90 0+ „„ ++ 3+ + « z5SQO,L17, | 
. „ „ go 0 0:96 5-0 a RS 
— geooewgecngencyge Ofp 


++++++++ 


- 
335 4% „ „ „% „ „ „ „ „„ „ „ ESETESD 


= o. 012, 422, 519,998,557, 49. : | 
Therefore this number o. 012,422, 519,998,557, 149 is the logarithm of the 


This number agrees with the value of the ſame logarithm found above in 
article 26, by Mercator's ſeries, in all but the two laſt figures, that value being 


0.012, 422,5 19,998, 557, 152. 
EXAMPLE IV, 


75. Let it be required to find by means of the ſame ſeries the logarithm 
I21 I2 — 7 


of che ratio of 12 1 to 120, (or of 121 to 121 — 1, or of — to -) or of 


I to 15 
121 


Hees = 92, and — 1 2 — — = o. oo8, 264, 462, 809, 917,355 
d Qq We 
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We ſhall therefore have, 
(== * >== x — n,) o. ooo, oõ8, 301, 345, 536, 50); 
And 75 = _ — == X _ Dien, = 0.000,000,564,47 3,930,053 ; 
And — (== 75 _ = _ X — Dru?) == 0.000,000,004,66 5,07 3,802 ; 
And — = = . =—= X — DDD) o. ooo, ooo, ooo, o38, 554, 328; 
And 5 (= — — = = 7 = — 5 Sh3rdy o. ooo, ooo, ooo, ooo, 3 18, 630; 
And 5 (= - = =—= * _ = . en ante, = 0.000,000,000,000,002,633 ; 
ER 5 = 5 2 AT 5 X — — — = o. ooo, ooo, ooo, ooo, ooo, oz 1; 
And Z (= K r X — — So. ooo, ooo, ooo, ooo, ooo, ooo; 
And conſequently | 
_ = — X = Denn = 0.000,034,150,672,768,253; 
And — — 75 * eee = 0.000,000,188, 157,976,684 
And "75 _ 755 * eee = een 
And = (= 5 * = rr = o. ooo, ooo, ooo, oo), 710, 865; 
And 2 (== K* 5 2 — = o. ooo, ooo, ooo, ooo, o53, 105; 
And 77 (= = * 7 eee = o. ooo, ooo, ooo, ooo, ooo, 376; 
And = (= = * = = RET) = 0.000,000,000,000,000,002, 
Therefore the ſeries — + = + 72 + = +5 + gr * + 
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0;008,264,462,809,917,35 5, 
. . 3431 $0,07 2,703,253, 
3. «+ 3+ + + 31 88,157,976,084, + 
3. ++ 5+ 0+ 9+ « I, 100,208,450, 
3... „ . „ 0 30 7710, 865, 
Jo 00 5 „5 % » « 3x 635106, 
. gomen370p 
. $25.0 90. « yoo By 


= 0.008,298,802,814,095,090. 


ES ++++ 


Therefore this number 0,008,298,802,814,695,090, is the logarithm of the 


* 1 
ratio of 1 to 1 — — or of 121 to 120. . E. 1. 


This number agrees with the value of the ſame logarithm found above in 
article 27, by Mercator's ſeries, in all but the laſt figure, that value being 0.008, 


298,802,814,095,095. 


EXAMPLE V. 


76. Let it be required to find by means of the ſame ſeries the logarithm 


2401 2401 — 1 
of the ratio of 2401 to 2400, (or of 2401 to 2401 — 1, or of — - >, 


or of 1 2 1 


Here m is = 2401, and _ . 2 = o. ooo, 416, 493, 127, 863, 390, &c. 
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We ſhall therefore have 
(== X === X = = — — o. ooo, ooo, 173,466, 5 25,5573 
* = X = _ = * = _ — nent — = = 0.000,000,000,072,247,615 ; 
= (= — * 2 = 5 * — = — — = o. ooo, ooo, ooo, ooo, o3o, ogo; 
3 — — * = = 75 * — 2 — — = = 0.000,000,000,000,000,012 ; - 
And — (= 5 X = = — * et = mm = o. ooo, ooo, ooo, ooo, ooo, ooo; 
And conſequently 
_ (= = = * 2 D .64 = o. ooo, ooo, o86, 733, 262,778; 


Qq 2 


And 
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1 1 1 O. 000, O00, 000, 072, 2. 1 
And _ 452 „ X - = 7 — 2) == 0.000,000,000,024,082,538 ; 
: oo, o, ooo, 
And — = = X 7 = * 85 o. ooo, ooo, ooo, ooo, ooo, oo2. 


1 , 8 32 
Therefore the ſeries — — + — 1 ＋— - = += + — _ + * is in this caſe = 
o. e g 


T . . . . . „ 00,7 33+ 20 2,7 7O, 
„5 * 
A eas cog 20. 9 
> Jo oo % „ „ 5 1 


= © * 1 
Therefore this number o. ooo, 416, 579, 88 5, 216, 230 is the logarithm of the 
ratio of 1 to 1 — = or of 2401 to 2400. Q. E. 1. 


This number agrees with the value of the ſame logarithm found above in 
article 28, by Mercator's ſeries, in all the figures except the laſt, that value of it 


being o. oo0, 416, 579, 88 5,216,232. 


EXAMPLE VI. 


7. Let it be required to find by the ſame ſeries the logarĩthm of the ratio of 
169 (which is the ſquare of 13) to 168, (or of the ratio of 169 to 169 — 1, or 


19 = * 
to _ 769 


Here m is = 169, and -— is. = = = 0,005,917,159,763,313,609, Sc. 


We ſhall therefore have | | 
_ K . ö = 0.000,035,012,779,664,577 3 
And _ (= — * — = _ X 18 = TS = 0.000,000,207,176,211,0335 
ad (= =_ * — = — X = = — —: o. ooo, ooo, oo 1, 225, 894, 739; 
and & ( R "I — TS) = 0:000,000,000,007,253,815 pf 4 


Mr. Mercator and Dr. Wallis, 


8 


And 7 (= 5 * 7 = _ X — = DD = o. ooo, ooo, ooo, ooo, o42, 921; 
And r Angi = EEE) = 0.000,000,000,000,000,253 3 
And 3 5 7 5 2 5 £ 1 EE - Dee e = o. ooo, ooo, ooo, oo, ooo, ooi; 
And conſequently 
. = = X - = . TIH = 0.000,01 7, 506, 389, 832, 288 

And _— = _ * 7 2 es) = 0.000,000,069,058,737,011 ; 

An _ _ - X 7 ers o. ooo, ooo, ooo, 306, 473, 684; 

And = — 2 * 2 = — — — o. ooo, ooo, ooo, oo 450, 763 

And JE hs 2 X Z = ERR, = 0.000,000,000,000,007,1 533 

And = = 75 * 5 = — — * o. ooo, ooo, ooo, ooo, ooo, o36 

And 855 — 55 * _ = — — = o. ooo, ooo, ooo, ooo, ooo, ooo. 

| Therefore the ſeries — + =+ = + =+ 5 + = +5 +x + &c 

778 oO 5, 17, 1 59, 763, 313, 609, 


+ 3. . 3» 175506, 389,832, 288, 
+ . 3+ + . 69,058,737, or, 
+ 3. 3+ ++ 3+ . 306, 473,684, 
+ 53. co ge 40 300 +3 140, 76g, 
＋E . „„ 5 . 73153, 
_ 39.5 „%%% „ „„ „ genueye ues A 

222 


— — 


o. oog, 934.735.519, 14,544 
Therefore this number o. oog, 934, 735,5 19,8 14, 544, is the logarithm of the 
ratio of x to 1 — 28, or of 169 to 168. Q: E. I. 


This number agrees with the value of the ſame logarithm found above in article 
29, by Mercator's ſeries, in all the figures except the laſt, that value of it being 


o. oo5, 934, 735,519,814, 547 


EXAMPLE 
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EXAMPLE VII. 
78. Let it be required to find by means of the ſame ſeries the logarithm of the 
ratio his, 8 the ſquare of 17) 10 288, (or of the ratio of 289 to 289 — f, 
or of 280 to — or of 1 to 1 — 5 
Here m is = 289, and = is = 25 — o. oo3, 460, 207, 612,456,747, Sc. 
We ſhall therefore have 
= (= — * = = — * _ = — — = o. ooo, oi 1:973036,721,303; 
And = (= = = == X I = Cn = 0.000,000,041,429,192,807 ; 
And (= * =* 46670522" ION = OECD, 143, J53,6o8 ; 
And - (= = X 5 == * = = — — = o. ooo, ooo, ooo, ooo, 496, o33; 
And _ (= 3 * — = 755 X 255 = ny = 0.000,000,000,000,001,716 ; 
And _ = — * — = = * = = —.— — — — = o. ooo, ooo, ooo, ooo, ooo, oop; 
And conſequently 
= — LA X — = Derr = o. ooo, oo 3, 986, 5 18, 360, 651; 
And — = = * 7 * ERIE?) o. ooo ooo, oi 3,809, 730, 935 
And — = = X 7 = — — = o. ooo, ooo, ooo, o3 5, 838, 4023 
And = = _ X 7 = EE ne = 0.000,000,000,000,099,206 ; 
And =_ (= — * 5 = — conan; 7rey = 0,000,000,000,000,000,286 ; 
And _ (= — X 7 — — = o. ooo, ooo, ooo, ooo, ooo, ooo. 
Therefore the ſeries 2 += * t=+tS+tots + Ec is in 


as caſe = 
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0;003,460,207,012,456,747, 
+ 3+ ++ 3+ « $,986,518,360,051, 
+ 3. 30 + + 3+ 13,809, 730, 935, 
＋ 3. . 0 300 +30 355838, 402, 
+ 500 +3000 % +0 5 0 + 9906, 
+ 3. „ 0 „„ 00 „% © 0.30 + + 3200, 
* 3 0 0 


| = 0;003,400,207,9760,486,227. 
Therefore this number 0.003,466,207,976,486,227, is the logarithm of the 
ratio of 1 to 1 — 5 or of 289 to 288. Q, E. I. 


This number agrees with the value of the ſame logarithm found above in article 
30, by Mercator's ſeries, in all the figures except the laſt, that value being 0.003, 
466,207,976,486,229. 


EXAMPLE VIII. 


79- Let it be required to find by means of the ſame ſeries the logarithm of the 
ratio of 361 (which is the ſquare of 19) to 360, (or of 361 to 361 — 1, or of 


61 , 361-1 I 
361 to =) or of 1 to 1 — 5. . 


Here mis = 361, and — is = — = o. ooa, 770, o8 3, 102, 493, o)4. 


We ſhall therefore have 
= _w _ X 2 = _ * TT 5 —— ——.— ) = o. ooo, oo), 673, 360, 394,717; 
And — (= — * = = — * — = — — ) = o. ooo, ooo, oz 1,255, 845, 968; 
And = ( A * = — — = o. ooo, ooo, oo, og, 880, 459 
And — = = X _ = = 7 =; = — — = o. ooo, ooo, ooo, ooo, 163, 1033 
And = — _ N _ = = X 1 = — — = o. ooo, ooo, ooo, ooo, ooo, 451; 
And — — = * 7 2 = * = = 2 = o. ooo, ooo, ooo, ooo, ooo, ool; 


And 
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And conſequently 
1 1 __ 0.000,007,6 94.717 | 
2m* TE — * 1 — 2 ) = o. ooo, oog, 836, 680, 197, 358; 
| 0.000,000,021,25c,845,068  _ ; 
And Ra J-- 75 * _ = — * 25518451998) — o. ooo, ooo, oo), o8 5, 28 1, 989; 
6 I 0. ooo, ooo, oo, og8, 880, 46 __ 
I I I o 000,000,000,000,16 3,10 
And == = —X 7 — 292 — 0 = co. ooo, ooo, ooo, ooo, o32, 620 
SB I __ 0.000,0C0,000,000,000,45;1, __ ; 
$5359. 4 x 0.000,000,000,000,000,001 
And — = 7 9 — _ 72 O. ooo, ooo, ooo, ooo, ooo, ooo. 


Therefore the ſeries — + — + — +. += + 557 + &Sc is = 


0;002,770,083,102,493,074, 


+ 3. „ . 3,836, 680, 197,358, 
+ .. . + 3+ 7508, 281,989, 
＋E 3. . . 4 „ 0+ „14, 720, 114, 


ao Joo ego „„ 00 yo 0 0 30 44, a0, 
+ 335 9 ne ge ee „4 ee ye 75, 
= 0.002,773,920,8682,725,2.30. 
Therefore this number 0.002,773,926,882,72 5,230, is the logarithm of the 


ratio of 1 to 1 — 7 or of 361 to 360, | Qs B. I. 


This number, o. o02, 73, 926, 882, 725, 230, agrees with the value of the lo- 
garithm of the ſame ratio found above in article 31, by Mercator's ſeries, in all 


the figures except the laſt, that value being o. 002, 773, 926, 882, 72 5, 234. 


EXAMPLE IX. 


80. Laſtly, let it be required to find by means of the ſame ſeries the logarithm of 
the ratio of 529 (which is the ſquare of 23) to 528, (or of 529 to 529 — 1, or of 


$29 to $29=1) f * 
— 0 Or Ot 1 co 1 . 
529 529 ), ; 529 


Here m is = 529, and _ is = — = o. oo, 890, 3 59, 168,241,965. 
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We ſhall therefore ha h | 
17 — _ * — = - * 2 = eee So. ooo, oog, 573, 457,784,956; 
And r (= * = = X 2 = ane ann) = = 0.000,000,006,755,118,686 z 
And — (XR = X 75 — — = o. ooo, ooo, oo0, ol 2, 769, 600 
And r = K = X == — — = 0.000,000,000,000,024,139 3 
And —_ = — X — — _ X 2 — — — = o. ooo, ooo, ooo, ooo, ooo, o45; 
And — (= — X — = —_ X — = — — o. ooo, ooo, ooo, ooo, ooo, ooo; 
And conſequently | 

„ (= 5 x + = Et = ,,,00,001,786,728,892,478 3 

An — (= 5 - = — — = 9.000,000,002,251,706,228 ; 

And — (= 2 * >= e _ 9.000,000,000,003,192,400 3 

And — = _ X 7 2 _ —r a— = 0.000,000,000,000,004,827 ; 

And * (= — * 7 = — —u = o. ooo, ooo, ooo, ooo, ooo, oo). 

Therefore the ſeries — + — + = + = + — _ + OR, = 


ozool, 890, 359, 168, 241,96 5, 

+ 3. 1,786,728, 892, 478, 
+ 3... . 65 2,251,706, 228, 
+ .. „ . 35192, 400, 
+ 3. . „ „ 5 45827, 
T2 2 2 2 27 
= o. o01, 892, 148, 152, 037, 905. 


Therefore this number 0,001,892,148,1 52,037,905, is the logarithm of the ratio 


of 1 to 1 J © of gag to gab. 


d. E. 1. 


This value of the logarithm of the ratio of 529 to 528, agrees with the value of 
it found above in article 3a, by Mercator's ſeries, in all the figures except the laſt, 


that value being o. o01, 892, 148, 152, 03), 9og. 
Rr 


81, As 
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81. As the value of theſe nine logarithms obtained in the preceding examples, 


by means of the ſeries — 318 2 +3 + = + &c, invented by 


Dr. Wallis, agree ſo nearly with the values of them obtained above, by means of 
the ſeries _ — _ + — — = + — — 777 + Ec, invented by Mercator, 
there is no reaſon to apprehend that any miſtakes have been made in computing 
them; but we may juſtly be confident that they are exact in all the places of 
figures to which they agree with each other. And thus theſe two ſerieſes ſerve 
as checks upon each other, or as means of diſcovering any miſtakes that may 

have been made in r ee by either of them, and of confirming, 
or proving the truth of, the calculations by which they have been obtained, when 
thoſe calculations have been made without an error. And this is, indeed, the 
principal benefit that can be derived from the poſſeſſion of both theſe ſerieſes, 
rather than of * one of them, ſince each of them ſeems juſt as fit as the other 


for the purpoſe of computing logarithms. 


Of the Identity of the Logarithms of any given Ratios obtained by the Series 
3 4 5 
4 — — —— „ + &c ad infinitum, which was invented 


3 4 | 6 | 
by Mr. Mercator, with the Lovaridhes of the ſame Ratios obtained by the Series 


k + = += + _ _ * * + &c ad infinitum, which was invented 
by Dr. Wallis. : 


82. We have ſeen in the foregoing examples of the computation of logarithms, 
by the two foregoing ſerieſes, that the logarithm of the ſame ratio is always the 
fame number, whether it be computed by Mr. Mercator's ſeries & — 2 4 N 

| | 2 3 
hoe: we + &c, or by Dr. Wallis's ſeries t += += += += +7 oY 


4 | 6 

Sc. Thus, for example, the logarithm of the ratio of 10 to 9, obtained in ar- 
: + 

ticle 24, by means of the ſeries & 2 + = = © += — 5 + &c, or — — 


= + — 2 = — 5 + Ec, is = o. 105, 360, 51 5, 657, 826, 302; and. 
the logarithm of the ſame ratio of 10 to g, obtained in article 72, by means of the 
3 f 1 


2 x A* rg 44 4s 2 x K * . 
ſeries 4 + 7 TT Poo * r 1 T = += + 5+ 
855 + &c, is = o. 105, 360, 51 5, 657, 826, 296; which agrees with the former loga- 


rithm of it, obtained in article 24, in all but the three laſt figures. The logarithms, 
therefore, of two different ratios obtained by means of Dr. Wallis's ſeries, are not. 
only proportional to the logarithms of the ſame two ratios obtained by means of 
Mr. — ſeries, (as they neceſſarily muſt be, becauſe both pairs of loga- 


rithms are proportional to, or meaſures of, the ſame two ratios,) but they are equal 
3 to 
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wu! r eee 8 7 8e and 4 — 


= — + 3 7 + 5 _ 24 Se, exhibir the 8 . the ratios of 1 to 1 — 


k, and of 2 * 1 to 1 in ons and the ſame ſyſtem, or, in other words, the ſeries 


"47 += + - += + = 7 + Ge, ad infinitum, is to the ſeries & — . + . — 


3 
— = += 72 7 + 2 Fr P00 in the ſame proportion as the ratio of 1 (01 — 


Ei is to "the ratio of 1 + K to 1. Now. that this ſhould be fo,” is by no means 
ſelf-evident; but it may be demonſtrated in the manner following, 


THEOREM III. 
83. If æ be any quanticy lef{ckan 6 45 = += = +. 7 1.5 


6 
＋ &c ad infinitum, will be the ſeries & = = + 2 2 2 


Sc ad infinitum, in the ſame proportion as che ratio 2 1 to 1 - E to the ratio of 
i + K to 1. 


DEMONSTRATION, 


"Ta q be any quantity leſs than x, and conſequently, 2 fortiori, leſs than 1. 


Then will the ſeries & + — — 3 Sc ad infi. 


nitum be to the ſeries 2 + 2 ＋ L - — —— 1 ＋ + &c ad infinitum, 
in the ſame proportion as the ratio. of I to I — In to the ratio of 1 to 1 = 7 
This is demonſtrated in theorem 2, article 66. 

Let ꝗ be extremely ſmall, as, for example, equal to —— or the quotient 
of the diviſion of 1 by a nonillion, or by the ninth power of a million, that is, to 


©.000000,000000,000000,000000,000000,000000,000000,000000,000001, or 
an unit in the 54th place of decimal fractions, then will the whole ſeries 9 + 


— 4 — - o&þ — — - — £ + c ad n be "PT _— e to its 


fl term 4 Therdfore is in this 0 the ſeries k + — —+ = — age . * ＋ * 
— Sc will be to the ſingle term g very nearly in the fs proportion as the ratio 
of 1 to 1 — E to the ratio of 1 to 1 4. 

Further, by theorem 1, article 18, 3 _ 7 + — + — = £ 


3 += 2 * 4 — 5 4 Sc ad 


Rr n* oY infinitum, | 
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infinitum, in the ſame proportion as the ratio of 1 + g to 1 to the ratio 7 11 E 


to 1. And when g is exrremely ſmall, as, for example, equal to „or 
1000,000\9 


o. rere eee οοοοοοοοο,οοοοοοοοο I, 2 
an unit in the 54th place of decimal fractions, the whole ſeries q — — 2 


— — + _ Tb + c ad infinitum is very nearly equal to its x ite Ode 9 


Therefore in this naſe the ſingle term 3 will be to the ſeries &k = — + — 


2 — — = + &c ad infinitum very nearly in the fame bereuen as the 


4 
ratio of 1 + g ed x to the ratio of 1 + K to 1. 
I} Laſtly, it follows, from lemma 1, article 11, that when g is extremely ſmall, 
£1 the ratio of 1 + qto.1 is very nearly equal to the ratio of 1 to 1 — f. 


Therefore, when q is extremely ſmall, the ſingle term 3 will be to the ſeries. 


KEENE + £4 Oc ad infinitum very nearly in the 
ſame proportion as the ratio o to 1 — 2 00 the ratio of 1 + to. 1. 


8 it _ 222 before — that when g is extremely ſmall, the ſeries & 4s 
— 6 += + - + &c ad infinitum will be to the ſingle term 
4 very nearly in the ſame 3 as the ratio of 1 to 1 — & is to the ratio of 
1 to 1. | 

Pg follows three, 7 Auo, that, when 9 is extremely ſtall, the ſeries æ + 


— + =+ += . e, eee to. the ſeries k — 


ps? 
3 + Sc ad infinitum very nearly in the ſame pro- 
portion as the ratio of f to 1 E is to the ratio of 1 + 4 to 1. 


And by taking g ſufficiently ſmall, we may prove that the proportion of the- 
ſaid two ſerieſes to each other comes as near as we pleaſe to an. equality with the 
proportion of the ſaid two ratios to each other. Therefore the proportion of the 
faid' two ſerieſes to each other. muſt be accurately equal 2 the 8 of the 


ſaid two ratios to each other; or the ſeries æ + = += 5 += += 
a EEE « 
Sc ad infinitum in exaily the ſame proportion as the ratio of 1 10.1 — & is to 


the ratio of 1 + K to 1. d. E. b. 


of the Difference between Napier's Logarithms and Briggs's Logarithms. 


84. The logarithms found by computing either of theſe ſerieſes are thoſe which 
Lord Napier (the learned Scotch nobleman who invented logarithms) firſt ms 
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uſe of; and, therefore, are often called Napier's logarithms. They are alſo often 
called natural logarithms ; becauſe in moſt of the methods of computing loga- 
rithms they occur more readily, as meaſures of ratios, than any other numbers. 
They are alſo often called hyperbolick logarithms ; becaufe they expreſs the mag- 
nitudes of the aſymptotick areas of an hyperbola, when the fquare, or parallelo- 
gram, of the hyperbola is called 1; as it uſually is when mathematicians apply 
numbers to the menſuration of its areas. But if any other area, either greater or 
leſs than the fquare, or parallelogram of the hyperbola, ſhould be denoted by 1, 
(which is entirely a matter of choice) theſe logarithms would no longer expreſs 
the magnitudes of the ſaid aſymptotick areas: and therefore the name of perbo- 
lick ſeems to have been given them without ſufficient reaſon. If the aſymptotick 
area of an hyperbola that correſponds to the ratio of 10 to 1, or that is bounded 
by two ordinates, of which the greater is equal to ten times the leſſer, ſhould be 
called 1, the numeral expreſſions of the magnitudes of the aſymptotick areas of 
fuch hyperbola would be the logarithms of Briggs's ſyſtem, or thoſe which are 
now in common uſe. But it is evident, that the logarithms of the ſame ratios in all 
fyſtems muſt be proportional to each other, becauſe they are meaſures of, or pro- 
ae to, the ſame quantities, to wit, the ſame ratios. Thus, for example, the 
ogarithm of the ratio of 10 to 1 in any ſyſtem of logarithms whatſoever, muſt 
be to the logarithm of the ratio of 2 to 1 in the ſame ſyſtem in the ſame pro- 
2 as the logarithm of the former ratio found above in article 41 to the 
garithm of the latter ratio found above in article 35, that is, as 2. 302, 58 5, og, 
994,045,668 to o. 693, 147,180, 5 59,945, 304; becauſe in both ſyſtems the loga- 
rithms of the ſaid ratios are proportional to the ratios themſelves. And, permu- 
tando, the logarithm of any one ratio in one ſyſtem of logarithms, muſt be to 
the logarithm of the ſame ratio in any other ſyſtem in the ſame proportion as: 
the logarithm of any other ratio in the former ſyſtem to the logarithm of the 
ſaid other ratio in the latter ſyſtem ; and conſequently the logarithms of any one 
ſyſtem may be derived from thoſe of any other ſyſtem by increafing or diminiſh- 
ing them all in the ſame proportion. In Briggs's ſyſtem of logarithms the lo- 
garithm of the ratio of 10 to 1 is an unit, or 1; and conſequently that of the 
ratio of 100 to 1 (which is double of the ratio of 10 to 1) is 2, and that of the 
ratio of 1000 to 1 (which is triple of the ratio of 10 to 1) is 3, and fo on of the 
other powers of 10. The logarithms of this ſyſtem will therefore be leſs than 
.the logarithms of the ſame ratios in Napier's ſyſtem in the proportion of 1 (the 
logarithm of the ratio of 10 to 1, in Briggs's ſyſtem,) to 2.302,585,092,994, 
045,668, which is the logarithm of the ratio of 10 to 1 in Napier's ſyſtem. 
Therefore, in order to derive Briggs's logarithms from Napier's, we muſt dimi- 
niſh the latter in the proportion of 1 to 2. 302, 585, o92, 994, 045, 668, or divide 
them by 2.302, 58, 92, 994,045,668, or (which comes to the ſame thing) mul- 
1 


tiply them by the fraction 8 its equal, the decimal frac- 
k +302, 50 5,092,994˙045 
tion 0.434,294,481,903,251,830, 


85. The 


— 
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85. The diviſion of 1 by the long number 2. 302, 58 5, oga, 994, o45, 668, in 
order to obtain the decimal fraction 0.434,294,481,903,251,830, is a trouble- 
ſome and tedious operation, but a oy important one in the buſineſs of com- 
puting logarithms : I ſhall therefore, for the reader's more complete ſatisfaction, 
25 it down at full length; and, in order to avoid miſtakes in the calculation in 
the multiplications. of the long diviſor 2.302, 585,092,994,04 5,668 by the ſeve- 
ral figures in the quotient, I ſhall raiſe the ſeveral products of the multiplication 
of this diviſor into the numbers 2, 3, 4, 5, 6, 7, 8, and 9, (which are all the 
figures that can occur in the quotient) by addition inſtead of multiplication, be- 
fore I begin to perform the operation of diviſion; and then, when I come to 
the operation of diviſion, I ſhall make uſe of theſe products that have been 
thus previouſly found by the ſimple operations of adding one number to another, 
in which it is not likely we ſhould make any miſtake, Theſe additions are as 
follows 5: "» $7 

KEEL 2 2+4302,585,092,994,04 5,668, 
2.302, 68 5, oga, 994,04 5, 668, 
4.60 6, 170, 185,988,091, 336, 
_2.392,585,092,994,04 5,668, 
6.907,755,278,982,137,004, 
2.302, 585, o9a, 994, o4 5, 668, 
9.210, 340, 371,976, 182,672, 
2.302, 58 5, 092, 994,045, 68, 
11.512925, 464, 970, 228, 340, 
_2.302,585,092,994,045,068, 
13-815,510,557,904,274,008, 
2.302, 18 5, 92, 994,045, 668, 
10. 118,095, 650, 958, 319,60, 
2.302, 58 5, 92, 994, oa 5,668, 
18.420, 680, 743,952, 365, 344, 
_2.302,585,092,994,04 5,668, 
| 20.723, 265, 836, 940, 411,012. 
It appears therefore that 
2 X 2.302, 585, 92, 994, o4 5, 668 is = 4.605, 170, 185,988, 091, 3363 
And that 3 x 2, 302, 58 5, 92, 994, 045, 668 is = 6.907,55, 278,982, 137, 04; 
And that 4 x 2.302, 58 5, 092, 994, o45, 668 is = 9.210, 340, 371, 976, 182,672 
And that 5 x 2.302, 585, o9a, 994, o45, 668 is = 11.512, 925, 464, 970, 228, 340 
And that 6 X 2.302, 58 5, 092, 994, 045,668 is = 13.815, 510, 557, 964, 274, 08; 
And that 7 X 2.302, 58 5, 92, 994, o45, 668 is 16. 118,095, 650, 958,319,676; 
And that 8 x 2. 302, 585, o92, 994, o45, 668 is = 18.420, 680, 743,952, 365, 344; 
And that 9 & 2.302, 685, 92, 994,045, 668 is = 20.723, 265, 836, 946, 411,012. 
Having thus found the products of the multiplication of the long number 


2. 302,585, 92, 994, 045,668 into the ſeveral numbers 2, 3, 4, 5, 6, 7, 8, 
5 and 
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and 9, in a manner that is hardly liable to error, we may venture to proceed to 
fol grand operation of dividing 1 by the ſaid long 4 which is es 
ows: 


2.302,58 5, oga, 994, o45, 668.) (0.434, 294, 48 1, 903, 251, 830. 
. ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, 
92103403 71976182672 
7896596 280238173280 
6900776527898 213 7004 
. 98884100125003627060. - 
9210340371976182672 
6780696405841 800880 
4605170185988091336 
21755262198 537095440 
2072326 5836946411012 
103199636 15906844280 
9210340371976182672 
. 11096232439 300016080 
_9210340371976182672 _ 
. 1885892007 330443 34080 
18420589 2432238344. 
4382399293519687300 
2302 585092994045668_ 
20798142005250416920 
eee 
.. 748761683 100590800 
_ 6907755278982137004 _ 
« $798615520184537960 
4605170185988091330 | 
11934453341904400240 
I1512925404970228340 
- .4215278709942379000 
230258 5092994045668 
1912693670943 3333320 
18420680743 952365344 
. 7664550255 309679760 
6907755278982137004 
» 1548049763275427500 
We may conclude therefore that o. 434, 294, 481 903, 251,8 30 is the decimal 
fraction by which Napier's logarithm of any ratio mult be * in order to 
produce Briggs's logarithm of the ſame ratio. 
N. B. 


— — — 
— — — — 
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N. B. This number is ſomewhat greater than the truth ; the more accurate 
value of the decimal fraction that is equal to = &e, being 
0.434, 294, 48 1,903, 251,827, 651, 128. 5 I 


Of the Computation of Briggs's Logarithms, by Means of the Two foregeing Infinite 
| Serieſes of Mr. Mercator and Dr. Wallis. 


86. Whenever it is required to derive the logarithm of any given ratio in 
Briggs's ſyſtem from the logarithm of the ſame ratio in Napier's ſyſtem, the 
— direct way of obtaining it will be, either to divide the latter logarithm 
(which is ſuppoſed to be already known) by the long number 2.302, 58 5,092, 
994,045,068, or to multiply it into the decimal fraction o. 434, 294, 48 1, 90g3, 
251,830; and of theſe operations I conceive the latter, to wit, the multiplica- 
tion by the decimal fraction o. 434, 294, 48 1, 903, 251,830, to be rather the leſs 
laborious. But if we are deſirous of computing a whole table of Briggs's loga- 
rithms, or a very great number of them, the labour of performing either of theſe 
operations for every different logarithm we wanted to compute would be found 
almoſt intolerable. In ſuch a caſe, therefore, it would be adviſeable to perform 
one of theſe operations only with reſpect to the few original logarithms of 
ſmall ratios, which are computed by means of either Mercator's ſeries — _ 
— 8 = + — — 855 + Se ad infinitum, or Dr. Wallis's ſeries _ of 
72 + — * * + — + _ + &c ad W. and from which the loga- 
rithms of greater ratios are afterwards, derived by the eaſy operations of addi- 
tion and ſubtraction, or by multiplication or diviſion by the ſmall numbers 
2, 3, or 4. Thus, for example, if we wanted to compute the logarithms of 
the ratios of 2 to 1, 3 to 1, 4 to 1, 5to1,6 to 1, 7 to 1, 8 to 1, 9 to 1, 
11 to 1, 12 to 1, 13 to f, 14 to 1, 15 to 1, 16 to r, 17 to r, 18 to 1, 19 
to t, 20 to 1, 21 to 1, 22 to 1, 23 to 1, and 24 to 1, according to Briggs 
ſyſtem, it would be moſt convenient to perform this operation of multiplica- 
tion by the decimal fraction o. 434, 294, 48 1, 903, 251, 830, only with reſpect to 
the logarithms of the ſmall original ratios of 10 to 9, of 11 to 10, of 81 to 80, 
of 121 to 120, of 2401 to 2400, of 169 to 168, of 289 to 288, of 361 to 
360, and of 529 to 528; after which we might derive the logarithms of the 
greater ratios of 2 to 1, 3 to 1, 4 to 1, 5 to 1, 6 to 1, 7 to1,8to1,g to r, 
11 to 1, 12 to 1, 13 to 1, 14 to 1, 15 to 1, 16 to f, 17 to 1, 18 to 1, 19 to 
I, 20 to 1, 21 to 1, 22 to 1, 23 to 1, and 24 to 1, from the ſaid leſſer loga- 
rithms by addition or ſubtraction, or by multiplication and diviſion of them by 
the ſmall numbers 2, 3, and 4, in the manner above ſet forth. And even in 
multiplying thoſe ſmall original logarithms into the ſaid long decimal fraction, it 
will be of importance to ſeek out the eaſieſt way of proceeding, in order to 
leſſen the labour of fo tedious an operation. Now there are two ways of mul- 


tiplying 


1 1 
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tiplying one of theſe original logarithms repreſented by Mercator's ſeries _ = 


. + &c, or Dr. Wallis's ſeries . + -r 


zu 4.m*+ gms 
+ + > + &c, into the decimal fraction 0.434,294, 


I I 1 
Ju 4m* I 

481,903, 251,830. For we may either compute the value of the ſaid ſeries to 

the intended degree of exactneſs, and then multiply the value ſo found into the 

ſaid decimal fraction, or we may multiply each of the terms of the ſaid ſeries 

into the ſaid decimal fraction at the time we are computing them. By proceed- 

ing in the former method, the logarithm ſought will be = o. 434, 294, 48 1, 90g, 


251,830 X the ſeries — — _ + — — = +5 == + Sc, or o. 
434,294, 48 1, 903, 251,830 X the ſeries = + = + 7 1272 2 + 


— + &c; or if, for the ſake of brevity, we denote the ſaid long multiplier 


g am® 3m 4m? gm 

the ſeries — + — + —_ + 72 + — + — + Ec, according as Mer- 
cator's or Doctor Wallis's ſeries is made uſe of; and by proceeding in the latter 
method, the logarithm ſought will be = to the ſeries = = =; + = = = 

| m 2m Zn 4m 

M M . M M M M 
775 — z + &c, or to the ſeries — + = — 7 TV ons © Ta. 
+ Fe; of which ſerieſes it is evident that the former, to wit, = — — + 

m 2M 

M M M M . . 1 1 1 
„5 3 _ Sc, is = M X the ſeries 75 
25 — = == + Ec, and the latter, to wit, — ＋ r + * 

M M We 1 I r I I 
pony TOP + Ec, is = M X the R 8 


+ +7 + &c. But the latter method of proceeding (by which the logarithm 


M M M M M 
ab ed ae 
&c, or the ſeries — = — — — —.— — + —— + 658 + &c) is much 
the more convenient of the two for the purpoles of calculation. In order, 
therefore, to find Briggs's logarichms of the ratios of the ſeveral numbers 2, 
3, 4» 5, 6, 7, 8, 9, 11, 12, 13, 14. 15, 16, 17, 18, 19, 20, 21, 22, 23, and 
24, to 1, it would be adviſeable to compute the logarithms of the ſeveral leſſer 
ratios of 10 to 9, 11 to 10, 81 to 80, 121 to 120, 2401 to 2400, 169 to 168, 
289 to 288, 361 to 360, and 529 to 528, by means of one of the two ſerieſes 


M M M M M M M M M 
Fan er” Gar a yan rn IE | as 


ſought is derived from the ſeries — — 


= + —=> + 7 + &c. This I ſhall now proceed to do by means of 


qm* 5m 
the latter of theſe two ſerieſes, to wit, the ſeries — + = + 7 2 ＋ 
M 


yo, — + Ec ad infinitum. 
Sſ EXAMPLES 


= a 
— 
© 
* 


E X AM P L E 8 
OF THE 


COMPUTATION or BRIGGS's LOGARITHMS 


OF THE 


RATIOS or 1 10 SEVERAL FRACTIONAL NUMBERS, 


ox NUMBERS LESS THAN 1, 
Denoted by the refidual quantity 1 — =, 


by means of the infinite feri r 
d M ; . . . a . 1 1 1 
1 c, which is derived from the ſeries — + r + — 4- 


re (invented by Dr. Wallis) 


by multiplying the ſeveral terms into the decimal fraction u, or 04349294» 
481,903,251,830. 


—— — — C__ 
EXAMPLE I. 


87. T ET it be required to find by means of the faid ſeries the logarithm of 
the ratio of 10 to g, (or of 10 to 10 — 1, or of — to —) or of 


1 
1901275 


M 294,481,903,251,830- 
Here m is = 10, and conſequently — is = =— = — 
o 043, 429, 448, 190, 32 5,183. 


We 
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We ſhall therefore have 

As RO : 

» — 5 * ; = 7 * — = = SENG = 0,004, 342, 94478 19,032, 518; 
And 75 = - * . SN —== De 1912321 $18 ) = 0.000,434,294,481,903,251 z 
And —(= XxX == _ X — = rs) > = o. ooo, o43, 429, 448, 190, 325 
D 

e = = o. ooo, oo4, 342, 944, 8 19,032 
And (= ε OX 0 eee de) = o. oo, oo, 434, 294,48, 903 3 

* | | 
And (= IX N =” Den ee) = 0.000,000,043,429,448,190 3 
And — (= 75 * _ = X 5 = DD = 0.000,000,004, 342,944,819 ; 

M 
And — (<= 25 * = = _ X —_ = 2 e = O. ooo, ooo, ooo, 434, 294, 4813 
And —=(= 2 * _ _ = * _ — — — —) o. ooo, ooo, ooo, o43, 429, 448; 

M 
And (= TX = Dm, = o. ooo, ooo, ooo, o04, 342, 9443 
And _ zu = * TERRI, = 0:000,000,000,000,4349294 3 
And 0 (= =7 X — = = * 705 _ C0 ) >. — Gee ee 60600607) 
And Zu ( = N = N Dr) = 0.000,000,000,000,004, 342; 

M M | | 
And - = n X _ = =— X 75 = —— = o. ooo, ooo, ooo, ooo, ooo, 4343 
And (= > R = X== sss o ooo, ooo, ooo, ooo, ooo, o43; 
And 25 ( =; * 5 — 70 — 2 = o. ooo, ooo, ooo, ooo, ooo, oog; 
And conſequently | 

755 — = * 2 = Dee = o. o02, 171,472, 409, 516,259 
And (= — X —= = ——  — 0-000, 144,764,827,301,083 ; ; 
And 1 = * 7 = ES, = 0.000,010,857,362,047,581; 


Sſz And 
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And 755 (= — * 7 eee = = 0.000,000,868, 588,963,806 ; 
And E x. = Eur = e con oe oni cba dine: 
And — = _ * ＋ * = Seb ob, 04,008, 8843 
And 1 —— — X F : = BS 2 = 0.000,000,000, 542,868,102 ; 
And = _ * * T = CS = — 54,942; 
And 1025 (ae —_— * 75 — . el) — = 0. 000,000,000,004;342,944 3 z. 
And — (= „r * 2 S = I = 0.000,000,000,000,394,813; 
And — = =_ * _ = = Sr. = O. ooo, ooo, ooo, ooo, o36, 191; 
And 73 (= 75 * 1 * S EnRtD do. ooo, ooo, ooo, ooo, oog, 340; 
And 2 (= = X 2 = — — * 8. ooo, ooo, ooo, ooo, ooo, 310 
And wo (= 1 * 75 EIN) = = n „ 
And - — (= — * 15 = — —— 25 = = o. ooo, ooo, ooo, ooo, ooo, oo 

Nen (= LY * 77 — — — = o. ooo, ooo, ooo, ooo, ooo, ooo. 
ne feces > + 5+ 5; Fin tin tam © ow tte tat 
"= + —z + LA + == + = ＋ Tee A ＋ 1 = + Heis = 


03043,429,448,190,325,1 83, 
+ 3. . 2,171,472, 09, 516,2 59, 
3. « 144,764, 827, 301,083, 
3. . . 10,87, 362,047,881, 
33. + 3+ « 868, 588,963, 806, 
3. 5. . 72,382, 413, 650, 

3. „ . „ + 6,204,206, 884, 

3. „ » 90 35425868, 102, 
＋ . „ 5 . 5 48,264, 942, 

73. go „ 5 4,342,944, 
+ . . v0 g0 5 . 394,813, 
z. „ „ e 36,191, 
T3. „ . + „ + 333405 
3. „ 5 00 $0.0 0 90 310, 
+ 3. „ ꝗ T. „ 5 28, a | | 

— Jo 00 „ 00 „ „ „ | 

= 0.045,7 57,490;560,67 5,118, 


+ +++ ++ 


vo ge we ge 25 * 


Therefore 
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Therefore this number 0.04 5,7 57,490, 560,67 5,118 is Briggs's logarithm of the 
ratio of 1 to 1 — —, or of 10 to 9. . 1. 


This value of the logarithm of the ratio of 10 to ꝗ is exact in all the figures, ex- 
cept the two laſt, which ought to be 25 inſtead of 18; the more exact value of this 
logarithm being o. o4 5, 57, 490, 560, 675, 125, 410, as will appear by ſubtracting 
Briggs's logarithm of 9, as computed by Mr. Abraham Sharp, to wit, o. 9 54, 242, 
509, 439,324, 874, 590, Cc, from Briggs's logarithm of 10, to wit, 1. ooo, ooo, ooo, 
ooo, ooo, ooo, ooo. 


EXAMPLE II. 


88. Let it be required to find by means of the ſame ſeries Briggs's logarithm of 


8 1 11—1 
the ratio of 11 to 10, (or of 11 to 11 — 1, or of — to ) or of 1 to f — — 


Here m is = 11, and — = =, and conſequently — is (= M * 2 — = 
= 2434-29442 11903-2 52030) = o. og9, 481,3 16, 536,6 59,257 
We ſhall therefore have 

= (= 5 * — 2 — Xx Fs Dee l) = o. oog, 589, 210, 394, 244,50; 
And I (= I X ＋ * = * 1 _ 2003 $5219 59417411769, = o. ooo, 326, 291, 872, 203, 795 
And 7 * — * — = — * —= eee eee ) = do. ooo, o29, 662,897, 473,72; 
And — (= „5 £ - = = * _ = GS LL TIES) = o. ooo, oo, 696, 627, 43, oo; 
And _ = —_ X - — = X _ = Dee) — 0.000,000,245,147,913,000 $ 
And RY = = * = = _ * 77 — — — — S o. ooo, ooo, o22, 286,1 73, 909 3. 
And —(= 5 * * = _ X -- - 2. o. ooo, ooo, oo, oab, or 55809. 
And —(= * = —_ 7 = ——— —— o. ooo, ooo, ooo, 184, 183,255. 
And > 0 => * T 25 = = * — — 2 0:000,000,000,016,743,9323. 
And r ( 2. X = * A Dre) S o. ooo, ooo, ooo, oo1, 522, 1753. 
And Za zu * g = ‚ e = 0.000,009,000,000, 138,379 3 


And! 
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And 2+ (= 7X NN . = = 6:009,000,000,000,013, 579; 
And _ we - X 2 = 25 * 77 = CY = 0.000,000,000,000,001,143 ; 
And (= =; X - = N == . = = 0.000,000,000,000,000,103 ; 
And (= 7 = XK = == X _ = —— — —— — = o. ooo, ooo, ooo, ooo, ooo, oog; 
And "cn | | 
= — =, * - _ Dee = 0.001,794,605,297,120,875 ; 
And — (= 5X 3 ES = o. ooo, 108, 63,957,401, 265; 
And =. (= r x ‚ eee = 0.000, oo), 46, 34d, 366. 268, 
And 2 (=* = Weeds eee = o. ooo, 000, 539, 325,408, 601; 
And g (= 5 X 5 = III) = 0.000,000,040,857,985,500 ; 
And 725 — - * „ = Tg, = o. ooo, ooo, oo3, 183,739, 129 
And 5 (= 5 x F= D ISI) = = 0.000,000,000,253,25t,976 ; 
: And = = S R „ eee o. ooo, ooo, ooo, o20, 464, 806; 
And — (= = X 75 ng = 0.000,000,000,001,674,393; 
And — (= = X — IE = o. ooo, oo, ooo, ooo, 1 38,379; 
And — = * _ DD o. ooo, ooo, ooo, ooo, o11,531; 
And = (= = S 5 — = ©.000,000,000,000,000,967 ; 
; And n = = * 14 2 — = o. ooo, ooo, ooo, ooo, ooo, o81 3 
And 5 - (= = X 77 . o. ooo, ooo, ooo, ooo, ooo, oo6. 
Therefore the ſeries — += ON In + = þ — 42 = 1. = + = + — + 
n + 52 + Tin * 555 W N 
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ozog9, 48 1,3 16, 336,659, 257, 
+ 3. 1798.582970. 
+ 3. . 108, 763,957, 401, 265 
3. + 3+ 77415, 724, 368, 268, 
2 397325, 408, 601, 
235 „ „„ „ „6 3 40, $7,985, 300, 
2222 . 337183, 739, 129, 
«+ 3000 300 3 32 563,251,070, 
« © ye + 0 30 0 « yo 20,404,800, 
fo oo $6 00 jo e 
2200 $000 $00.5 % 149,379. 
333 „„ „ 34 5 230 115531, 
zo +4 „ 9 „„ „„ „„ „9 Ts 

Pu 3 
+ joo+20 0's 25 
= . 857-352 25685, 258,723,534. 


Therefore this number o. o41, 392,68 5, 158, 22 5, 034, is Briggs's logarithm of the 
ratio of 1 to 1 — r, or of x1 to 10. Qz E. 1. 
This value of the logarithm of the ratio of 11 to 10 is exact in all the 


figures except the two laſt, its more exact value being o. 041, 392,68, 138,225, 
040,750. 


ente 


EXAMPLE III. 


89. Let it hy required to find by means of the — ſcries Briggs's Iogarithm of 


the ratio of 81 to 80, (or of $1 to 81 — 1, or of f to 2 =2,) ot of 1 to 1 == 


Here m is = 81, and — is = , and confequently = is (= & — = 
X Ir =—= 243429681,903,561.830 = 0.005,361 peta: * 


We ſhall 3 have, 7 
* (= E x E=E ox & = ELITE RRC — ,000,066,193,336,671,734 3 
And 5 (2 25 x ＋ == * L DDD = 0,000,000,81 7,201,687,305 3 
And = (= = X 5 = 25 * 7 2 8) = => A 793 
nd = (= NAA N = 3 o. ooo, oo, ooo, 124, $54,440 3; 
And = (= 5 X 4 = = * Ir == _ 3) = 0.000,000,000,001,537,709.3 


3 | And 
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M — 1,537,709 


And = = = X === * gr = 7 —) = 0.000,000,000,000,018,984 ; 
And = = 5 x 75 = — * 15 — ES) = o. ooo, ooo, ooo, ooo, ooo, 234 
And = (= — * — == X = = LT == 0.000,000,000,000,000,002 ; 
And conſequently +2208 1 5 | 

—=(==>x== ATED = 0.000,033,096,668,335,867 ; 

And = = 55 * _ = ED oe 2270 = o. ooo, ooo, 272, 400, 562, 435 

And — = -; * 2 DDD ND = o. ooo, ooo, ooa, 522, 227, 429 

And — — = * 7 e, — o. ooo, ooo, ooo, oa 4.910, 888; 

And = Xx _ X — 2 .d = o. ooo, ooo, ooo, ooo, 255, 284 

And = - 55 * 7 ere eee = o. ooo, ooo, ooo, ooo, 02, ) 12; 

And — E-- = * > = = 0.000,000,000,000,000,029 . 

And 555 5 LY X = SG CES = o. ooo, ooo, ooo, ooo, ooo, ooo. 

Therefore the ſeries = += * + S 

is = 


ozoo5, 361, 660, 270, 410, 516, 

Þ+ 3 ++ 50 33,096,668,335,867, 

+ 5. ++ 30+ 272, 400, 562, 435, 

+ 33. .. „25,522,227, 429, 

+ 3... . „ . 24,910,888, 

+ B. s eee 0 050 «632 50,2043 

„„ „ „„ 3 o 257 123 

+ ho oo gooogeoegeec geo ogg 29, 
. yew you ge ve yo . „ . Oy 


= 0.005,395,031,886,706,160. 
Therefore this number 0.005,395,031,886,706,160 is Briggs's logarithm of the 


This value of the logarithm of the ratio of 81 to $0 is exact in all but the laſt place 
of figures, in which there ought to be a 3 inſtead of a cypher ; the more exact value 


of this logarithm being the exceſs of Briggs's logarithm of the ratio of 80 w I, 
i | above 
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1 
above Briggs's logarithm of the ratio of 80 to 1, that is, (according to Mr. 
Abraham Sharp's computation of thoſe logarithms,) to the exceſs of 1. 908, 
485,018,878, 649,749, 180, above 1.903,089,986,991,943, 585,041; or to * 
395,031, 886, 706, 163,539. 


EXAMPLE IV. 


go. Let it be required to find by means of the ſame ſeries Briggs's logarithm 


of the ratio of 121 to 120, (or of 121 to 121 — 1, or of — to — — or of 1 


t I 
91 121 


Here m is = 121, and — is = — Ar- and conſequently — is (= M x 


— = M X _ = — = eat ral tg) — = 0.003,589,210,594,241,7 50s 
We ſhall therefore have 5 | Peg 
C 
And 3 2 3 55 2 ARE 3 1 2 . = 0.000,000,245,147,91 3,000; 
And = = = X — — _ * 2 = == oO nh = 0.000,000,002,026,01 5,809 z 
And 4 (= . x = * = CID) = 0.000,000,000,016,743,952 
And 2 (= A X Nr — = = o. ooo, ooo, ooo, ooo, 138,379 ; 
And 75 = = * 2 = 2 * 151 _ — * 0:000,000,000,000,001 51433 
1 r. (= LE * LY * — X _— = "re A = 0.000,000,000,000,000,009 : 
And conſequently | | 
= = 2 * = = eee) = = V 
= = = X 3 * — — —— o. ooo, ooo, o8 1,7 15, 971, oo0; 
And 25, (= 3; G Ne = 0.000,000,000,506,$035952 
And = (= 57 * 7 * = CEOS) = 0.000,000,000,003,348;786 ; ; 


Tt And 
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And i (= ANN Conn nnn ence 3272 = o. ooo, ooo, ooo, ooo, oz3, o63; 
And 5 (= g x + = eee) Ero. ooo, ooo, ooo, ooo, ooo, 163 3 
And = (= *. *r = ERR) = o. ooo, ooo, ooo, ooo, ooo, oo l. 


. M 

Therefore the ſeries — t=+=+=+z+ —_— — r 
will be = 
| 03003,589,210, 594, 241, 750, 
3. « 3+ 14,831,448, 736, 536, 
«+ + 3+ . 81,715,971, ooo, 
„ jo 0+ 30-0 06,03, 962, 
1 3,348,786, 
52 „ „ „4 „ 3„„ͤ 15 23,063, 
3. „ „ 4 „ 1 „ 5 „„ . 163, 


+++++++ 


, I 
ee ge e e e e „ % 9 „ 90 . 


5 = 8.00, 504, 1 4,258,825, 51 
Thetefore this hamber o. oog, 604, 1245268, 82 5, 251, is Briggs's logarithm of the 
ratio of 1 to 1 — r, or of 121 to 120. i Q. E. 1. 


This value of the logarithm of the ratio of x21 to 120 is exact in all the figures 
except the laſt, which ought to he a 3 inſtead of an unit; for the more accurate 
value of this logarithm is o. oog, 604, 124, 268,82 5,253,778, as will appear from 
ſubtracting the logarithm of the ratio of 120 to 1 — the logarithm of the ratio 
of 121 to 1; which ſubtraction may be performed as follows. The logarithm of 11 
is (according to Mr. Sharp's computation) 1.041;392;68 541 $3,225,040,7503 the 
double of which, to wit, 2.082,78 5, 370, 3 16,4 50,08 i, 300, is the logarithm of 121, 
which is the ſquare of 11. The logarithm of 12 is (according to Mr. Sharp's 
computation) = 1.079,181,246,047,624,827,722 ; and conſequently the logarithm 
of 10 times 12, or 120, will be = 1 + 1.0 9,181,246,047,624,627,7224,07 2.079, 
181,246;0475,624,827,722 ; which being ſubtracted from 2.082, 857 $316,450, 
081, 500, leaves 0.003,604,124,268,825,253,778 for the logarithm of the ratio of. 
121 to 120. 


EXAMPLE V. 


91. Let it be required to find by means of the ſame ſeries the logarithm 
1 240 2401 — 1 


of the ratio of 2401 to 2400, (or of 2401 to 2401 — 1, or of r 
r 29 7 


Here 
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Here # is = 2401, and is = >, and i (= ger = E g Rrffg rale 
= 0.000,180,880,667,181,695. | vs 
We ſhall therefore have 
= (= — * — = 7 X Lor — — — = 0.000,000,07 3, 33555 54,8443 
And 5 (= X= X — = RS = o. ooo, ooo, ooo, oz 1, 376, 740; 
And 5 (S 5 * = X r = En) = 0:000,000,000,000,01 3,068 ; 
And r GC = Xx eee eee) = 0,000,000,000,909,000,905 
And conſequentiy 
2. (= 5 een = 0.000, ooo, o), 667, 775, 422 
And — = = * 7 * —— — = o. ooo, ooo, ooo, oro, 458,913; 
And 75 = = * ＋ — — = o. ooo, ooo, ooo, ooo, oog, 2673 
And — 2 _ X 7 = — Ot ooo, ooo, ooo, ooo, ooo, ooi. 
Therefore the ſeries = + — + = * — + &c will be= 


0.000,180,880,667,181,695, 
+ 3224 * 37,667, 7777422, 
+ 3. . 10,458,913, 
+ 3 5 yo0e „ 37267, 
= Seco „„ „ gene „% „ „„ 1, 


= 0.000, 180,91 8,345,421 7298. 


1 ris this number o. ooo, 180,918, 345,421,298 is the logarithm of the ratio 


FT This value of the logarithm of 2401 to 2400 is exact in all the figures except the 
aſt; its more exact value being o. Oo, 180, 918, 345.421, 299, 912, as will appear by 
ſubtracting the logarithm of 2400 from the loganthm of 2401, which may be done 

as follows. According to Mr. Sharp's computation, the logarithm of 7 1s = 0.845, 
 098,040,014,256,830,712 ; conſequently the logarithm of 2401 (which is the fourth 
power of 7) will be = 4 Xx 0.845,098,040,014,2 56,830,712 = 3.380,392,160, 
057,027,322,848. And the logarithm of 24 is 1.380, 211,241,711, 606, 022,936; 

and conſequently the logarithm of 24 x 100, or 2400, is = 2 + 1. 380,211,241, 

N . | 711, 


; 3 
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711,606,022,996 = 3.380, 211,241, 11, 606, 22,936. And, if this laſt logarithm 
ſubtracted from 3. 380, 392, 160, 57, oz7, 322, 848, (which is the logarithm of 
2401,) the remainder will be o. ooo, 180, 918, 345, 421, 299,912. 


EXAMPLE VI. 


92. Let it be required to find by means of the ſame ſeries. the logarithm of the 
ratio of 169 to 168, (or of 169 to 169 — 1, or of 15 to 2 or of 1 to 1 


1 


169 
4 8 . * % . M_ _ 0-434-294,481,903,251,830- 
Here mis = 169, and 2 is = 5, and — is (= 55 = = 36 
'= o. o02, 569,789, 833,747, 52. 
We ſhall therefore have 
M M 1 __ M x __ 0.002,569,189,$43,747,052 __ | | 
N M x _M I . ooo, o, 2056, 857, oog, 420 
(SSN N= Die) = o. ooo, ooo, ogg, 9 5,485,233; 
M „ M L122 0.000,000,08 1485, ALY | 
And = ( Xo 9 % ) = 0.000,000,000,5 32, 399,320; 
And = (= 25 * —= = X = 75 —ů — — = o. ooo, ooo, ooo, oog, 1 50, 291 
And = (= 5 * 22 = * 750 — — = o. ooo, ooo, ooo, ooo, o18, 640; 
hi 2.000, , 8,6 
And _ = __ X — = * 785 = —— 2 = o. ooo, ooo, ooo, ooo, ooo, 110; 
1 * — 7 , | , , | 
And r = = X — = = X = = —_ — = o. ooo, oo, MA, ooo, ooo, ooo 3 
And conſequently | 
= == X — 5 Sommer —— RR ache 
| And = = 2 X 1 = En = o. ooo, ooo, o29, 991 828,411 ; 
M M | , , 3 
* x 2 1 — =) = 0.000,000,000,133,099,830 ; 
had (BZ eee eee) — acaganoon009639058; U 


1 


„/ My, Mercator and Dr. Wallis, 


= 2:229,99,999,000915/94) S 0.000,000,000,000,003,106 z 


M M I 
And ( * 6 
And = (== x _ * — — = o. ooo, ooo, ooo, ooo, ooo, ol 5. 


M. 


Therefore the ſeries + 5 + 7 


0;002,569,789,8.33,747»052z 

+ 3. « + 3+ . 7,002,928,502,210, 
+ 3.430 + + 36 29,991,828, 411, 
of 53 0 5:50 „ > + 33 $3,09030305 
ob» joo 530 „ „ +0 30 630,8, 
+ $+ + +940 43+ „ 30 + « 3+ 3,106, 
+ 322 „ 15, 


= O. 002, 577,422, 887, 810, 682. 


m 


M 8 M M M — TRA 
+ = + x +7 tat Ec vill be a 


Therefore this number 0.002,577,422,887,810,682 is Briggs's logarithm of the 


ratio of 1 to 1 — W or of 169 to 168. 


Q. E. I. 


This value of the logarithm of the ratio of 169 to 168 is exact in all the er 
except the laſt, which ſhould be a 4 inſtead of a 2; the more accurate value of this 
logarithm being 0.002,577,422,887,810,684,765. This will appear from Mr. 
Sharp's computations, in the following manner. The logarithm of 13, according 
to Mr. Sharp, is = 1.113,943,3 E £26,706206 ; therefore the logarithm of 


169 (which is the ſquare of 13) is 


1.113,943,35 2,306, 836,769, 206, or 


2. 227,886, 704,613,673, 538,412. The logarithm of 12 is = 1.079, 181, 246, 47, 
624,827,722; and the logarithm of 14 is 1. 146, 128, 035, 678, 238, 925,925. There- 


fore the logarithm of 168 (which is = 12 X 14) is = 


1.079, 181, 246, 047, 624, 827,722 = 2.225, 309, 28 1,725,862, 53,647 5 


+ 1.146, 128,035,678, 238,025, 925 


which being ſubtracted from 2.227, 886, 704, 136, 673, 538,412 (which is the loga- 
rithm 169) leaves o. o0o2, 577, 422, 887, 8 10, 684, 765 for the logarithm of the 


ratio of 169 to 168. 


At EXAMPLE VII. 
* + 


d. E. D. 


93. Let it be required to find by means of the ſame ſeries the logarithm of the 


ratio of 289 to 288, (or of 289 to 289.— 1, or of 2 to =), or of 1 Sx 


289, 


I 
_ 
Here mis = 289, and = is 55 and conſequently — is (= = 
=:0.001,502,749,072,329,591. | 


85 
— W3+294481,903,251,830- 
— 289 


We 
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We ſhall therefore have 


(= Ex == eee) S 0,000,005,199,823, 779,687; 
= * 2 == X T5 = D. = 0.900,000,917,992,469,825 3 z 
2 x - = _ X 255 = ———  — — = ooo ooo ooo ober 57,681; 
=; X — — _ X — = LS = 0.000,000,000,000,215,424 ; 
= X _ = = X 255 & — I— = 0.000,000,000,000,000,745; 
And _ (= = X _ _ _ * = nt P — = O. ooo, ooo, ooo, ooo, ooo, ooaz; 
And conſequently | | 
= (= 151 N — — — 1992s 22) = o. ooo, oo, 399, 91 1, 889,843; 
Ad Ax Das) = 0.000,000,005,997 489,941 3 
And = = = X 7 — — — = 0.000,000,000,015, 564,420 ; 
And = = = * 2 De = 0.000,000,000,000,04 3,084 ; 
And = = = X 2 2 een) = o. ooo, ooo, ooo, ooo, ooo, 124; 
And — — — * 7 == — — = o. ooo, ooo, ooo, ooo, ooo, ooo. 
Therefore the ſeries = + =o ＋ = + r r r 
is = 


ooo, 502, 749,072,329, 591, 
+ 3. . 3+ + 2,599,911 $89,843, 

+ 3. 5 eye» 5.997 9,941, 

+ TEETTIEEETES y* 1575 64,420, 

4 en «+3000 30 0090 , $3,084, 

; ee eee 

* —. r 
= 0. 561556573 54,997,317, 003. 

Therefore chis number o. 001, 505, 354, 997.37, 00g is Briggs's logarithm of the | 


ede of 28g to 288, Q. E. I. 
| PS SE This 


” 


* 


* 


flgures except the 
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This value of Briggs's logarithm of the ratio of 289 to 288 is exact in all the 

„ Which ſhould be a 6 inſtead of a 3; the more accurate 
value of this logarithm being 0.001, 305; 354,997, 317,006, 423. This will appear 
ftom Mr. Sharp's computations, in the following manner. The logarithm of 17, 
according to Mr. Sharp's computation of it, is 1. 230, 448, 921, 378, 273,928, 540; 
therefore the logarithm of 289 (which is the ſquare of 17) will be = 2 Xx 1.230, 
448,921,378,273,928,540, or to 2.460,897,842,756,547,857,080. The lo 
rithm of 16 is = 1.204,119,992,655,924,780,854; and the logarithm of 
= 1.255,272,505,103,306,069;803. Therefore the logarithm of 288 (which is 
= 16 Xx 18) is = 1.204,119,982,655,924,780,854 + 1.255,272,505,103,306, 
069,803 = 2.459,392,487,759,230,850,657; which being ſubtracted from the lo- 
garithm of 289, which has been ſhewn to be 2.460,897,842,7 56,547,857,080, will 
leave 0.001,505,354,997,317;z006,423 for the logarithm of the ratio of 289 to 288. 


EXAMPLE VIII. 


94. Let it be required to find by means of the ſame ſeries the logarithm of the 


ratio of 361 to 360, (or of 361 to 361 — 1, or of 357 to 6 or of 1 to 1 
55 
me- -e e 
We ſhall therefore have * 
= = 2 x — = = x 67 = ee =dosBrhrBry = 0:000,0034332,498,07 7,080 ; 
And LE = =_ * 2 = I * = = LESS = 0.000,000,009,231,296,612 ;z 
And = (= * * — = = * 7 — DDD = o. ooo, ooo, ooo, O26, 571, 458; 
And 2 (= . XR * DeeDee eee = o. ooo, os, ooo, ooo, yo, 333; 
_ (= 5 * _ = — * 2 = — 2 o. ooo, ooo, ooo, ooo, ooo, 196; 
And 1 (= = * 5 — — * 357 2 ES = o. ooo, ooo, ooo, ooo, ooo, ooo; 
And conſequently . 
2 1 5 * 2 _ —— ů —— = 0,900;001,666,249,038, 540; 
A T (= = X 3 i Es) = 0.000,000,003,077,098,870 z, 


And 
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M „ M I . ooo, ooo, ooo, oz 6, 57 1,458, __ | ns 
And = (= * . 222 ) = o. ooo, ooo, ooo, oo6, 392, 864 
And _ = — * 4 as out nt —— = 0.000,000,000,000,014,167 ; 
And = (= = * 7 — ) = o. ooo, ooo, ooo, ooo, ooo, ogz. 


12  M M \ M M1 M W 1 
Whfrefore the ſerie 3 722 TIX * + 5 + &c * 8 
o;ʒo01, 203, 031, 805, 826, 182, 
＋ 3. . 3+ 1,666, 249,038, 540, 
+ 3. 3+ ++ 3+ + 3,077, og8, 870, 
Þ+ 3. 3400 3+ ++ 3+» 0,392,604, 
= yo © © ygo'2 + yo © © goes © yo 14,167, 
+ jonngonegonegeonegeenge JZy 
= 0.001,204,701,138,370,055. 
Therefore this number 0.001,204,701,138,370,65 51s Briggs's logarithm of the 


ratio of 1 to 1 — Jr or of 361 to 360. Q. E. I. 


This value of che logarithm of the ratio of 361 to 360 is exact in all the figures 


except the laſt, which ought to be an 8 inſtead of a 5; the more accurate value of 


this logarithm being o. oo, 204, 701, 138, 370, 658, 56. For, by Mr. Sharp's table 
of logarithms to 61 places of figures, it appears that the logarithm of 19 is 1.278, 


753, 000, 952, 828, 961, 336; therefore the logarithm of 361 (which is the ſquare of 


19) will be = 2 * 1.278,753,600,952,828,961,536 = 2.557,507,201,905,057, 
923,072. And the logarithm of 18 is 1.255,272,505,103,306,069,803, and that 


of 20 is 1.301, 029, 995,663, 981,195,213; and conſequently the logarithm of 360 
(which is = 18 X 20) will be = 1.255, 272, 505, 103, 306,069,803 + 1.301, 029 


957663, 98 1,195,213 = 2.5 56, 30a, 500, 767, 287, 265, 16; which if we ſubtract 
om 2.357, 507, 201, 905, 657, 923, oz, the remainder, to wit, o. oo 1, 204, 701, 138, 
370, 658, 056, will be the logarithm of the ratio of 361 to 360. 


EXAMPLE IX. 


99. Let it be required to find by means of the ſame ſeries the logarithm of the 


ratio of 529 to 528, (or of 529 to 529 — 1, or of 2 to S2. ,) or of 1 to 1 


529 $29 
— 5 
529 
Here m is = 529, and = = 205 and — is (= = = 2:434294481,903,251,830, 


$29 
= 0.000,820,972,55 S os. 


We ſhall therefore have WER +2. , Pin ap} 
= ( =2 XS == eee = o. ooo, oo, 551, 932,997,320; 
And r ( — x = == x 8 — NES = 0-000,000,002,933,710,76g ; 
And _ (= -, X === 0 = = RY We 0000/000,000,006 54:67 ; 
And _ (= = X - = = X 155 = 000009909005 565.767 = 0.000,000,000,000,010,483 ; 
And = (= 75 X _ = = X = N . o. ooo, ooo, ooo, ooo, ooo, o19; 
And (= 27 * * ro = D D =) = 0.000,000,000,000,000,000 3 
And conſequently 2 I 
= (= x = Ye DD) = 0.000,000,775,966,498,660 ; 
And 3 (* DDD = 0.000,000,000,977,903-589 3 
And = = = X 7 DE 0.000,000,000,001,386,441 ; 
And — (= 3 7 = ene = 0.000,000,000,000,002,096.; 
And = (= A X 5 2 — = o. ooo, ooo, ooo, ooo, ooo, ooz. 


Therefore the ſeries = + = += += +5 + 4; + vin be 
oʒooo, 820, 972, 555,582, 706, 
+ 3. . + 775,966, 498,660, 
+ 3... ++ 3+ ++ 397759033509, 
T 3. „ „ „ 186,1, | 
+ 3. . 0 3000.90 ++ 3o . 2,090, 
+ jo 2 2 „ gee Jy 
= 0.000,821,749,501,37 3,495 
Therefore this number 0.000,821,749,501,373,495 is Briggs's logarithm of the 


ratio of 1 to 1 a or of 529 to 528. . 1, 


This value of the logarithm of the ratio of 529 to 528 is exact in all the figures 
except the laſt, which ought to be an 8 inſtead of a five; thę more accurate value of 
this logarithm being o. ooo, 82 1, 749, 501, 373,498,835. FA by Mr. Sharp's table, 
the logarithm of 23 is = 1.361,72), 836, 01 7, 592, 878,867 ; therefore the logarithm 
of 529 (which is the ſquare of 23) will be = 2 x 1.361,72, 836,017, 592,878,867, 
or to 2.7 23,455,672, 03 5, 185,757,734. And the logarithm of 22 is 1.342,42, 


680,822, 206, 235, 963, and that of 9 1.380, 211,241, 11,606, 022, 936. 
̃ u 
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330 
fore the logarithm of 528 (which is = 22 Xx 24) will be = 1.342,422,680,822, 
206,235,963 ＋ 1.380,211,241,711,606,022,936 = 2.722,633,922 7 58, 
899 ; which if we ſubtract from 2.73, 455, 672, og, 185, 757, 734, (which is the 
logarithm of 529) the remainder, to wit, o. ooo, 821, 749, 501, 373, 498, 835, will be 
the logarithm of the ratio of 529 to 528. 
g 96. It appears therefore from theſe examples that Briggs's logarithms of the ratios 
of 10 to 9, 11 to 10, 81 to 80, 121 to 120, 2401 to 2400, 169 to 168, 289 to 
288, 361 to 360, and 529 to 528, are as follows, to wit: 
I. => = 0.045,757,490,560,675,118; 
= = 0.041,392,685,158,225,034 3 
= = 0.005,395,031,886,706,160 z 
L. 15 = o. oog, 604, 124, 268, 826, 251; 
_ = 0:000,180,918,345,421,298 ; 
L. 768 = o. o02, 577, 422, 88), 810, 68a 
L. 553 = 0.001, 505, 354, 997:3 1 75003 ; 
I. = 0.001,204,701,138,3706555 
And L. — = o. ooo, 821,749,501, 373,495. 
An Application of the foregoing Nine Lagarithms of ſmall Ratios in Briggs's Syſtem of 
22 — 7 the Inveſtigation of the Logarithms of the Ratios of the firſt 23 na- 
tural Numbers (2, 3, 4, 5, Ec, to 24 incluftvely) to 1, in the ſame Syſtem. 
97. From theſe original logarithms, which we have computed by means of the 
£ M M . . 
ſeries = + + + +3 + Ec ad infinitum, we may deduce 
the logarithms of the ratios of 2 to 1, 3to-1, 4 to 1, f to 1, 6 to 1, 7 to 1, and 
of every following number to 1, as far as 24, in the following manner. 
; | 392,68 5, 188, 225, 
L LAT L= {+ co, esp Bid = 0:087,150,175,718,900,152: 
L. = is 2 K I. = 2 X o. o87, 150, 175, 718, 900, 152 = 0. 174, 300, 351, 437, doo, zog. 
. | 8 . » 800, 
L. = is L. 7 + LS =1+ — —— Do. 179, 695, 383,324, 506, 464. 
X . | ,38 1 
L. _ is = L. = — . 226 = { — corp taptetibegdst } = 0.176,091,259,055,081,213- 
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= L. = o. 176, 91, 259,055, 661, 213. 
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L. 2 1 2 X L. L= 2 X 0.176,091,259,055,681,213 = 0.352,182,518,111,362,426. 
L. 5 =2 * L. 2 —=2 * 0.352,182,518,111,362,426 = 0. 704, 365, 036, 222, 7 24, 8 52. 


L. = s=L 7 — . 85 12 egg ends. 0 its} = = 0.698,970,004-336,018, * 


L. — L. = = 0.698,970,004,336,018, 692. 2. E. r. 


This number 0.698,970,004,336,018, 692 is exact in all the figures except the 
three laſt, which ought to be 804. inſtead of 692 the more accurate value of the 
logarithm of 5, in Briggs's ſyſtem, being, according to Mr; Sharp's computation, 

| W 


K. ® is = L. = — L. 4 = = {_ RT = = Os 301,029.99 5,663,981,308. 
L. Li L. - e = 0.301,029.9954663,981.308, TY r. 1. 


This 3 0. 301, 29, 995, 663, 98 —＋ is exact in al but the three laſt figures; 
the more accurate value of the logarithm of 2, according to Mr. Sharp's computa- 
don, being o. 301 5029, 99 5.663.981 „196,213. 


L. Sis = = 2X L== = 2 X 0.301,029,995,663,981,308 = Ge egg 0d 9 966,626. 


| E E. I, 
L. Lis is = 3 * L. 7 5 * o. -301,029,995,60 geh 1,308 = o. 9og3, o89, 986, 991, 943,924. 
i d. E. 1. 
L. Dis = = 2 X 1.3 = =2 X ©.010539914357,962616 = = 1 -204,119,982,655,925,232« 
Q. E. 1. 
. U 5 * o8 
I. is = L.= =L 5 =L.- * L.- = { 2 — =1 301, o29, 995, 663, 98 1,308. 
| | Q: Eo Is 


L Lis L. E- L. = - gs assess] = 9:954,242:509,4391324-382. | 
Q, E. 1. 


L. 21 = - x L. 2 = 25242, eee — 0. 477,121, 254,719, 662, 441. d: E. 1. 


| FOO gy 
LLB SL. STL. ILZTLA= {rs get | = 0-778,154,250;383:.643,749- 


I 3 1 I 
EM. 
j 8 . , , 
DLF +LI=L-+LE= Tais tan agdts þ = 1-255627265055103:306;190. 
Qs E. 1. 
LS=LYS+LS=LEi+L4={,o8 esd etc:] = 1-1 76,091,259,055668 1,133. 
| >" "+ he Be 


Uu 2 
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LE=LE+LE=L 2 TL Fd on l = 1:079-181,246,047,625,05, 
Q.: E. I. 
8 1. FLY = © + 1.279814 2 — 9 11 380.2 11, 241, 711, 606, 363. 
Q. E. 1. 


1.— is I. — _ 8 1 nl. eL + 2= ={, — = 23 ·380,21 SET 1,606,365, 


1. Dis 1255 11. = n neger ghana | = = $380g96,600570276g 


4 
I. Lis 7 *L. — Weges —— o. 80S eh te oi 56,91 5. & k. I. 


1. Sim 5 + 1. L=L =+ 12 8 | EN 125227 45 =1. 1.146, ws Ct. 


45 99 8848074,386915 
66 Q E. 1. 
21 » , 
2 L. 7XL4 L427. Li = 6 2 esta gg.) — 1.322, 19,294, 7337919, 356. 


Q: E. I. 
LAbsLZALE = —— = 1.041,392,68541 58,225,034 0K. i. 


L.= is = Ly + LE= L. =+L.- == + 2 391,029,906 - 5719 1.2554 = =1 .342,422,680,822,206,342. 


d: E. 1. 


68 | 
L.=i is = L414 + L. ＋L. 11141 Ne 102%, 223 ==2.225,309,281,72 5,863,280. 


——— * , * 588 8 68 | 
L 1 +LE={, Sage — = 2.227,886,704,613,67 3,962. 
L. — is 5 x L. — = = X 2.227,886,704,61 3,673,962 = 1.113, 943,352, 306, 836, 98 1. 


L 215 1 +LE= LP +L 18 __ 1. 204, 119,982, 65 5,92 ___ res 
„ 2 7 . $255,272 $05,103-308, 3 =2.459,392,487,7 59,831,422: 


2 288 o. oo, 5 , „ | 
LSL. + OY Pie kee = 2.460,89), 842, 756, 548, 425. 


a L. 2 is = * L.= = DILLY = 1.230, 448, 921, 378,274, 212. 


aK. 1. 


60. — 360 20 18 > 4 7 , , 5 , 
I. Wis- = +hkT=LT+ L272 fel a belegter 8 2. 556,302, e 


Ln sLE L= { , zer an esl 2.555. sey or, 95,65, 63. 
UC 6 «$57,507,201, 
LZ SX 1. * = eee = 1.278, 753,600, 952,829, 6. d. K. l. 
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L. is = m_ + 1.22 — L. + 1.42 = den +1 eee} = = 2.722,633,922,533,812,707« 
528 o. oo, 827, , 
L. Eis = 955 ＋ L. 2 == "MP < 2 rern = "EO 5,186, 202. 


98. Theſe logarithms, benennen will be as follows: 
L. = o. 301,029, 995,663, 98 1, 308; 
I. 2 = 04717,121,254:719,662,441 ; 

L. 4 = 0.602,059,991,327,962,616 ; 
* L = 0. 698, 950, o04, 336,018,692 ; 
| L. — = 0.778,1 $1,2 50, 383,643, 749 ; 
L. — = 0.84 5,098,040,014,256,91 53 
L. = = 0.903,089,986,991,943,924 ; 
L. 2 = 0.954:242,509,439-324,882 ; 
L. = = 1.000,000,000,000,000,000 ; 
112 — = 1.041, 392, 685,1 58,225,034 ; 
| 2 = 1.079, 181,246, 47, 62 5, 57; 5 
* 5 = 1.113,943,352,306,836,981 ; 
L = = 1.146, 128, o3 5, 678,238,223 
L. 3 = = 1.276,91, 259, 055, 681, 1333 ; 
1. = = 1.204,119,982,65 5,925,232 3 
L. 2 = 1.230,448,921,378,274,212 ; 
L.. == 1.255,272,505,103,306,190 ; 
L. 2 = 1.278,53, 600, 952, 829, ; 


* 
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wy 7 == r-46t,629:995,663,981,508 W 
LE =1924,019,2947359t913565 
L. 2 = 1.342,422,680,8224206,342 5 
L. 22 = 1.361,727,836,01 7,593,101 'F 


And L. * 1.380, 11,241, 11, 606, 365. 


going 1 ez ire Galt in, at leaſt, the firſt four- 
teen places of decimal fractions, and much the E 
alſo in the fifteenth place; their more accurate v. AC 


part of them are — 


_—_— Mr. Sharp's 


computation, being as follows : 


L. 2 — = 0.301 029,99 $,663,981,195,213 3 5 
L. ; = 0:477,121,254,7 19,662, 3.295 ; 
5 2 So. 602, 59, 991,325,962, 39e, 427; 
L. — = 0. 698,970,004,336,018, 804,786; 
L. — = 0.778, 151, 250, 383,643, 632, 508 

L. 1 = Os $45,098,040,014,2 56, 830,712; 
L. 5 = 0.903,089,986,991,943,585,641 3 
L. 2 = 09 543242:509,439-324:8746590 
L. 2 2 1 ooo, ooo, ooo, ooo, ooo, ooo, ooo: ; 
Ls — = att 551 58, 225,040,750 3 ; 
L. = 2 == 7 079-181,246,047,624,827,722 ; ; 
L. 2 = 1.173,943,3 52, 306, 836, 769, 206; ; 
L. 2 2 1.146,128,035,678,238,025,925 3 
L. — = 1.276,091,259,055,681,242,081 ; 


. == 1:204,119,982,655,924,780,854 ; 


+ 
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L. 2 = 1,230,448,921,378,273,988,540 3 
L. = = 1.255,272,505,103,306,069,803 ; 
I. 2= 1.278,753,600,952,828,961,536; 
L. === 1.301,029,995,663,981,195,213 
L. = 1.32, 219, 294,733,919, 268, oo; 


. L, == 1.342,422,680,822,206,235,963 ; 
L. = — 1.361, 727,836, 01 7,592, 878, 867 z 
L. = = 1.380,211,241,711,606,022,936. 


99. If we were to purſue this matter further, and to com the logarithms of 
the ratios of numbers greater than 24 to 1, by means of the aforeſaid ſerieſes of Mer- 
cator and Wallis, the labour of the computation would continually grow leſs and 
leſs as the numbers increaſed. For, as to the logarithms of the ratios of all com- 

poſite numbers (or numbers formed by the multiplication of other numbers) to 1, 
they, it is evident, might be found by merely adding together the logarithms of 
the ratios of the factors of which they are compoſed to 1. Thus, for example, 


we ſhould have L. 5 (= L. S + IL. = L. ITL. ) =2L.4; and 
IL. 2 (=LE+LY=L++LSadL2(=L2+L 
5 | | a 28 1 28 
2+L2=L3+L7+L3)=3L+; ad L=(=L7 + 
L. ) =L.= + L. =. Therefore the only logarithms for the computation 
of which it would be neceſſary to have recourſe to one of the foregoing infinite 
ſerieſes, would be thoſe of the ratios of the following prime numbers, ſuch as 29, 
1, 37, Cc, to 1. And, in derung theſe logarithms by means of the ſaid 
erieles, it is evident that the labour of the computation muſt be continually leſs 
and leſs as the number becomes greater and greater, becauſe the terms of the 
ſeries will converge with a greater degree of ſwiftneſs as the number to, which 
it relates increaſes. This will appear more clearly by S manner in 


which we found the logarithms of the ratios of the prime num 13, 17, 19, 
and 23, to 1, which was as follows. | | 46 


A Review ef the foregeing Manner ef computing Logarithms. 


100. We did not (as we might have done) compute by the ſerieſes the loga- 
-richms of the ratios of 13 to 12, of 17 to 16, of 19 to 18, and of 23 to 22, but, 
4 9 


* 
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in order to obtain ſerieſes that would converge more ſwiftly, we ſquared theſe four 
prime numbers 13, 17; 19, and 23, whereby we obtained the numbers 169, 289, 
361, and 529, and then we computed, by means of the ſerieſes, the logarithms 
of the ratios of 169 to 168, of 289 to 288, of 361 to 360, and of 529 to 
528, and added the logarithms ſo found to the logarithms of the ratios of 168 
to 1, of 288 to 1, of 60 to i, and of 528 to 1, which were derived from the 
logarithms already known by adding together the logarithms of the ratios of the 
factors of thoſe numbers, to wit, the factors 12 and 14, or 13 — 1 and 13 + 1, 
16 and 18, or 17 — 1 and 17 + 1, 18 and 20, or 19 — 1 and 19 + 1, and 22 
and 24, or 23 — 1, and 23 + 1, to 1; and when we had thus found the loga- 
rithms of the ratios of 169, or 13), and 289, or 17h, and 361, or 19*, and 529, 
or 23)?, to 1, we took the halves of thoſe logarithms, and thereby obtained the 
logarithms of the ratios of thoſe prime numbers 13, 17, 19, and 23 themſelves, 
to t. | . | 
Now, if this method be purſued with reſpect to any greater prime number, 
after the logarithms of the ratios of all the leſſer prime numbers to 1 have been 
computed, we muſt proceed as follows. 
Loet the prime number, of the ratio of which to 1 we want to find the loga- 
rithm, be called 7. 1888 | 
Then, in the firſt place, it is evident that, ſince p is a prime number, and con- 
ſequently an odd number, v — 1 and r + 1 muſt, both of them, be even num- 
bers, or diviſible by 2. | | 
_ Secondly, fince the logarithms of the ratios of all the prime numbers that are 
leſs than Þ to 1, are ſuppoſed to be already known, the logarithms of the 
ratios of the prime numbers that are factors of the compoſite numbers p — 1 
and + i to 1, muſt be already known; and conſequently the logarithms 
of the ratios of the ſaid compoſite numbers 2 — 1 and. + 1 to 1, may be de- 
rived from the logarithms already known, by mere addition. | 
Thirdly, the number vr — 1 is equal toy — T1 x Þ + 1), and conſequently 
the logarithm of the ratio of vr — 1 to 1 will be equal to the ſum of the loga- 
rithms of the ratios of y—- 1 to1,andofe + 1to1. : ; 
We muſt therefore find, by addition of the logarithms already known, the 
logarithms of the ratios of y — 1 to 1 and of 2 ＋ 1 to 1, and add them together 
into one ſum ; whereby we ſhall obtain the logarithm of the ratio of yy — 1 to 
1. We muſt then find, by one of the foregoing ſerieſes, the logarithm of the 
ratio of yp to PP — 1, and add it to the logarithm of the ratio of y — 1 to 1. 
The ſum will be the logarithm of the ratio of yy to 1; and half this logarithm 
will be the logarithm of the ratio of the prime number v itſelf to 1. . E. 1. 
Now, in computing by one of the foregoing ſerieſes the logarithm of the ratio 
of vr to PP = 1, it is evident that the l number PP is, and conſequently 
the greater the number Þ is, the greater will be the ſwiftneſs with which the terms 
of the ſaid logarithmick ſeries will converge. There will therefore be leſs trouble in 
computing the logarithm of the ratios of 29, 31, 37, 41, 43, and every following 
prime number, to 1, than there was in computing the logarithm of the ratio of 
23 to 1; which yet, we have ſeen, was not very great, ſince only fix terms of the 5 
| | | infinite 
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infinite ſeries — 6 _ * 85 . 5 + _ + Ec were ſufficient to 
enable us to find it exact to fifteen places of figures. In computing the loga- 
rithms of the ratios of 29, 31, and 37, to 1, by the method juſt deſcribed, or by 
firſt raiſing the ſquares of theſe prime numbers, to wit, 841, 961, and 1369, and 
finding by the ſaid infinite ſeries the logarithms of the ratios of thoſe ſquares to 
the next leſſer numbers 840, 960, and 1368, only five terms of the ſaid ſeries 
will be ſufficient to give the logarithms ſought to the ſame degree of exactneſs; 
and for the logarithms of the ratios of prime numbers greater than 100 to 1, only 
four terms of the ſaid ſeries will be ſufficient for the ſame purpoſe. | | 


Of the great Expedition of the foregoing Series in computing the Logarithms of the 
| Ratios of prime Numbers greater than 1100 10 1. h 


101. Mr. Abraham Sharp has already computed the logarithms of the ratios of 
all prime numbers under 1100 to 1 to no leſs than 61 places of figures; and they 
are publiſhed with Sherwin's Tables of Logarithms, in the third edition of that 
uſeful book, publiſhed in the year 1741, in pages 36, 37» 38, and 39, Theſe 
may therefore be made uſe of in finding the logarithm of the ratio of any prime 
number greater than 1100 to 1 ; as, for example, in finding the logarithm of the 
ratio of 1103 to 1. Now the ſquare of 1103 is 1,216,609 ; by which, if we 
divide , or 0.434,294,481,903,251,830, the quotient will be = o. ooo, ooo, 
356,971, &c; that is, according to the notation uſed above, m will be== 1,216, 
6og, and 5 = o. ooo, ooo, 356,971, Cc. Therefore — will be = _ X — = 
0.000,000,356,971, Cc, * 22 = m Sc che quotient of 
which diviſion will appear only in the 13th place of decimal fractions; and 


_ will be = _ X - = _ * 22 the quotient of which diviſion will 


appear only in the 19th place of decimal fractions. Therefore, if the logarithm 
of the ratio of 1,216,609 to 1, be ſought only to 18 places of decimal frac- 
tions, (which is the number of places to which the logarithms found in the 
foregoing nine examples are carried,) we need only compute the two firſt terms 
— and — of the infinite ſeries — + — * + — + + 2 
Sc. And therefore to find the logarithm of the ratio of the prime number 1103 
to 1, and, & fortiori, to find the logarithm of the ratio of any prime number 
greater than 1103 to 1, to 18 places of figures, it will be ſufficient to make 
. M M M M M 
uſe of only the two firſt terms of the ſeries — + — + —- + += 


3m? 


+ = + &c. An eaſier method of computing ſuch a logarithm ſeems 
hardly to be expected, and needs not much to be defired. 
End of the Review of the foregoing Method of computing Logarithms. 


102, I have now, I hope, ſufficiently explained the methods of applying theſe 
: = = + s, and 


5 


evo infinite ſerieſes — _— + FL = + 
X 


3 38 | Remarks on the Two foregoing Infinite Serigſes 


5 - ex ne | 
= + == += + 53+ 3 + G7 e (which were invented 
by Mr. Mercator and Dr. Wallis) to the computation both of Napier's and 
Briggs's logarithms; by which their. ule and excellency have appeared moſt 
manifeſtly. I-ſhoukd therefore here put an end to theſe remarks, were it not 
that the abſtruſeneſs and ſubtlety of the reaſonings contained in the demonſtra- 
tions of the two principal theorems in article 18 and article 66 are fo great, (not- 
withſtanding the endeavours I have there uſed to facilitate them, ) that I imagine 
a further attempt to ſtate them clearly will not be unacceptable to the reader. 
Such an attempt I ſhall therefore now proceed to make. 


A further Attempt to illuſtrate and facilitate the Demonſtration of Theorem 1 in 
Article 18. | 


103. If there be two given ratios, that of = to r, and that of 6 to n, and a 
third ratio, to wit, that of x to *, that is continually varying while its terms x 
and x vary in their magnitude; and the ſaid varying ratio of x to y continually 
approaches to each of the given ratios of E to F and of 6 to n, as to its limit, ſo 
that it may be made to come as near as we pleaſe to each of the ſaid given 
ratios, though it can never be abſolutely equal to either of them: I fay, that, 
upon this ſuppoſition, the ratio of 6 to H; muſt be equal to the ratio of Ek to p. 
'This propoſition I take to be ſo evident as not to ſtand in need of a demonſtra- 
tion, But, if-it were thought to need a demonſtration, it might, without much 
difficulty, be demonſtrated ex ab/urdo after the manner of the ancients, by ſup- 
poſing the ratios of E to r and of & to x not to be equal to each other, and then 
ſhewing the contradictory conſequences that would follow from ſuch a ſuppoſi- 
tion. But this, as it appears to me unneceſſary, I ſhall omit. 


104. To this propoſition we may bring the demonſtration contained in article 
18, by proceeding in the manner following. | 


Letk and 9g be any two quantities leſs than 1, whereof & is the greater; ſuch, for 
example, as _ and 8. We are to ſhew, that the ratio of 1 + E to 1 will be 
to the ratio of 1 + q to 1 in the ſame proportion as the infinite ſeries æ — 


. infinite ſeries g = © + © 
+ e = + Se to the infinite ſeries 2 — = + 4 


bu 8. . 
as oh + 3 4 + Ec, or that the ratio, or proportion, which the ratio of 


x +*k to 1 bears tothe ratio of 1 + 9 to 1, is equal to the ratio of the former of 
theſe two infinite ſerieſes to the latter. Now this may be done by ſhewing that 
both thefe ratios (which are evidently fixt or given ratios) are the limits of a 
certain varying ratio, which we ſhall now proceed to deſcribe and conſider. 

Let us ſuppoſe the ratio of 1 + E to 1 to be firſt biſected, or divided into 
two equal ratios, by extracting the ſquare root of 1 + K, or inſerting a geome- 
trical mean proportional between 1 and 1 + &; and let the ratio of 1 +qto 1 
be biſected in like manner, by extracting the ſquare-root of 1 ＋ 9, or infertin 
a geometrical mean proportional between 1 and t + 2. Let us then ſuppoſe 

0 | | 
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the ſame two ratios of 1 + k to 1 and 1 + 9 to 1 to be quadriſected, or divided 
into four equal ratios, by the inſertion of three geometrical mean proportionals 
between 1 and 1 + &, and three like mean proportionals between f and 1 + g. 
And then let us ſuppoſe the ſame ratios to be divided into eight equal ratios by 
the inſertion of ſeven geometrical mean proportionals between their terms, and 
into ſixteen equal ratios, and into thirty-two equal ratios, and into a greater and 
greater number of equal ratios continually ; every new number of ratios into 
1 they are divided being double of the number in the diviſion next pre- 
ceding. | 

Then it is evident, that, when theſe two ratios are divided into only two equal 
ratios by the inſertion of only one geometrical mean proportional between 1 and 
1 + k, and one geometrical mean proportional between 1 and 1 + q, theſe geo- 
metrical mean proportionals will be Vi + & and W1i+9, or 1 r di and 
1+ 7; and when they are divided into four equal ratios by the inſertion of 
three geometrical mean proportionals between 1 and 1 + 4 and'three geome- 
trical mean proportionals between 1 and 1 + g, the firſt, or leaſt, 'of the firſt 
ſet of mean proportionals will be ſi + &, or 1 + , and the firſt, or leaſt, 
of the ſecond ſet of mean proportionals will be / ſi + 7q, or 1 ; and when 
they are divided into eight equal ratios by the inſertion of ſeven geometrical mean 
proportionals between 1 and 1 + & and ſeven ſuch mean proportionals between 
1 and 1 + , the firſt, or leaſt, of the firſt ſer of mean proportionals will be 
si +k, or 1 + , and the firſt, or leaſt, of the ſecond ſet of mean propor- 
tionals will be / i + , ori +g*; and, in general, if » be the number of 
leſſer ratios into which each of the ſaid two ratios of 1 + k totandt+9gtor 
is divided by the inſertion of à - 1 geometrical mean proportionals, the firſt, or 


leaſt, of the firſt ſet of ſuch mean proportionals will be "ſt + &, or 1 , and 


the firſt, or leaſt, of the ſecond ſet of ſuch mean proportionals will be W"[1 + 4 


or 1 + q n+ 


Now during all theſe ſucceſſive diviſions of the ratios of 1 + E to 1 and of 

1 + q to 1 into two, four, eight, ſixteen, and the following greater numbers of 
equal parts, the proportion of the ratio of the firſt, or leaſt, of the firſt ſet of mean 
proportionals (which are inſerted between x and 1 + ) to 1 to the ratio of the 
firſt, or leaſt, of the ſecond ſet of mean proportionals (which are inſerted between 
1 and 149) to 1, will always be the fame, whatever be the number of parts, or leffer 
ratios, into which the ſaid ratios of 1 + E to x and 1 +9 to 1 be ſuppoſed to be 
divided, and will be the ſame with the proportion of the ratio of 1 + & to 1 to 
the ratio of 1 ＋ f to 1. Thus, if theſe ratios are divided into only two parts, 
or leſſer ratios, by the inſertion of the mean proportionals 1 + * and 1 +q'z, the 
proportion of the ratio of 1 + A* to 1 to the ratio of 1 + PE: to 1, will be the ſame 
with the proportion of the ratio of 1 + & itſelf to 1 to the ratio of 1 + g itſelfto 1. 
For the two former ratios, to wit, the ratios of 1 + H to 1 and of 1 ＋ to 1, 
are the halves of the two latter ratios, or the ratios of 1 + k to 1 and 1 ＋ 9 to 1; 
and therefore the proportion ann ratios muſt be the ſame as that of 

| X 2 the 
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the two latter. And, in like manner, if the ratios of 1 + k to t and 1 +9 to 1 
are divided into four equal parts, or leſſer ratios, by the inſertion of three geome- 
trical mean proportionals between 1 and 1 + & and of three like mean propor- 
tionals between 1 and 1 + g, the ratio of 1 + D (the firſt, or leaſt, mean pro- 
portional of the firſt ſet) to 1 will be to the ratio of 1 + (the firſt, or leaſt, 
mean proportional of the ſecond ſet) to 1 in the fame proportion as the ratio of 
1+#to 1 is to the ratio of 1 + q to 1] becauſe the ratio of 1 + Þ# to 1 is a 
fourth part of the ratio of 1 + E to 1, and the ratio of 1 ＋ to 1 is a fourth part 
of the ratio of 1 + 9 to 1, and the like parts of ratios (as well as of all other quan- 
tities) muſt be to each other in the ſame proportion as the whole quantities them- 
ſelves. And, for the ſame reaſon, if each of the two ratios of 1 + & to 1 and of 
i + g to i be divided into any other and greater number of parts, or leſſer ratios, 
denoted by u, by the infertion of » — 1 mean proportionals between 1 and 
1 + k and the ſame number of mean proportionals between 1 and 1 + 4, the 
ratio of 1 + I (the firſt, or leaſt, of the firſt ſer of mean proportionals) to 1 will 
be to the ratio of I + = (the firſt, or leaſt, of the ſecond ſet of mean propor- 
tionals) to 1 in the ſame proportion as the ratio of 1 + I to 1 1s to the ratio of 
1 +gqto 1. So that, while the number # increaſes ſucceſſively from 2 to 4, 8, 16, 
32, 64, &c, ad infnitum, the proportion of the ratio of 1 + If to 1 to the ratio 
of T Tl to 1 remains always the ſame, and is equal to the proportion of the 
ratio of 1 + K to 1 to the ratio of 1 + 74 to 1. 

But, though the proportion of the ratio of 1 + Al to 1 to the ratio of 1 +93 
to 1 continues always the fame during all the increaſe of the number from 
2 to 4, 8, 16, 32, 64, Sc, ad infnitum, the proportion of 1 + D = 1, 
or the exceſs of the firſt, or leaſt, of the firſt ſet of mean proportionals 
above 1, to 1 + Dn — 1, or the excels of the firſt, or leaſt, of the ſecond 
fet of mean proportionals above 1, does not continue always the ſame, but 


is continually varying. Thus, for example, if & be = 75 and 9 be = 


S, and conſequently i ++ be=1 + 2 or 1.9, and 1 + q be=1 + >, or 


1.5, and z be ſuppoſed to be ſucceſſively equal to 2, 4, and 8, we ſhall have 


1 + Þa ſucceſſively equal to 1.9\z, 1.9\z, and 1.9], that is. to 1.378, 404, 1.174,054, 


and 1.083, 538, and 1 T h ſucceſſively equal to 1.54, 1.53, and 1.9 L, that is, 
to 1.224, 744, 1.106, 681, and 1.051, 989. Therefore 1 + is — 1 will be ſuc- 
ceſſively equal to o. 378, 404, o. 174, 54, and o. o83, 538, and I + \s — 1 will 
be ſucceſſively equal to o. 224, 744, o. 106, 681, and o.o51, 989. Now, if we 
compare together the ratios of = to 8 or o. goo, qoo to o. oo, ooo, or & and 9, 
or 1 TN — 1 andi g= 1, and of o. 378, 404 to o. 224, 744, or 1 + 4 
to 1 l — 1, and of o. 174, o54 to o. 106, 68 1, ori +5 — 1to1+ gt 
— 1, and of o. o83, 538 to o. 051, 989, or 1 4 ft 1 to T en 1, we ſhall 
find that the firſt of theſe ratios is greater than the ſecond, and the ſecond than 
| . to the 
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the third, and the third than the fourth; or that the ratio of T + Þ's — 1 to Tei 
— 1 decreaſes continually while the number x increaſes. For, in the firſt place, 
the ratio of 0.900,000 to 0.500,000 is equal to that of o. 378, 404 to 0.210,224, 
and therefore js greater than that of 0.378,404 to 0.224,744 ; and, in the ſecond 
place, the ratio of 0.378,404 to 0.224,744 is equal to the ratio of 0.174,054 to 
o. 103, 37 5, and therefore is greater than that of 0.174,054 to o. 106, 681; and, 
laſtly, the ratio of 0.174,954 to o. 106, 68 1 is equal to the ratio of o. o83, 538 to 
0.051,202, and therefore is greater than that of o. o8 3, 538 to o. 051,989. Or, 
if we make 1 the common antecedent of theſe four ratios (by which their 
decreaſe while the number 1 increaſes will become more apparent), the firſt of 
theſe ratios, to wit, that of 0.900,000 to 0.500,000, will be equal to that of 1 to 
0. 5557555; the ſecond, to wit, that of 0.378,404 to 0.224,744, will be equal to 
that of 1 to 0.593,926 ; the third, to wit, that of 0.174,054 to 0.106,681, will 
be equal to that of 1 to o. 6 12, 918; and the fourth, to wit, that of 0.083,538 to 
0.051,989, will be equal to that of 1 to 0.622,339 ; ſo that the ſaid four ratios are 
equal to the four ratios following, to wit, 

That of 1 to 0.555,555, 

That of 1 to 0.593,926, 

That of 1 to 0.612,918, 

And That of 1 to o. 622, 339 

of which it is evident, the firſt is greater than the ſecond, the ſecond than the 
third, and the third than the fourth, 


It appears therefore that the ratio of 1 + A» — 1 to 1 + 9's — 1 decreaſes 
continually while the number # increaſes. 

But, though this ratio decreaſes continually while the number # increaſes, it 
does not decreaſe ad infinitum ſo as to become at laſt equal to nothing, or to a 
ratio of equality (which 1s a ratio of no magnitude at all), but approaches only 
to a certain ratio of majority as its limit. And this ratio of majority, to which 
it ſo approaches as its limit, and to which it may, by increaſing the number =; 
be made to come as near as we pleaſe, is ſhewn in lemma 1, article 11, to be 
the ratio, or proportion, of the ratio of 1 + Þ« to 1 to the ratio of 1 + 9s to 
x, or the proportion of the n part of the ratio of 1 + gq to 1 to the 2 part of 
the ratio of 1 +qto 1, and conſequently is equal to the proportion of the whole 
ratio of 1 + E to 1, to the whole ratio of 1 + @ to 1 ; that is, the fixt ratio, or 
proportion, of the ratio of 1 + & to 1 to the ratio of 1 + q to 1, is the limit of 


the varying ratio of 1 + As — 1 to 1 + g's — 1+ 
But, by lemma 2, coroll. 2, it appears, that, by increaſing the number , the 


ratio of the quantity 1 T —1t0— x the infinite ſeries & — = + = — 1 


_ 7 + &c may be made to come as near as we pleafe to a ratio of equality, 


pad the ratio of the quantity 1 + * —1 to Xx the infinite ſeries 9 — 2 + - 
2 4 8 + &c may likewiſe be made to come as near as we pleaſe 


4 a 
to a ratio of equality. Now, if theſe two ratios were abſolutely ratios of equality, 
1 
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it would follow that the ratio of 1 + I — 1 to 1.7 1 would be equal to 


the ratio of — x the infinite ſeries k 9 4 = + &cto - | 


x the infinite ſeries 9 — = ＋ _— ＋ + &c, egen 


to the ratio of # times — X the nfioice ſeries k — += FEET, — = 


+ Ec to # times — x the infinite ſeries g-L + £— £+L£ jog. + + 


He, or to the ratio of the whole ſeries & — = + - . + — — = +E&cad 


infinitum to the whole ſeries 9 — £- + £ — £4 Fs + &c ad infinitum. 
4 5 F 
Therefore, while the number u . the ratio of 1 + Þs — 1 2 1+ Ds — 


1 continually approaches to the ratio of the ſeries & — 2 . 7＋ 7 6 


+ Sc ad infinitum to the ſeries 9 — 8 + _ —£ + _— L + '& by infinitum, 


and may be made to come = near wo it — we pleaſe; or, in other words, the fixt 


ratio of the —_ x — - + 3 7 + - —1＋ + Sc ad infinitum to the ſeries 9 


. 
— 7 . _ _ "MR 7 + G ad abe is the limit of the varying ratio 


| a7 1 1 Ta . 
But we before ſhewed that the fixt ratio, or proportion, of the ratio of 1 + # 
to 1 to the ratio of 1 + g to 1 was alſo the limit of the varying ratio of 1 + Az— 


1 to 1 T f — 1. It follows therefore that the fixt ratio, or proportion, of the 


ratio of 1 1 E06 he ratio of 1 71 221 muſt be equal to the fixt ratio of 


4 * * 


T + &c ad infinitum to the ſeries g — 


—＋ LL + ＋ 7 + Ec ad infinitum ; or, in other words, the two 
e + 


+ 8 
1 e — + LL . or meaſures 
| eee Q. E. D, 


The foregoing Demonſtration expreſſed in fewer Words. 


1056. This reaſoning may be expreſſed more conciſely by adopting the nota- 
tion uſed in article 103 ; which may be done as follows. 


Let the ratio of 1 + & to 1 be denoted by ——_— +, 
to 1 be denoted by the letter ; and let the ſeries Ek = — + — — + = 


— 4 + &e ad infuitum be dame bythe lee 6, and te fa g — £ +2 
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— 7 -F &c ad infiitum be denoted by the letter n. And let the 


3 IT d. — rand 1 ＋ g= 1 (which vary continually in their mag- 
nitude while the number = increaſes, and of which the ratio varies at the ſame 


time, ) be denoted, reſpectively, by the lovers x and v. 
Then will the ratio of 1 + H to 1 be = re to 1 will 


be = — P s- +> = + Se ad inſnituſ 


will be = —, and— x the ſeries 1— S+£ ke 7 4 + Se 


ad infinitum will be = =, 

Now it is ſhewn in lemma 1, that the ratio of — to = (which is a fixt, or 
given, ratio, and is equal to the ratio of E to r) is the limit of the varying ratio 
of x to v. And conſequently the ratio of E to F (which is equal to the ratio of 
— to = will be the limit of the varying ratio of x to v. 


And it is ſhewn in lemma 2, coroll. 2, that the ratio of x to = approaches 
continually, while the number x increaſes, to a ratio of equality as its limit; and 
that the ratio of 1 to — approaches continually at the ſame time to a ratio of 


equality as its limit. But if x were abſolutely equal to =, and were abſolutely 
equal to —, the ratio of x to y would be equal to the ratio of — to =. 
Therefore, while the number u increaſes, and the ratio of x to = approaches 


to a ratio of equality as its limit, and the ratio of v to = approaches alſo to a 
ratio of equality as its limit, the ratio of x to * will approach continually to the 
ratio of = to =, as its limit. But the ratio of — to — is equal to the ratio 
of G6 to H. Therefore the ratio of x to 1 will approach to the ratio of q to R as 
its limit; or the fixt ratio of 6 to x will be the limit of the varying ratio of x to v. 

But it was before ſhewn, that the fixt ratio of E to p is alſo the limit of the vary- 
ing ratio of x to v. 


It follows therefore that the fixt ratio of 6 to ; muſt be equal to the fixt ratio of 
Eto F, or _ G vl be wy u in the ſame proportion as E to r; that is, the ſeries 


t—E += © + = — + &c adinfaitum will be to the ſeries g E 


; 
PU A Fg —_— C1. od fin in che fans ro 
ieee Q. E. D. 
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106. The reaſonings uſed in demonſtrating the other theorem in article 66, 
(which relates to the ſeries q + K + 5 + 1+ 1 + ＋ + &c ad infini- 
tum, invented by Dr, Wallis,) might be illuſtrated in the ſame manner as thoſe 
uſed in demonſtrating the firſt theorem, concerning Mercator's ſeries. But this, 
I apprehend, would prove tedious to my readers, after the very ample diſcuſſion 
of the ſubject in the caſe of the ſaid firſt theorem. I ſhall therefore here put 
an end to theſe remarks. | 


AN 


4A 1 op 
ro THE 
FOREGOING REMARKS 

ON THE 


Two logarithmick Serieſes of Mr. Nicholas Mercator and Dr. John Wallis: 


CONTAINING 


Inveſtigations of two other infinite Serieſes, which were publiſhed by Dr. Edmund 
| Halley, and which are related to, and derived from, the two former; and by 
which we are enabled, when the value of either of the two former Serieſes iy 
given, to diſcover the Ratio to which it belongs, or of which it is the Lo- 


ARTICLE I. 


greater than 1, and 9 be any quantity leſs than &, the infinite ſeries & = 
TT = ++ = Evil be to the infinite ſeriesq — £ + - 
as 2 ＋ — £- + Ge in the ſame proportion as the ratio of 1 + E tor is to 
the ratio of 1 + q to 1, or that the ſaid two ſerieſes are meaſures, or logarithms, 
of the ſaid two ratios ; and it has alſo been ſhewn, that if & be of any magnitude 


Yy leſs 


FT: the foregoing remarks it has been ſhewn, that if ł be any quantity not 
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leſs than 1, and ? be leſs than E, the infinite ſeries 4 + © + - = FE — + = 
+ + + Se will be to the infinite ſeries q + — 4 4. 4 — + * + — 

Se in the ſame proportion as the ratio of 1 to 1 ey is to the ratio of 1 to 
1 — 9, or that the ſaid two ſerieſes are meaſures, or logarithms, of the ſaid two 
ratios. Now Dr. Edmund Halley, in his ingenious tract on logarithms, pub- 
liſhed in the Philoſophical Tranſactions, No. 216, and republiſhed with Sherwin's 
Mathematical Tables, has given us two additional infinite ſerieſes relating to this 
ſobject; by the former of which we may, from the value of the ſeries & — = A 
e 


=- + &c ad inſnitum, derive the value of its firſt term x, 


nd confbquenly that of x + k, and thereby diſcover the ratio of 1 + & to 1, of 
which the faid ſeries & — = + > => + = — = + &e ad infinitum is 
the logarithm ; and by the latter of which we may, from the value of the ſeries 
k + = 68. 4 i uM + 6. oa + ＋ + &c ad infinitum, derive the value of 
its firſt term x, and conſequently that of 1 — K, and thereby diſcover the ratio of 
1 to 1 — K, of which the ſaid ſeries & + = + = + = + = + = + Se 
ad infinitum is * Ling me of oe: ſerieſes, given us by Dr. 
Halley, is L + 5 " 2.3 + 243-4 + 2.3.4.5 + 2.3.4.5 · 6 * Se 3 in 


which L repreſents the value of the whole infinite ſeries æ — — + __ 
BS 


| == FF + Se; and the latter of them is = . + = — — 3 


rr 
==> + Ec ad infinitum, in which L repreſents the value of the whole infinite 


2 $ 

ſeries K + = + hs 1 + * = + &c. The former of them had 
been firſt invented by Sir Iſaac Newton about the year 1669, but was not pub- 
liſhed till many years after; and the latter was invented by the learned Mr. 
Leibnitz before the year 1676, but not publiſhed rill many years after. But 
Dr. Halley, in his tract on this ſubject, does not mention either Newton or 
Leibnitz as the inventor of either of theſe ſerieſes; and therefore it ſeems pro- 
bable that he did not know that thoſe great men had invented them: and, in this 
caſe, he muſt alſo be conſidered as an inventor of them, though not as the firſt 
inventor. The former of theſe ſerieſes is mentioned by Newton in his firſt letter- 
to Mr. Oldenburg, dated June 15, 1676; and the latter ſeries is mentioned by 
Mr. Leibnitz in his letter to the ſame perſon, dated Auguſt 27, 1676. See the 
Commercium Epiſtolicum, pages 139 and 150. 


Theſe two ſerieſes conſiſting of the powers of L may not improperly be called 


anti-logarithmick ſerieſes. The former of them, to wit, L + — + = FY — 


+= 1 + — + &c ad infinitum, may be derived from Mercator's ſeries 


Go 


[ 


of the Two Anti-logarithmick Infinite Sericſes publiſhed by Dr. Halley. 347 


k —=+ _ = + L. + I + Oc ad infinitum by the help of Sir Iſaac 
Newton's binomial theorem, in the firſt and ſimpleſt caſe of it, or that in which 
the index of the power to which any binomial quantity, as 1 + x, is to be raiſed, 


is a 80 whole WN And the latter of them, to wit, L — — + = — 


=+= rage rs = „ . the like manner from 


Dr. Wallis's ſeries & + — - 2 - — + — - * + 3+ &c ad infinitum, by the help 


of Sir Iſaac Newton's theorem for finding the powers of a reſidual quantity, ſuch 
as 1 x, in the firſt, or ſimpleſt, caſe of it, or that in which the index of the 


power to which ſuch reſidual quantity is to be raiſed, is a poſitive whole number. 
TIP manner in which the former of * anti- logarithmick ſerieſes, to wit, L ＋ 


+= + == + == * — + * „ * be derived 


from Mina s logarithmick ſeries æ — — + 5 — — +5 7 Ss Se ad 
infinitum, may be explained as follows, 


Of the Anti-logarithmick Infinite Series : * ＋ 2 1 — + —_ * — rrp 27. 5.6 


2. We are therefore now to ſhew, 2 if & be any quantity 2 greater than 1, 
2 3 8 
and L be equal to the infinite ſeries & — ** —_ — + — — — + Ec, 


or to the logarithm of the ratio of 1 + 11 2 I, the firſt | term k 4 che ſaid ſeries 


Ls 
will be equal to the infinite ſeries L + — rar += 


+ &c; the terms of which will always decreaſe with a conſiderable Gegree of 


ſwiftneſs, becauſe both the co-efficients of the powers of L, to wit, 1, =, — 


2.35 


N CS 
rann 2 s, decreaſe with a very great, and an increaſing, 8 
of ſwiftneſs, and the powers of L themſelves, to wit, L, L*, 1, 1, 15, 15, &c, 


will always decreaſe in ſome degree, becauſe the greateſt poſſible magnitude of L is 
leſs than 1, being equal to the decimal fraction o. 693,147,180, 5 $9-945:304s Sc, 
or to the value of the infinite ſeries k — — + — —- _ + = — - + &c 
when & is of its greateſt poſſible magnitude, a Js * 2 1, that is to the 
value of the infinite ſeries 1 — — — + — —_ — = * = — 7 — + &c ad infinitum, 
or to the logarithm of the ratio of I 70 * A 2, to 1, which has been ſhewn, 


in article 35 of the foregoing — to be == 9.693,147,180,559,945,304s 
Yy 2 Se 
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Sc. And, when L is the logarithm of a much ſmaller ratio than that of 2 to L, 
as, for example, of the ratio of 10 to 9, or of the ratio of 11 to 10, (in the 
former of which caſes it 1s equal to o. 105,360,515,657,826,302, Oc, and 1 in 


the latter to e eee Sc, che ſeries L + — + 2 


5 
* r, 7 2 pas + Sc ad infinitum will ond. with — inne. 


An Ixveſtigation of the ſaid Series, 


F 5 In oy to derive this enti-logarithmick ſeries 1 * — + _ 4+ 2 + 


7 + — + Ec ad babe which is _ to the firſt term k of Mr. Mer- 


cator's logarithmick ſeries k © . += — —+=- — 2 4 Sc ad infini- 


aum, from the ſaid latter ae it will bs olivine * premiſe the following 
lemma. 1 4 


LEMMA I, 


17 1 denote any whole-number whatſoever, the nh power * the binomial quan. 
tity 1 + x will be equal to the folloving ſeries of terms continued to x + 1 terms, 


n ee g e * * + =x 
121 1 — 2 MN — 2 3 n—4 0 
. Eg Er" "ms 617 et ol ending 
= * — N T* —= x &* + Hs, or (if we put the ca- 


pital letters A,B, c, D, E, r, G, &c . the firſt term 1, and the co-efficients of x, x*, 
*, x*, x*, x*, and the following powers of x, in the 2d, 3'4, 4h, 5, 6th, ah and 
other following terms of the ſeries NN IO to the ſeries 1 + — A x + _ 2 


** „ EE Lr a 
to n + 1 terms; in which the law of the continuation of the terms is very ma- 
nifeſt, to wit, that the numerators u, » — 1, 2 — 2, #— 3, 1 4, 1 5, Cc, 
of the generating fractions —, —— —, , , A, &c are 
formed from each other by che net ſabtraction of an 4 until the number 
1 is exhauſted, and the denominators 1, 2, 3, 4, 5, 6, Sc of the ſame fractions 


are formed from each other by the continual addition of an unit. 


This is the famous binomial theorem of Sir Iſaac Newton, in its firſt and 
am plelt caſe, or chat in which the index * the power to which the binomia 
quantity 


%, 
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quantity is to be raiſed, is a poſitive whale number. Its truth is univerſally 
admitted by mathemaricians ; and ſome of them have given demonſtrations of 
it; and, amongſt the reſt, Mr. James Bernoüilli, (a very clear and ſatisfactory 
writer on mathematical ſubjects,) in his excellent treatiſe on the doctrine of 
chances, intitled Ars Conjectandi.— See the ſaid treatiſe, book 224. On the 
preſent occaſion I ſhall take this propoſition for granted, | | 


5. Coroll. 1. If x be taken equal to the x" part of any given quantity called 5, 
ſo that 1 + x ſhall be equal to 1 +=, it will follow that I + M, or 14 7 


: . * 3 = n — 1 36 1 "= 
Wg e X 1 Þ KR mm 
ny — 2 "on LI 1 — 1 1 — 2 1 — 8 5 * * — 1 1 — 2 
25 e Saban oof —_ X => > + = = "ws 

—3 ,,n— 4 bs n n — 1 n — 2 No 1 — 4 77 
re —= X— Renn 
&c continued to u 1 terms, or to the ſeries 1 + — 4 * 2 122 * 27 


fn — 2 * 1 #—2 2 tne © 
r 
tinued to n + 1 terms. 


— 


35 3 
K 17 1 F * 7 + &c con- 


6. Coroll. 2. Whatever be the magnitude of , the quantity 1 + _ muſt be 


p | Þ py 34 3s 36 
2 mm 33 ＋ . © 305 © ages t Sc con- 
tinued to x + 1 terms. | 


For the ſeries 1 + — X =+2 x 
33 W „ „ 1 „ 2 # 3 64 1 1 — 1 1 — 2 1 — 3 
- X —— (— — — — — 
1 I 2 3 4 1* I 2 3 4 
Sw, 2—=4 ,, 2 — 5.5 = 5 
* : . * — x + Ec con 


tinued to n + 1 terms, is evidently leſs than the ſeries r + — * = + — * 


98920 3* nu nn 0 1 —- © 33 n 1 0 uy — © 1 — 0 


* * 


n* 1 2 3 15 I 2 3 4 K 
+ c_ — * — 5 — Jn — 
5 " 2 06 #=- 0 n — 0 n — 0 3 4. Li fu n — 0 n-— 0 n — 0 


n 2 3 Pa. +. 13 I F 


* * x —x—X = -- &c continued to the ſame number of terms, ar than the 
d 7 3 n* 3 13 $3 n+ 34 15 33 
irren, 
28 X 1 + &c continued to the ſame number of terms, or than the ſeries 


nb 1* 3 n3 43 n+ þ* 15335 1538 | 6 
s 3 en oe Coe oe ng Eg r _—_— 
— 7 


to the ſame number of terms, or than the ſeries 1 + þ + = 7 rr 
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_ + - _— z + &c continued to the ſame number of terms, But by coroll. 
rr .- 
1 1 2 n* I 2 3 * 
+ 1 — 1 2 — 1 — 3 — F n— 4 35 

＋ * ＋ ? X 2 * 2 ＋ 2 * — + if 8 * 


— * — * x = x 1=5 x ＋ + & continued to x + 


1 terms is N to 1 + rh Therefore 1 + I muſt be leſs than the ſeries 


$+3+— _ 7 = + == + my + Sc continued to a + 1 


terms, d. E. b. 


7. Coroll. 3. But though 1 + be always leſs than the ſeries 1 + 3 + 
3 Ki, 15 
> * 2:3 7 7 2375.8 
the difference between them will continually decreaſe while the index » in- 
creaſes; and the ſaid index may be taken of ſo great a magnitude that the ſaid 
difference ſhall become leſs than any aſſigned quantity, how ſmall ſoever. 


2 3 n 183 6² 75 1 — 1 1 — 2 


For the ſeries 1 * —+= ond 


32 71 1 — 1 — 2 


+ Ec continued to # + 1 terms, yet 


continued to x + 1 terms (to which _ quantity 1 + Ly is equal) is equal to 


the ſeries 1 + — * b + 2 2 ＋ 2 — tan, 2 + — he 
b4 8 > 24 ES — +Brwd— 226% +2743%— 1208 


243-4 15 2.3+4z5 + 10 


Re + &' continued to x ＋ 1 terms, and conſequently to the ſeries 1 + 3 
— x2 LI TTA 2 i Ne x — + 
EEE Dx eee r= + En We Wm Ds 
. or to the ſeries 1 +3+£ Lee 
— + —— + —— + &c continued to » + 1 terms, — the 4 — X 


2:34 © 2:35 2:3-4:5-6 7 
1 E — 2 


2 A e hs 2.3 n 1 * 13 2+ 3-4 n * * 7 14 


35 Ig 85 22 274 120 36 f 
eo ea p PETE TX rage +: cond nmr 


ah the difference of which from the ſeries 1 + & + += a 1 755 + 
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zz 
EOS 3 + Ec continued to # 10 1 terms, is the ſeries — X — + 


2+3+4+ 2+3«4+ $0 
X +> it IxXEez+tE-S+S- "2D —.— 
12 — 2K 2 + n #3 T n + * *, 
i — 2 7 2 + = 2 „ e comtmund 16/8 = 1 terms 
7 r a laſt ſeries 1 is ibs: . the difference whereby the ſeries 1 + þ + 


+ &9c continued to x Þ 1 terms, exceeds 


7 ＋ 371 22 n 
the Wa 1 * *. Now it is evident, that the ſaid ſeries — — 3 — pf 
b RAP | xt em ata x ==+ >= + FER 


- hands” 17. 2 1* 7 * 


+ DJ bh: 1 0 + Xx; X + 80 continued to 1 1 terms, 
will i > MY while u increa ES, . the powers of # conſtitute the 
denominators of the ſeveral members of the co-efficients of its terms; and # may 
be taken of ſo great a magnitude that the ſaid ſeries ſhall be leſs than any aſ- 


ſigned quantity, how ſmall ſoever. Thwatore, vis the index 2 increaſes, the 


difference whereby the ſeries 1 + 3 + - += P + Et == 


+ Sc continued to # + 1 terms, exceeds the quantity x + F » will decreaſe 


continually ad infinitum, or the index 1 may be taken of ſo great a magnitude 


that the ſaid difference ſhall be leſs than any aſſigned quantity, how ſmall ſoever. 
Q. E. D, 


8. C w_ 4. — r from A foregoing corollary, that the infinite ſeries 
3 3 . 8 
1435 + — += 3 + r en — is the limit 
of the 1 . — , or the quantity to which 1 += — may, by in- 
creaſing continually the ker; n, be made to come as near as we . 
50 by increaſing x continually, the exceſs of the ſeries 145 + — = ＋ — | 


b5 5 
— + gong + Ec continued to # ＋ 1 terms, above 1 r. 


P 22 3 3˙4˙5 

tity 1 + — may be made to decreaſe till it is leſs than any aſſigned quantity, 
how ſmall ſoever, as we have ſeen in the foregoing corollary. And, by in- 
creaſing # continually, it is evident that the exceſs of the infinite ſeries 1 + þ + 


3 b+ Wt . 
„ Og. + -- + + Ec ad infinitum above the ſeries 1 + 
3 3 "ſj 8 SOS. 


b + — = += mn ie — + &c continued to # + 1 terms, 
34 | 243-445 | 2+3:4:5.6 
may be diminilhed as far as we pleaſe, or made to become leſs than any aſſigned 


6 quantity, 


352 An Appendix to the foregoing Remarks, containing Inveſtigations 


quantity, how ſmall ſoever. It follows therefore, that, by increaſing the index 
n n the ſum of theſe two exceſſes, or the exceſs of the infinite ſeries 1 


32 7⁴ 35 3 . 
+5 4 — nf — + * + = > + r ad infinitum above the quan- 


tity 1 + A » may be diminiſhed as far as we pleaſe, or made to become leſs 
than any alligned quantity, 977 ſmall ſoever. a” in-other words, the infinite 


ſeries 1 +5 + T 5 24 2 + ———7 + &e ad inſnitun is the 


243-4 * 253-455 
limit of the magnitude of the quantity 1 + ＋ . . k. o. 


. Coroll. 5. If we make uſe of the language of jnflnites, (which, though 
1 a correct way of ſpeaking, is often very convenient on account of its brevity, 
and has therefore been ſometimes adopted even by the moſt careful and elegant 
Vriters on mathematical ſubjects; and, amongſt the reſt, by the great Mr. 
Huygens himſelf, who deſerves that character above all other writers;) the ſub- 
ſtance of the laſt, or 4th, corollary may be expreſſed in the manner * 


When the index » of the power to which the binomial Mo I +2 is to 
be raiſed, becomes infinite, the ſeries I + — X = + - — X — * 2 3.4 


b+ 
{44 = de 


1 — 1 n—2 3² " 1 — 1 Ke *=3 „ 


— XxX = = x * rx + => x LE xX XA 
of 5 of Z 2 3 4 5 
* ＋ + . to # + 1 terms, (to which 1 +I is equal) or 1 + — 


— — 5 —6 8 | 
x eZ r „ E + 116 " — + 
m5 — 10n* + 351? — 50 + 24 * 35 + . 15n5 + 86“ — 2261 + 274 — 1202 * 
: 15 2.3.45 us 


+ Es continued to » + 1 terms, becomes infinite in 80 3 8 of its 


$6 
2:3-4-5-6 
terms, and equal to the ſeries 1 + X 3 + K X + 5 = + = 


* 5 
2.3.4 * * X s + & ad infinitum, © 1444S 
„er - - + c ad infinitum, becauſe all the members 


+7 T 34 J © T3545 

of the ſeveral numerators un — , * — 3n* + 2n, 1* — 61 ＋ 111 — 6n, 1 — 
10n* + 35 — 50 + 24n, and n* — 15 + 85 — 2251 + 274 — 120n, 
Se, after the firſt members , , , , 1, Cc, will vaniſh, or become infi- 
nitely ſmall, in reſpe& of the ſaid firſt members, which contain a higher power 
of z than the ſaid following members; and conſequently thoſe whole numerators 


will be equal to their ſaid firſt members, ', , *, 1, 1, Ec, reſpectively. 
Therefore the quantity 1 + 2 l (which in all caſes is equal to che ſaid ſeries 1 
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— 2 3 ** — 2n* + 2 83 * — 647 + 112* — 6z 44 
= + —= + X — + 


n 
2 nn 2 15 * 2.3 * 8 
1 — 10 + re, 35 42 I5n5 + 85 — 225n? + 27 — 120 X 


n 2.3.85 5 
—=—- + &c continued to # + 1 terms, ) will, in this caſe of the infinite magni- 


2.3-4.5.6 © = = = - 
gs be equal to the infinite ſeries 1 + þ + — + = + 7 i 
＋ Zs + Oc ad iuiaun. Q. E. D. 


10. Theſe things being premiſed, the inveſtigation of the firſt anti- loga- 
N R . L* L* 1 * L5 1* Ex 

richmick ſeries L + — + = + ma + 2 + Dr + &c ad infinitum, 

or the derivation of it from Mr. Mercator's logarithmick ſeries & — = + = 


— + _ _ = + Ec ad infinitum, may be performed in the manner following. 


Let & be any quantity not gronerting I, and L be equal to the infinite ſeries 
kb + >= = +7 +7 + ad infuitum; which is the logarithm 
of the ratio of 1 + & to 1 in Napier's ſyſtem of logarithms, and which conſe- 
quently can never be greater than the logarithm of the ratio of 1 + 1, or 2, to 
I in that ſyſtem, or than the decimal fraction o. 693, 147, 180, 559, 945, 304, &c. 
And let L, or the value of this whole ſeries, be ſuppoſed to be known, but &, or 


the value of its firſt term alone, and conſequently the ſeparate values of all its 
other terms (which contain the powers of &,) to be unknown. It is required to 


find from 1, or the value of the whole ſeries, the value of its firſt term &, 


SOLUTION, 


Let us ſuppoſe the letter # to denote ſome very great number, ſuch as a 
nonillion, or the ninth power of a million. 

Then it will follow, from lemma 2, coroll. 2, art. 17, of the foregoing re- 
marks on Mercator's and Wallis's ſerieſes, that 1 T — 1 will be very nearly 

I ” . . 4* k3 4* KS 45 

equal to — X the infinite ſeries & — — + — — —_— ” + Oe ad 
infinitum, that is, (becauſe L is ſuppoſed to be equal to the faid ſeries,) very 
nearly equal to — X L, or — Therefore, if we add 1 to both ſides of the 


equation, we ſhall have 1 + I very nearly equal to 1 + = and (raiſing both 
WY | 2 2 ſides 
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fides of this laſt equation to the 1 power,) 1 + 4 very nearly equal to 1 + I . 


And n may be taken of ſo great a magnitude that the ratio of 1 + K to 1 + 2 


ſhall approach as near as we pleaſe to a ratio of equality. 
But, becauſe the index # 1s of an immenſely-great magnitude, it follows, from 


the fourth corollary of the foregoing ag 17 I £ 5 k \ 1 be very nearly 
Ls 


equal to the infinite ſeries 1 + 1 + — = * r 
Ec ad infinitum, and that # may be taken of fo great a magnitude that the dif- 
ference between 1 + * and this ſeries ſhall be leſs than any aſſigned quantity, 
how ſmall ſoever. Therefore I + K will be very ny equal to the ſaid infinite 


ſeries 1 + L + >+ =+ = + c E 


th { — ww os ana vie rms 
& will be very nearly equal e e infinite ſeries L + + = 5 ＋ 4 K 1475 
1 


3 + &c ad infinitum. And # may be taken of 0 ues a magnitude 
. + & to the ſeries 1 + L + + = — 22 1 2 T = + 
— + ad infinitum ſhall approach as near to a ratio 7 equality as we pleaſe. 
Therefore 1 + & muſt be not only very nearly, but accurately, equal to the ſaid 
ſeries, and ently k will mY not only oy. nearly, but accurately, equal to 


the infinite ſeries L + — + = 8+ = 22 - 2 + ge + &c adinfinitum, 
q: E. 1. 


11. This ſolution may be expreſſed with greater brevity in the language 5 
infinites, as follows. 

Let us ſuppoſe the letter ꝝ to denote a number infinitely great. 

Then it will follow, from lemma 2, coroll. 2, art. 17, of the foregoing re- 
marks, that T TIE — 2 will be equal to = x the infinite ſeries k — = + 
EE +47 + &c ad infaitam, that is, (becauſe the ſaid ſeries is 


3 
— 1. to — X 1, or to = Therefore (adding 1 to both ſides of the equa- 


tion) we ſhall have 1 + D = 1 + — and conſequently (raiſing both ſides of 


this laſt equation to the 2 power,) 11 K 1 + +2. 


But, 1 che index # is an infinitely · great ae: it follows, from on 
5 0 
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5 of the foregoing lemma, that 1 + 2 will be equal to the infinite ſeries 1 
L* LT | 
L + — + eg mee + Od mim; - 
XY... 496 


ien be . to the ſame infinite ſeries 1 + L — — + = 7 * * e 
+= * ak Ge " n and G en * will be oqul to the infinite 
ſeries L + — — + = _ * — 


12. Coroll. 1. Since & is equal to the infinite ſeries 4 Kia 71 22 


+ — + Ec ad infinitum, it eee ＋ 4 to 1 is 
equal 6 the 2006 of 1s lotto Ber een + = - +55 tout 
e + Oc od infaitum to 1; or the ratio alata to any given loga- 
rithm in Napier's ſyſtem denoted by L (that is not greater than 0.693,147,180, 
$59,945,304, &c, or the N of the ratio 2 2 to 1 DJ is the ratio of the 
infinite ſeries 1 + 1 + 5+ 75 + 257 + 75 — + = + e ad inf- 
witum to 1. 


1217 


An Example of the foregoing Method of diſcovering the Ratio correſponding to a = 
Logarithm 1 in Napier's * by Means of the Infinite Series 1 + L + = — + 


18 1.4 Ls 
23 © 230 © Ins T wn N 


13. Let the given logarithm, of which we are to find the ratio, be 2 
or o. oo, ooo, ooo. 

Then will L* be =, and L' be = 5 4 =, and 15 = z and 
1 = Frs and 1˙, 1 1%, 1, Cc equal to the , 8, NA W's me 
"A m_—_ of — =, and conſequently the ſeries 1 + L + — — + = 2 3 + = 
+ T5 T 0 + Ge will be equal to 1 ＋ 2 £444 + 
— + = + Es; or if we denote theſe ſeveral terms by the capital 
letters A, B, c, b, E, r, Cc, ſo that the firſt term 1 ſhall be = A, and the ſecond 
term — ſhall be u, and the third term — ſhall be c, and the fourth, fifth, ſixth, 


4.2 
ſeventh, eighth, and other following terms, ſhall be equal to p, x, r, o, n, &c, the 
Z 2 2 ſeries 
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. | L* 1.3 1* L5 LS . 
MP. 4 pegs * 25 + THEE TN 73.456 2 Sc will be equal to 

| K ts 
— ar —tTtaIt=t—+&d is 
 finitum. Theſe terms may be computed in the manner following. 


A = 1.000,000,000 3 
1.000,000,000 ) 


B (= = = - = o. g oo, ooo, ooo; 
c (= _ = — = — = O. 125, ooo, ooo; 
D (= = = = = — = o. oa, 833, 333 
; E (= 2 = = 222939333) = 0.002,604,166 ; 
y (= = = 75 =_ — = o. ooo, 260, 416; 
| 6 (= _ => — = — = 0.000,021,701 ; 
K ( >] = _ = D) = o. ooo, oo l, 5 50 
1 (== — 5 = en) = o. ooo, ooo, 96; 
x 2255 = 5 = — = 0.000,000,005 3 
And L (= = = = = ==) = o. ooo, ooo, ooo. 


Therefore the ſeries a + B D +FETF +6 +$H+1+K+L + 
Ganl+=+=+=+=+=+I3+ 5+ a+ Zr 


2. 2.10 
will be equal to 1. oo0, ooo, ooo + o. foo, ooo, ooo + 0.12 OSD Cee + 0.020, 
$33,333 + 0.002,604,166 + 0.000,260,416 + 0.000,021,701 + 0.000,001, 
550 ＋ 0.000,000,096 + 0.000,000,005 ＋ o. ooo, ooo, ooo + C = 1.648, 
721, 267, Ce; and conſequently the ratio ſought, or that of which the fraction 


= or o. oo, ooo, ooo, is the logarithm in Napier's ſyſtem, is the ratio of 1.648, 
721,267, Ce to 1. Q. E. 1. 
14. The ratio of the ſquare of this number 1.648, 721, 267, Ec to r is double 


of the ratio of this number itſelf to 1; and conſequently the logarithm of the 
ratio of the ſquare of this number to 1 will be double of the logarithm of the 


ratio of this number itſelf to 1, or will be double of — or o. oo, ooo, ooo, 


or equal to 1. But the ſquare of the number 1.648,62 1, 267 is 2.718, 281,816, 
Sc. Therefore the ratio correſponding to the logarithm 1, or of which 1 is 
the logarithm in Napier's ſyſtem, is that of 2.718, 281,816, Cc to 1, 


7 | .SCHOLIUM, 
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SCHOLIUM. 


15. In the ſolution of the foregoing problem the letter L was put for the value 


of the whole ſeries & — — 7 — + 2 + Ec ad infinitum, in which 


k can never be greater than 1, and the value of which can never therefore be 
greater than that of the 1afinite ſeries 1 _ 4 7 * 721 + &c ad 


3 X 
inſnitum, or than the logarithm of the ratio of 1 + 1, or 2, to 1, or than the 
decimal fraction 0.693,147,180,559,945,304, Sc. And therefore it cannot be 


concluded from the reaſonings uſed in the ſaid ſolution, (which are grounded 
on the ſaid ſuppoſition, ** that L is equal to the ſaid ſeries & —— + = — = 


+ - — La + &c, and conſequently is ſubject to the ſaid reſtriction, ) that, 


when L 1s greater than Napier's logarithm of the ratio of 2 to 1, or than the de- 
cimal fraction 0.693,147,180,559,945,304, Cc, the ratio correſponding to it, 
or of which it is the logarithm in Napier's ſyſtem, is the ratio of the ſeries 1 
2 3 4 3 
+ L + _ + = + 2 + 2 = 2 + &c ad infinitum to 1. Never- 
theleſs this propoſition is true in theſe caſes as well as in the former, though it 
does not follow from the foregoing premiſſes. But it may be ſhewn from other 
premiſſes, that, whatever be the magnitude of L, even though it ſhould be much 
greater than the decimal fraction ©.693,147,180,559,945,304, Cc, and even 
than 1, as, for example, equal to 15, or 100, or 1000, or any greater number, 
yet the ratio correſponding to the logarithm x, or of which L is the logarithm 


in Napier's ſyſtem, will {till be the ratio of the ſeries 1 + r + — + = CY —_ 


| Ls LS 0 þ 
r + &c ad infinitum to I. 
For though, when L is greater than 1, the powers of 1, to wit, L, 1“, 1% 1 
L*, 1*, Ce, which form the numerators of the terms of the ſaid ſeries, will be 
a ſeries of increaſing quantities, every one of which will be greater than that 


which immediately precedes it in the proportion of L to 1, yet the increaſe of the 
whole terms L, , S infinitum, ariſing from 
ſuch increaſe of their numerators L, L., I, I“, I, I', Sc, will, in ſome part or 
other of the ſeries, be more than counter- balanced by the decreaſe of them ariſing 
from the increaſe of their denominators 2, 2.3, 2.3.4, 2.3.4. 5, 2.3.4.5. 6, Ec ; 
and conſequently the ſaid whole terms (though they will have diverged, or in- 
creaſed, continually from the beginning of the ſeries to that term at which the ſaid 
over-balancing takes place) will afterwards converge, or decreaſe, continually, 
and that with an increaſing velocity, or faſter than in a continued geometrical 
proportion; and therefore the value, or ſum of all the terms, of the ſaid ſeries 
++ ++ + C4 ——= + 0; wit cod. 
+ , gall 2.3·4 142 fr 2.3.45 · i 8 
the divergency, or increaſe of its terms,) be only of a finite —— 
8 
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This convergency of the terms of this ſeries, in ſome part or other of it, even 
when L is much greater than 1, may be eaſily deduced from an attentive conſide- 
ration of the manner in which the denominators of its terms increaſe : and, fur- 
ther, it may be demonſtrated from other premiſſes, that, whatever be the magnitude 
of L, the ratio correſponding to it, or of which it is the logarithm in Napier's 


14 


. . . 1 * L* L5 
ſyſtem, will be the ratio of the ſeries 1 + L + = + 2 27 = + 


—— + Ec ad infinitum to 1. See below, in articles 39, 40, and 41. But 


this is a ſpeculation of more curioſity than uſe, on account of the great labour of 
computing a ſufficient number of the terms of this ſeries, when x is much greater 
than 1, to obtain its value to any conſiderable degree of exactneſs. It may not, 
however, be amiſs to give the reader an inſtance of the truth of this propoſition 
in one remarkable caſe of it, that lies out of the limits of the ſuppoſition made 
in the foregoing problem, by computing the value of the ſeries 1 + L + 
L* L3 14 LS L — . 

2 + 2.3 P 2.3.4 + 253«4+5 + r 5. Se 2 — when Y is equal to 
I, and thereby determining (in caſe this propoſition holds true in the extent 
we have juſt now aſſigned to it,) the ratio correſponding to 1, or of which 1 is 
the logarithm in Napier's ſyſtem ; which we ſhall find to be that of the number 
2.718,28 1,8 16, Sc to 1, as it has been already ſhewn to be in article 14. The 


computation of the ſeries 1 ＋ L + = + = + = += + == + 
Sc ad infinitum in this caſe, in which it becomes equal to the ies I + 1 + 


1 1 T I 1 . . 1 
©7375 T 557 + 7 zzz c od injenitum, may be performed as 
follows, | 


, , L* L? 17 LS 15 
The Computation of the Series x + L + —+ = 4 2 a wn oþ 
++ &c ad infinitum, when L is = 1, 


. 1 1 
rere 
ert yy {oe + 

L L 8 . 
1 + Ee is in this caſe equal, be called a, and the ſecond term 
x be called , and the third term — be called e, and the fourth term — be 


2˙3 
called v, and the fifth term = be called x, and the fixth, ſeventh, eighth, 
ninth, and other following terms, or ,. — 


2.3.4˙5 2+3+4+5o0) — — Dr Se, 
be denoted by r, 6, n, 1, and the following capital letters of the. alphabet. And 


the foregoing ſeries 1 + 11 — + 5-+ = + - : 


I 
2+3+4+5 + 2.3.4.5. 6 7.7 $.6.7 
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mn += + 777 7 += 
+ ＋ . 1. — + Oe. Theſe terms, when reduced into 2 ans 


will * as 7 lows. 


A = 1. ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo; 


= 1. ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo; 


0 
ll 


0 ＋ Sl gls gle . ln Ale of» 4 th 4 As A 
[ k 
$3 
8 8 
8 8 
5 8 
8 8 
5 8 
5 8 
8 8 


0. 166,666,666, 666,666, 666,666,666; 
= 0.041 »666,666,666,666,666,666,666 : 


ty 
ll 


0.008, 333,333-333»333»333»3335333 5 
0.001,388,838,883,888,888,888,888 ; 


0.000,198,412,698 ,412,698,412,698 ; : 


0.000,024,801,587,301,587,301,587 ; 3 
= o. ooo, oo, 755,731, 922, 398, 589,065 


= o. ooo, ooo, 275,573,192, 239, 858, 906; 


ll 


o. ooo, ooo, oa 3, o52, 108, 385, 441,718; 


o. ooo, ooo, oo, o87, 67 5, 698, 786, 8g; 


o. ooo, ooo, ooo, 160, 590, 438, 368, 216; 


by 
| 


= 0.000,000,000,011,470,745,5975729 3 


G = = 0.000,000,000,000,764,716,373,181 3 


5 17 


= o. ooo, ooo, ooo, ooo, o47, 794,773,323 


o. ooo, ooo, ooo, ooo, ooa, 811, 437, 2543 


— 
I 


* 


— = = o. ooo, ooo, ooo, ooo, ooo, 156, 192,69; 


79 o. ooo, ooo, ooo, ooo, ooo, oo8, 220, 635; 


< 
1 
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= 0.000,000,000,000,000,000,411,031 ; 


: 
1 


> 
ll 
[i 


0.000,000,000,000,000,000,019,572 3 


= o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, 889; 


N 
[| 


dt 
[| 
In s $14 


bo. ooo, ooo, ooo, ooo, ooo, ooo, ooo, o38; 
o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, oo i. 


2.718,28 1,828, 459,045, 23 55360, 274. 


. when Lis = 1, the ſeries 1 + L + +5 + — = + 
— G + c is = 2.718,281,828,459,045,235,360,274, &c; and the ratio 


correſponding to 1, or of which 1 is the logarithm in Napier's ſyſtem, is the 
ratio of 2.718,281,828,459,045,23 5,360,274, &c to 1; which is the ſame with 
the ratio aſſigned above in article 14 for the ratio correſponding to the ſame lo- 
garithm 1, to wit, the ratio of 2.718,281,816, &c to 1, except that it is ex- 
prefled with more exactneſs, or to a greater number of figures. 


17. Coroll. 2. If s be the logarithm of the ſame ratio in Briggs's ſyſtem of 
logarithms of. which t is the logarithm in Napier's ſyſtem, B will be leſs than 
L in the proportion of Briggs's logarithm of the ratio of 10 to 1 to Napier's 
logarithm of the ſame ratio, that is, in the proportion of 1 to 2.302,585,092, 

94,045,668, Sc; or L will be = 2.302, 58 5,92, 994, 043,668, Ce X B. 
7 herefore, if B be any logarithm, in Briggs's ſyſtem, of which we wiſh to 
find the correſpondent ratio, we muſt firſt multiply s by the number 2.302, 
585,092,994,045,668, Cc, whereby we ſhall obtain the value of 1, or of Na- 
pier's logarithm of the ſame ratio; and then we muſt compute as many terms 


of the ſeries 1 + L Fl = + — + - + " + Ec ad infinit 

S "4 2.3.4 10 75 4 2.3-4-5.6 N 9 
as may be neceſſary to expreſs the ratio we are ſeeking to the propoſed degree 
of exactneſs. For the proportion of the ſaid ſeries, or of the ſum of ſo many 


terms of it as we ſhall have computed, to 1 will be the ratio ſought. 


An Example of this Method of diſcovering the Ratio correſponding to a given Loga- 
rithm in Briggs's Syſtem of Logarithms, 2 4 * 


18. Let it be required to find the ratio correſponding to the logarithm 1052 


or 0.01, in Briggs's ſyſtem of logarithms. 
The 
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The logarithm of this ratio in Napier's ſyſtem is = 2.302,585,092,994,04 5,668, 
Sc Xx 0.01 = 0.023,025,850,929,940,446,68, Sc. Call this logaruhm 1. 
Then will L“ be equal to 0.023,025,850,929,949,450 08, T, or (neglecting 
the laſt eleven figures, as inconſiderable,) equal to o. O23, O25, 8 5c. = o. ooo, 
530,189 ; and 1 will be = o. oo, 12, 208; and L4 will be = o. ooo, ooo, 281; 


and 1“ will be = o. ooo, ooo, oob. Therefore — will be = 8 == 0. 


000,265,094; and = will be = ee = 0.000,002,034 ; and — will 


0 $ . 0,000,000 006 
be = 2 — = O. ooo, ooo, o11; and — will be = = — = Os 
24 2.3 A5 . l 
1 L 


ooo, ooo, ooo; and conſequently the ſeries 1 + L + — + — * 7 ＋ we 

| 3. 3.48 
+ Ec will be = 1. ooo, ooo, ooo + o. o23, oa 5, 8 50 + o. ooo, 265, 94 + 0.000, 
©02,034 + o. ooo, ooo, ii + o. ooo, ooo, ooo + * 1.023, 292,989, Se. 
Therefore the ratio correſponding to r, or o. og, oa 5, 850, or of which 0.023, 
025,850 is the logarithm in Napier's ſyſtem of logarithms, or of which 0.01, or 


— is the logarithm in Briggs's ſyſtem of logarithms, is the ratio of 1.023,292, 
989, &c to 1. Q. E. I, 


19. This number 1.02 3, 292, 989, &c is the hundredth root of 10. 

For the ratio of the 100 root of 10 to 1 is the 100 part of the ratio of 10 to 
x ; and conſequently the logarithm of the ratio of the hundredth root of 10 to 1 
is the hundredth part of the logarithm of the ratio of 10 to 1. But in Briggs's 


ſyſtem of logarithms 1 is the logarithm of the ratio of 10 to x. Therefore _ or 


0.01, is the logarithm of the ratio of the hundredth root of 10 to 1. But it has 
been ſhewn, that 0.01 is the logarithm of the ratio of 1.023, 292,989, Cc to 1 
in Briggs's ſyſtem of logarithms. Therefore the ratio of the hundredth root of 
10 to 1 is equal to the ratio of 1.023, 292,989, &c to 1, they having both the 
ſame logarithm. Therefore (by El. 5, 9) the bundredth root of 10 mult be 


equal to 1.023,292,989, &c. . B. b. 


3A | CONCERNING 


CONCERNING THE 


SECOND ANTI-LOGARITHMICE SERIES 
PUBLISHED BY DR, HALLEY; 


To WIT, 


L5 


x3 L Mg. 2 
2.3˙4·˙85 243-4450 


The Series L — = += + 


+ Sc ad infinitum. 


20. E come now to conſider the ſecond W RE ſeries in- 
5 35 by Dr. Halley, to wit, the ſeries L = — = + = — 294 ＋ 


3 

2 233. Is 2+3-4-5.6 
ſeries k + — TRE = 8 + — 7 + La + &c ad infinitum, invented by Dr. 
Wallis, or che logarithm of the ratio *; to 1 — K. Now, in order to derive 
the former of theſe ſerieſes from the latter, it will be convenient to premiſe the 
following lemma, 


80 Se ad Gm in my L denotes the VER 2 the infinite 


L EMMA Il 


at. If x be any quantity leſs than 1, and # denote any whole number what- 
ſoever, the nh power of the reſidual quantity 1 — x, or of the —_— of 1 __ 


x, will be equal to the following ſeries of terms, to wit, x — __ X * + ＋ * 
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* R R rr N xx 


2 2 3 4 
3 1 — 1 ft — 2 n 4 x 2 * — 1 ** — 25 2 — 
F * —=< *r * 


. - x — x = &c, continued to # + 1 terms, or (if we put the capital 
letters A, B, c, D, E, F, o, &c for the firſt term 1, and the ſeveral co-efficients of 


x, X, x3, x, x*, *, and the following powers of x reſpectively) to the ſeries 1 — 
AXT — ef Æο D LN: ** 


2 
— &c; in which the law of continuation of the terms is very manifeſt, to wit, 


that the terms are alternately poſitive and negative, or that the 3, 5h, 50, and 
all the Rs odd terms, are to be added to the firſt term 1, and the 254, 40h, 
6d, and other following even terms, are to be ſubtracted from it; and, with re- 
ſpect to the co- efficients of x, *, *, *, X, x*, Cc, that they are generated from 
the firſt term 1 by the continual multiplication of the generating fractions 


— —.— . * ; — 1 ==>, Sc, of which the numerators , 
1 — 1, 2 — 2, 1 3, #— 4, # — 5, &c, are formed from each other by the 
continual ſubtraction of an unit, and the denominators 1, 2, 3, 4, 5, 6, Sc are 


formed from each other by the continual addition of an unit. 


22. This propoſition may be demonſtrated in the ſame manner as the cele- 
brated binomial theorem, of which it is uſually conſidered as a branch. On the 
preſent occaſion I ſhall take it for granted, as I did the binomial theorem itſelf 


an article 3. 
23. Coroll. 1. If x be equal to the ah part of any given quantity called & fo 
that 1 — x ſhall be equal to 1 — = it will follow that 1 — *“, or 1 — 2 of will be 


a 3 n 1 — 1 2 n 1 2 1 1 — 2 
FTF 
33 * 221 122 * — 3 8 8 — 1 1 — 2 1 — 3 
c airs OO is 
SO. 3 we 32D 1 . ERS x 
—— XY TRR 


5 21 +00 


continued to # + 1 terms, or to the ſeries 1 = = A * — += 3X — 


„rr 
rr 
tinued to # + 1 terms. 


24. Coroll. 2. Whatever be the magnitude of », the quantity 1 — L n be 


greater than the ſeries 1 —þ + — —- + 1 3e 


tinued to # + 1 terms. 


— Ec, con- 


2+3 2+3»4 2+ 3+4+5 + 2.3-4-546 


3A 2 | For, 


— po mmmpoaou 
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For, by the foregoing corollary, we have 1 — * 12 — x 42 x 
* x 

n—1 32 " #—1,, # — 2:,, 69 1 1 — — Fg 

5 * e = x — x 

p = n—} 1 2 — 1 * — 2 

8 5 e e br. wy bro we 


«tis DU _ Se, 3 terms; which is 
* 


* — 1 2 „ 4 6% + 11 — bn 


1 — þ + OY ö PL 2.3 + 77 * = * 
— — — * 2 _ 2 — 1595 + 81 — 22513 + 2941* — 120n 
vl N nd —— * 
— — ET T7 _ 120 
* 4 IT —_— | 55 
2 


1 terms . 5 
* ; V . 2 T 2» 3 · 4 2. 4. + 2:3-4:5.6 
— Ec, continued to u * I terms, = the feries © 1 1 


X — — — — 


2 1 8 2. 


oo 


ic 85 225 _ 274 120 35 ONE: 7 


Therefore 1 — N is greater than the hide 1— b+- 3 
a * 2 = 


— ued to x by an excel: — 
— oo = Se, contin + 1 2 N F 8, or dif. 


ference, equal to the ſeries — x LS — K 2 1 n 


= n 1 
24 35 I 8 . 
e ee 
—— — Ec, continued to ny — 1 terms. . k. o. 


25. Coroll. 3. But, though the quantity 1 — 2 be always greater than the 


ſeries 1 = b+=>=S+Z==I7*5 — Se, continued to 


x + 1 terms, yet the 1 1 them will continually decreaſe while 
the index # increaſes; and the ſaid index n may be taken of ſo great a magni- 
tude that the ſaid difference ſhall become leſs than any 22 quantity, how 
ſmall ſoever. 


For it has been ſhewn in ED: corollary, that this difference i is equal 
2 


Re. | 3 b3 6 11 6 * 
7 or ne KISSES = PEP. 
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70 35 0 24 ö 85 22 274 120 3⁰ 

- * 2 hls 17 * n+ * Xx, «4.5.0 
— Ee, continued to n — i terms. Now it is evident, that this ſeries will con- 
tinually decreaſe while # increaſes ; becauſe the powers of » conſtitute the de- 
nominators of the ſeveral members of the co-efficients of its terms; and n ma 


be taken of ſo great a magnitude that the ſaid ſeries ſhall be lefs than any aſ- 
ſigned quantity, how ſmall ſoever. Therefore, while the index # increaſes, the 


difference whereby the quantity 1 — Ly exceeds the ſeries 1— þ + = — 
- — — Ee continued to # + 1 terms, will decreaſe 


. E. D. 


26. Coroll. 4. It follows, from the foregoing corollary, that the infinite ſeries 


3 3³ b4 18 2 
1— 3 ＋ — 2 22 5 + oo Sc ad infinitum, is the limit 


- . N * 
of the magnitude of 1 — — , or the quantity to which 1 — 2 may, by increaſ- 
ing continually the index u, be made to come as near as we pleaſe, 


For, by increaſing the index ꝝ continually, the exceſs of the quantity 1 — 2 
above the ſeries 1 - 3 + = — — + _ — — — — Ec, con- 
tinued to n + 1 terms, may be made to decreaſe till it is leſs than any aſſigned 

ntity, how ſmall ſoever, as we have ſeen in the foregoing corollary. And, 


by increaſing the ſaid index # continually, ph is evident that the difference be- 
2 $ 

tween the ſaid ſeries 1 — 6 + — — = | - + * Ss, con- 
3 3 ·4 2.3. 4+5 2.3·4˙5˙0 

tinued to #» + 1 terms, and the {ame ſeries, continued ad inſinitum, may be dimi- 

niſhed as far as we pleaſe, or made to become leſs than any aſſigned quantity, 


how ſmall ſoever. It follows therefore, that by increaſing the index u conti- 

nually, the difference of the quantity 1 — A and the infinite ſeries 1 — þ + 
4s 

3 + - 0 T Cc ad infinitum (which will be equal 


2 23 2 23 | 2:3:4:5: 
to the ſum of the ſaid exceſs of 1 — above the ſeries 1 — þ + = — - + 
3 = P90... "Re Se, continued to u + 1 terms, and of the exceſs 


2s +4 2.345. 2.3˙4˙5˙ l g : ; 
of the ſaid finite ſeries above the ſame ſeries continued ad imfinitum, in caſe the 


ſaid finite ſeries is greater than the ſame ſeries continued ad infinitum ; but other- 


wiſe will be equal to the difference between the ſaid exceſs of 1 — 2 above the 


ſaid finite ſeries and the exceſs of the ſaid infinite ſeries above the ſaid finite 
ſeries,) may be diminiſhed as far as we pleaſe, or made to become leſs than any 
aſſigned quantity, how ſmall ſoever ; or, in other words, the infinite ſeries 1 — 

b + 
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32 53 3⁴ 35 $5 
4 2.3 2.3· 4 2.3·4˙5 8.78.6 


the magnitude of the quantity 1 — - . d. E. b. 


— Ce ad inſnitum, is the limit of 


27. Coroll. 5. If we make uſe of the language of infinites, the ſubſtance of 
the laſt, or 4 corollary may be expreſſed in the manner following. 


When the index u of the power to which the reſidual quantity 1 — = is to be 


raiſed, becomes infinite, the ſeries 1 — — * = + — * — * 2 ea —— 
1 — 1 # — 2 b 1 1 — 1 1 — 2 1 — 3 2 7 t 
, r rr 


en eee 


6 Py 


: 35 1 , + ; 4 3 4 f 
„K Ec, continued to n + 1 terms (to which the quantity 1 — 2 
1 ; | un — 34 25 | 

is equal,) or its equal, the ſeries 1 — Ex ITA - +1, 


3 — 643 + 111n* — 62 3⁴ 15 — 10n* + 352— 50 + 242 5 
= 1 — bu 25 X = _þÞ 2-55 don! + 24 * — + 
—— 1 —— — Ec, continued to #» + 1 terms, 
will become infinite in the number of its terms, and will be equal to the ſeries 1 
2 2 3 3 4 3 $ 
„ b + Ex MS x = + 2 * = Ex +2 x 
— = fc ad infinitum, or to the ſeries 1 — 6b + — — — + — — 


37 5-6 


r oY _ ** Se ad infinitum ; becauſe all the members of the ſeveral nu- 
* un — n, u — 33“ + 2, if — 63 + 11 — 6, 1 — 10 + 3 5h 

on? + 24n, and “ — 15 + 8514 — 225187 + 27417 — 120n, Cc, after the 
elt members *, #*, n*, x*, n*, &c, will vaniſh, or become infinitely ſmall, in re- 
ſpect of the ſaid firſt members, which contain a higher power of » than the ſaid 
following members, and conſequently thoſe whole numerators will be equal to 
their ſaid firſt members »*, , ., n*, 1, Cc, reſpectively. Therefore the quan- 
ech is in all caſes equal to the ſaid ſeries 1 I „ 14 
tity 1 — — (which is in all caſes equal to the fa1 TICS 1 —'— XxX b + 


32 225 2622 2 | 3 N 1 
2 613 + 11% — ſs ron? + 3517 — cont + 241 


| 3 u* 2.3-4 * n3 

5 — 5 — 3 2 — . 
„ continued to 
2.345 C a A 2.3.4.5.6 


# + 1 terms,) will, in this caſe of the infinite magnitude of », be equal to the 


: ; 0 b2 $3 34 b5 A 
in ies 1 = 6 + — n *. 
Aus. Q. E. D. 


28. Theſe 
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28. Theſe things 3 . the inveſtigation — the ſecond anti- loga- 

1 * L5 
rithmick ſeries L — = + - mo OR rer N 
or the NN of it from Dr. Wallis's logarithmick ſeries & f. + 


2 ＋ = MY AYP. a — + Sc ad infinitum, may be performed in the manner following, 


n II. bf 


Lge k be "wo n leſs then r, and let L be AP to the infinite ſeries 
k + — + . — + T a ＋ + Se ad infiaitum ; which is the logarithm 


of che ratio of 1 to 1 — & in Napier's ſyſtem of logarithms. And let L, or the 
value of this whole ſeries, be ſuppoſed to be known, but &, or the value of its 
firſt term alone, and conſequently the ſeparate values of all its other terms 
(which contain the powers of k), to be unknown. It is required to find from 
L, or the value of the whole ſeries, the value of its firſt term &, 


SOLUTION, 


Let us ſuppoſe the letter » to denote ſome very great number, ſuch as a 
nonillion, or the ninth power of a million. 


Then it will follow, from lemma 3, coroll. 2, art. — of the * foregoing re- 
marks on Mercator's and Wallis's rote, 1 1 il on very nearly 


equal to + X the infinite ſeries & + = + = + —＋ + &c ad 
infinitum, that is, (becauſe L is ſuppoſed to be equal to the faid ſeries,) very 


nearly equal to —X L,orto — Therefore, if we add 1 — H to both ſides, 
we ſhall have 1 very nearly =— + 1-—#\z, and (ſubtracting — from both 
ſides) I =P De very nearly = 1 — =, and (raiſing both ſides of this laſt equa- 


tion to the 1 power) 1 — & very nearly equal . And n may. be 


taken of ſo great a magnitude that the ratio of 1 — K to 1 85 ſhall ap- 


proach as near as we pleaſe to a ratio of equality. 
But, becauſe the index » is of an immenſely- great magnitude, it follows, from 
the fourth corollary of che foregoing lemma, that 1 — 2 vill be very nearly 


1 * 2 | 
equal to the infinite ſeries 1 = L + — — Fee eee, 1.5 


+ _ 
2.3 2.3.4 .6 
Ec ad infinitum, and that 1 may be taken of ſo great a magnicude chat ch e dif- 


ference 


32 
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ference between 1 — =” and the ſaid ſeries ſhalt be lefs than any aſſigned 
quantity, how ſmall ſoever. Therefore 1 — & will be very nearly equal to 


the aid infinice ſeries 1 — 1 2 En H —E— = &c 


<d infnitun, and conſequently (adding f to both gde) 1 will be very 


2 L 1 
2 2-3-4 3 * 


ad infinitum, and (adding the ſeries L + — & ——— + &c ad infinitum to both 


8 
kde) f + f + Be 0d hee, will be very neatly equal to 


k+1 + £4 5+ ta + Oc ad infinitum, and (ſubtracting 1 from 
both ſides) L + = + + c ad infinitum, will be very nearly equal to 


23 25-65 
k + > + 55a rs + Sc ad infinitum, and, laſtly, (ſubtracting the 
infinite ſeries — 21122 


* + &c EO N mu will 

1 ny . to the infinite ſeries L — — 2 + — — * — 

5 7 rr Se ad infinitum, And ſince, by 3 PX magnitude of x conti- 

nually, the quantity 1 — may be made — erent as rome as we pleaſe — an 
15 

equality with the infinite ſeries 1 — L + = = _ 2 I 5 Tape 


Ec ad infinitum, it follows, that it is not Fa very nearly, but accurately, 
equal to the ſaid infinite ſeries, -and er N chat k 1 — not only very . 


but Ts equal to the infinite ſeries L — — 1 — 72 8 


+ &&c ad infinitum. Q. E. I, 


2˙3•4 5 
11. This ſolution may be expreſſed with greater brevity in the language of 
infinites, as follows. 
Let us ſuppoſe the letter x to denote a number infinitely great. 


Then it will follow, from lemma 3, coroll. 2, art. 65, of the foregoing re- 
marks on Mercator's and Wallis's ſerieſes, that 1 — (1 — Hz will be equal to 
= x the infinite ſeries k + > + © + © + g &c ad iat, 


EY is, (becauſe the ſaid ſeries is = _ ws X L, or to =. Therefore (add- 


ing 1 Is to both ſides) we ſhall have 1 == + 1 = Az and (ſubtracting — 
2 | from 
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from both ſides) 1 — = = I=, or T= =1 — 7» and confequently 
(raiſing both ſides of this laſt equation to the uh power,) 1 K 1 D > 
But, becauſe the index # is an infinitely-great number, it follows, from coroll. 
5 of the foregoing lemma, that 1 — 2 vill be equal to the infinite ſeries 1 — 
L + E = E +23 = + =; = &c ad infiritum. Therefore 1 


1.» 1 * 1. * 15 


— k vill be equal to the ſame infinite ſeries 1 — L + — — Frm a 
+ = Sc ad infinitum; and conſequently (adding b to both ſides of the 


L* 1* L* 


We een bee == 12 7 — 


„„ 


6c ad infinitum ; and (adding L + = 4 2 + &c ad infinitum En 


1+ 1+ £ + po + Oe od uit il be==kt + 1 + = + 2 + 
1.3 Ls 
88 — + &c ad inſnitum; and W from nos fides) L þ 2 1 


e 472 * 754 e 


laſtly, —— N Se ad infinitum 


from both fides,) & will be = the inflots fries 2. = = + Bn + 


BY | 
Sc ad infinitum, E. I. 
2345 e up * 


30. Coroll. 1. OP E is equal to the infinite ſeries - — + — — 1 


＋ — —— Ec ad infinitum, it follows that the ratio ar I — & will 
— A} += == + — 


1 eee es — L + = _ 
* 3 — Oc ad infinitum ; or the ratio correſponding to 


2+3:4 73 5 5.6 
any given logarithm in __ O . denoted by L is ws ratio of 1 to the 
L 
infinite ſeries 1 = 1 + = = f K Ter- Et on” Sc ad infi- 


nilum. 


—— Sad inflates ; and,, 


| 
4 
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An Example of the foregoing Method of diſcovering the Ratio correſponding to a given 
Logarithm l in Napier's Syſtem, by Means of the Infinite Series 1 = L + = — 


284 * - — — &c ad infinitum. 


+ 


2.3 2.3.4 835 2.3.4.5 2.3.4.5 · 6 


31. Let the given logarithm, of which we are to find the ratio, be —, 
or o. Soo, ooo, ooo. | 

Then will 1* be = =, 1* = FT 1 2 =, ls - = L = N and 1˙, 1 1“, 
1˙, Ce will be equal to the 7, gh, gtb, rom, and other following powers of 
= as in the example given above in article 13. Therefore the ſeries 1 — L + 
L* L3 L* Ls ze ** os 2 EL | 
A >) + 3 + . T0 Se ad infinitum will in this caſe be 
equal to 1.000,000,000 — o. g oo, ooo, ooo + 0.125,000,000 — 0.020,833,333 
＋ o. oo, 604, 166 — o. ooo, 260, 416 + o. ooo, 21,701 — o. ooo, oo1, 550 + 
o. ooo, ooo, og — o. ooo, ooo, oog + o. ooo, ooo, ooo — &c = 1.127, 625, 963 
— 0.521,095,304 = o. 606, 530, 659. And conſequently the ratio ſought, or 


that of which , or 0.500,000,000, is the logarithm in Napier's ſyſtem, is that 
of 1 to o. 606, 530,6 59. G E. 1. 


32. This ratio of 1 to o. 606, 530, 659 is the ſame with that which was found 
above in article 13 for the ratio correſponding to the ſame logarithm = „or 0.500, 
ooo, ooo, to wit, the ratio of 1.648,721,267 to 1. | 


1. ooo, ooo, ooo, ooo, ooo, ooo, o 
1.648,21, 267 


661; which exceeds o. 606, 530, 659 by only o. ooo, ooo, ooa, or 


— , or one five-hundred-millionth part of an unit. 
$00,000,000 


33. This equality of the two ratios which are found to be correſpondent to the 
ſame logarithm = or 0.500,000,000, by means of the two ſerieſes r + L + 
1 1.3 14 L5 LS Py ; x. 
* + — gab &c 4 1 mou * derived from 
the two logarithmick ſerieſes k 7 4 + F* — = + =” — ** Sc ad in- 
num, and E N E L e ad infiitum, invented 
by Mr. Mercator and Br. Wallis, affords an additional proof of the truth of 


what is aſſerted in theorem 3, article 83, of the foregoing remarks on thoſe two 
{ericſes, 


For 1.648, 721, 267 is to 1 as 1 is to 


= o. 606, 530, 


2 
, Or 
1.000,000,000 
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ſcrieſes, to wit, that the logarithms exhibited by the ao two ſerieſes of Mer- 
cator and Wallis belong to the ſame ſyſtem. 


Another Example of the foregoing Method of diſcovering the Ratio correſponding to 6 
given __— L in Napier's Nen, 3 Means of we infinite Series 1 — L + 


1+ LS 


2 15 2. 234 2+3+4+5 


= 


34. Let the given logarithm 1, be equal to 1. It is required to find the ratio 


e Or by means of the ſeries 1 = L += dad 27 + = 


L5 
_ + = - — Se ad inſinitum. 


Now, when L is = 1, we ſhall have 1* g 1, and 1“ = 1, and 1“ = r, and 
every following power of L = 1; and conſequently the ſeries 1 — L + 


1.» 13 L* L* LS $9.5 
—— + 2 75 hey ad YR i in this caſe 
* 


become equal to the ſeries 1 — 1 +— ” 55 + 225 2 82 


Sc ad infinitum, „ hg ad Err — Ec ad infinitum, 
the ſeveral terms of which ſeries have been already found, in article 16, to be 
as follows. 


= o. zoo, ooo, ooo, ooo, ooo, ooo, ooo, ooo; 
0. 166,666, 666,666,666, 666,666 5666 
= o. o41, 666, 666,666, 666, 666, 666,666; 


0 
ll 
Il 


8 
I 


o. o08, 333,333,333, 333,333,333, 3333 
0. 001, 388, 888,888, 888, 888,888,888; 


o. oo, 198, 412, 698,412, 698,412,698; 


o. ooo, oa4, 801, 587, 301, 587, 301,887; 


8 IA Ale * ox A1 ol» I cl 9e * 


8 
: 
2 
— 
Ur 
Ur 
_ 

«I 
V3 
— 
_ 

\S 
I 
2 
SJ 

Ga 
\S 
C9 
2 

* 
GO 
\S 
wu 

0 
on 
* 
» 


= 
Il 


= 0.000,000,275,573,192,239,858,906 ; 


= 0.000,000,025,052,108,385,441,718; 


o. ooo, ooo, ooa, o87, 67 5, 698, 786, 809 5 
3B 2 


| T 
4 
N 


, 
' 
; 


0 = 3 * = o. ooo, ooo, ooo, 160, 590, 438, 368, 2163 
2 = SE = 0.000,000,000,011 470, 745, 97,729; 
= 2 = o. ooo, ooo, ooo, ooo, 764, 16,373,181; 


b — O. OOo, ooo, ooo, ooo, 47,794, 773,323 3 


133 | 4 
2 o. ooo, ooo, ooo, ooo, oo, 81 1,487, 2543 


T = 775 = o. ooo, ooo, ooo, ooo, ooo, 156, 192, o69; 


T 
V = do. ooo, ooo, ooo, ooo, ooo, oo8, 2 20,63 53 


19 
W = = = o. ooo, ooo, ooo, ooo, ooo, ooo, 411, 31; 
X = = = o. ooo, ooo, ooo, ooo, ooo, ooo, o19, 5) 2; 
1 = _ = 0.000,000,000,000,000,000,000,889 ; 
z = 5 = o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, oz8; 
4 2 2 = o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooi. 
Therefo e pg Sc ad infinitum, or — 
SES SSIS S=SSESTSSSHS = L+ SZ 
1 — 75 75 5 rA 77 — — Ec ad infinitum, or 
erz % 
2 — 77 7 2 — EE SECS vil be a 


0; oo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, 
+ 3. 41, 666, 666, 666, 666,666,666, 666, 
+ 3. . 1,388,888, 888,888,888, 888,888, 
＋ 3. + 3+ 24,601, 58, 301 587,301 "587, 
+ 3.0 + 3+ 275,573,192, 239, 8 58,906, 
+ 3... 3+ 0 + 3+ 2,087,675, 698, 786, 8og, 
+ .. . ye . . 11,470, 745,597,729, 
T 33 „ „„ . 2788-722885 
3. „ „ „ „„ 5 0+ 1 56,192, 069, 
＋ 33 „ 4 „„ „„ „% „é 5411031, 
* Nene ee g00 0 90 0 0 0 389, 
+ 
+ 


729% % %%% % %% % % „ „ 3% „„ ly 


Sc. 
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—=0;166,666,666,6566,666,666,666,666, 

— 5. 8,333,333,3337333,3337333,3335 

3. . . 198, 412,698, 412,698, 412, 698, 

« + + 3+ 2,753,731, 922,398, 5 89, 06 5, 

je «+ „ . 25,062, 108, 38 5, 441,718, 

3. 3+ « + 3+ 5160, 590, 438, 368, 216, 

3. 5 5 5 763, 716,373,101, 

3. 5 0 c30 60. %% „ % % „lil 

6. + 42 „ „% / 5 te RS. 

Soc 090 0090000005 g00 » 20. 0's ja SHED 

332% %% „%% %%% %h6ůͥ% %% % ge es gc 5 

== . 

0.543,080,034,815,243,778,477,898, &c — 0.17 5,201,193:43, 301,456,602, 
76, Ce = 0-307 B79 441,17 I2442.32 1159 555223 Sc. herefore the ratio 
ought, or that of which 1 is the logarithm in Napier's ſyſtem, is that of 1 to 

the decimal fraction o. 367,8 79, 441, 171,442, 321,595,622, Sc. E. I. 


nnn 


35. This ratio is equal to the ratio of 2.7 18, 28 1,828, 459, 045,235,360, 274, 
Sc to 1; which was ond above, in article 16, to be the ratio of which 1 was 


the logarithm in the ſyſtem of logarithms exhibited by Mercator's ſeries & — 


= + 25 as + 2 * La + Ec ad infinitum. For 2.718,281,828,459, 


1 1 

. . 000, O00, , $000,000, , c 
045,235,360,274 is to 1 as 1 is to ITT TOTO oo — 
o. 367, 879, 441, 171, 442, 321, 59, 25; which agrees with the foregoing number 
o. 367, 879,441, 171, 442, 321,595,522, in all the figures but the laſt. 

The operation of this diviſion of 1. ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, 
&c by the long number 2.718, 28 1,828, 459, o45, 23 5,360,274, is as follows. 

In order to avoid miſtakes in performing ſo long and laborious a diviſion, it will 
be expedient, before we enter upon it, to find all the products that can ariſe b 
multiplying the diviſor 2.718, 281,88, 459, 045, 235, 360, 274 into the eight fi 
numbers 2, 3, 4, 5, 6, 7, 8, and 9, by the more ſimple operation of addition, in 


which it is hardly poſſible that we ſhould make any ſlips. This may be done in 


the following manner, the ſaid diviſor 2.718, 281, 828, 459,045, 235, 360, 274 being 
(for brevity's ſake) denoted by the capital letter a. Pe” > TN. ; 


2.718,281,828,459,045,235,360,274 = As 
2.718,281,828,459,045,2 35,360,274. 

2A= 5.436,563,656,918,090,470,720, 548 
2.718,281,628,459,045,23 5,360,274. 

3 A = $.154,845,485,377,135,706,080,822 
2.718,281,828,459,045,235,300,274 

4 A = 10.873,127,313,830,180,941,441,096* 
2.718,281,828,459,045,23 5,360,274 

5 A 13.591, 409, 142, 29, 220, 170, 801, 370 
2.7 18,281,828, 459,045,235, 360, 274 


$ 
| 
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6 a = 16.309, 690, 970, 754, 271, 412,161,644 
2.718, 281,828,459, 04 5, 236, 360, 274 

7 A = 19.027, 972, 799, 213, 316, 647, 521,918 
| 2.718, 281,828, 459, 045, 235, 360, 274 
8 A = 21.740, 254, 527, 72, 301, 882, 882, 192 
2.218,281,828,4 59,045, 235,360, 274 

9 A = 24.464, 536, 456, 131, 407, 118, 242, 466 


Theſe ſeveral products being thus previouſly obtained in a manner hardly liable 
to error, _ cg norman dividing 1, or 1.000,000,000,000,000,000,000,000,000, 
ooo, ooo, &c the long number 2.7 18, 281, 8 28 
1 * a, Chon. 2 718, | 5828, 459,045, 235, 360, 274, may be 


$74 


The Diviſion of 1, or t. ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, &c, 
0 2.718, 281,828, 459,043, 235, 360, 274. 


The diviſor. The quotient. 
2.718, 28 1,828, 459,045, 235,360, 74) (0.367, 879, 441, 171, 442, 321, 595,25 


: The dividend, 
1. ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, Cc. 
_B8154845485377135706080822 
+ 18451545146228042939191780 
_ 163096909707 54271412161644 
. 21418541754743715270301 360 
_19027972799213316647521918_ 
. 23905689555303980227794420 
2174625462767 2361882882192 
215943492763 16243449 122280 
_19027972799213316647521918_ 
. 25663704771029268016003620 
 24464536455131407118242466_ 
. 11992283148978008977011540 
10873127313836180941441096 
 « 11191558351424280301704440 
10873127313836180941441090 
" » 318431037 5880994202033440 
 2718281828459045235300274_ 
". 4660285474219489672731060 
2718281828459045235300274 
« 194200364 570044443737 13800 
19027972799213316647521918 
7. 3920636583911277261919420 
2718281828459045235300274 
© 1202354755452232026559 1460 
1087312731383618094 1441096 
1. 1594202400861 393241503040 
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. 11504202406861393241503640 
10873127313836180941441096 - 
. . 6310750930252 123000625440 
_$436563656918090470720548 
|» $741372733340325299045920 
8154845485377135706080822_ 
587027247953 189 59295890 
5435553586918 0 90470220548 
4337 0882271380 54589004320 
271828182845904 5235360224 
16188003980790093 542440400 
| 13591409142295226176801370 
e 25900 54244494307 3052390900 
 24464536456131407118242466 
. 15020119888172665381484.340 
 13591409142295226176801370 
. 14287107458774392040829700 
13591409142295226176801370 
« - 6956983164791658700283 300 
5436563656918090470720548 
15204195078735682295027520 - 
13591409142295226176801370 
$ 16127859364404561188261 50 


36. This equality of theſe two ratios, of which 1 is the logarithm in the two 


ſyſtems of logarithms exhibited by the two 195 * — = + Sow 188 


E 216% 


— = + &c ad infinitum, and k + > + += += +7 + Sc ad in- 


Saltz, invented by Mr. Mercator and Dr. Wallis, affords Bs. proof of the 
truth of what is aſſerted in theorem 3, article 83, of the foregoing remarks on 
thoſe two ſerieſes, to wit, that the logarithms exhibited by both ſerieſes belong 
to one and the ſame ſyſtem, | 


A general Demonſtration of the Equality between the Ratio of the Infinite Series 1 + 
r 3 + &c 10 1, and the Ratio of 1 to 


2 2.3 2.3-4 1 3.4.5 * I 
L L* 
— — — & Cc, 
+ 243-4 23 © T3956 


the Infinite Series 1 r 


37. But the equality of the two ratios that - found, * means of the two in- 
nnen -+ = += + + —— + &c ad inf- 


2.34 = = 


nitum, and 1 —- L + = — — IRS + — == +a" Sc ad infinitum, 
to belong to the ſame logarithm L, or the equality of the ratio of 1 to the infinite 


ſeries 


4 
1 
» 
+ 
$ 
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6 
ſeries 1 — L + = == EET IT Sc ad infinitum to 
the ratio of the infinite ſeries 1 + 1. + ＋ + = + — 1 


2-34 2953. 
+ Ec ad infinitum to 1, will power in the e cleareſt manner by dividing * 3 
1* 


infinite ſeries 1 = 1 + . = 5 + : = + 5 Sc. For it 
will be found that the 3 of * divifion Will be che other ſeries 1 +1 + 
* pon + —— + Ee; from whence it follows, that the 


ratio of 1 to the e emer ſeries, (which is the diviſor of this operation of diviſion 9 
will be equal to the ratio of the latter ſeries (which 1 is the quotient of the ſame di- 
viſion) to 1. This diviſion may be performed in the manner following. 


3 diviſor. 


3 1* 
V S . 
2. 8 4 2275 8 2.3.4˙5˙0 5 


mee De | 
L5 LS 2 
1 ＋ + = 3.3.4 2.3.45 + Ar 8 
: 1 05 dividend. 
1 * * * * * * % 
LS 0 
. EY Nona 


L* L3 L* Ls 
7 F 23 234 © 2-345 = IS 
6 


rg l Se. 


L. — 3 —_—_c — — Se. 
1 « * 2 2.3 + 2:34 2.3 45 + de 
MG 2248, 2.4L 2 5 
T 2 3 + * 2.35 + 2.3 4-5-6 He. 

1 * L L L L 
+ "MY + 2-2 232 + 2.34.2 Sc. 
3 15 4 314 61.5 10L® + thc. 


243 2304 © 23-446 2.3.4. 5· 6 


L* 1 * LS LS 
LIT) 750 2.3 + 20302 _ 2.43243 + &c. 


. . 
23.3.4 2.345 + 2.3 4.6.6 c. 
1 * LS 50 

+ 2.34 2.3.4 24. 2˖ c. 
— 8 13 NE $L® % 2 
+ 2.3.4.5 4.3.4.5. 6 + y 

+ — — + &c 
243-45 . * 

— - 8 

* 2.3.4.5 · 6 5 

+ L Se 

2+3+4+5-6 p 
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155 This is a very remarkable property of theſe two ſerieſes, “ that the di- 
viſion of unity by one of them ſhould produce the other, or that the quotient of 
ſuch diviſion ſhould be a ſeries conſiſting of exactly the ſame terms as the di- 
viſor, only with different ſigns prefixed to the terms that fill the even places of 
the ſeries, or that involve the odd powers of 1.“ I do not recolle& any other 
ſuch inſtance of ſimilarity between the diviſor and the quotient of a diviſion in 
all the operations of _ kind that I have ſeen 1 in Algebra. 


39. From this ſimilarity between the two ſerieſes 1 — 1 + = — = + _ 
LS 15 L4 
eee e -+ 3 + = —— 
= 75 1 > + &c ad infinitum, it follows a aro that, whatever be the 
EL, the ratio of the ſeries 1 + L + = += +5 + = + 
—— + c ad infinitum (which is the quotient of the foregoing diviſion of 


unity by the other ſeries) to 1 will be equal to 8 ratio of 1 to the ſaid other 


. * L* 1. * 3 
r e re" x, 2þ- z Sc ad infinitum. There- 


fore any quantity denoted by L will be the 4 —— of the * pal 7 the 
ſyſtem of logarithms exhibited by Mr. Mercator's ſeries & — — 7 — = + 


„ from which the feries 1 + 1 + 2 27 2 + 
+ —— ds ah + Oc was derived, as in the ORs of logarithms 


2-34 * 253-445 43-45 
exhibited by Dr. Wallis's ſeries & + tie + = += + + Sr 1 
N. 


L* L* 


infinitum, from which the ſeries 1 — L + _— — + + — = 
ec was derived; or, in nam words, the © logarichms exhibitec by 5 5 


cator's infinite ſeries æ — = + ＋— 2 _— + c ad infinitum be- 
long 55 the * in. as the Ae exhibited by Dr. Wallis's infinite ſeries 
k + — 24 : 4 Gy : +> + Cc ad infinitum, agreeably to theorem 3, ar- 


ticle 84 3, of the 3 W on thoſe ſerieſes of Mercator and Wallis. 


A SCHOLIUM, 


40 When L is leſs than 1, the numerators of the terms of the two ſerieſes 1 + 


L + -— _ + + 7575 Ce ad infitum, and 1—1 + ＋ 2 1 Et = 
&c ad n will converge, or decreaſe, continually ; and conſequently the 


whole terms will converge, or decreaſe, with conſiderable ſwiftneſs, becauſe the de- 


nominators of the terms, to wit, 2, 2.3, 2. 2 4, &c, increaſe continually, and thereby 
3 con- 


= 
 __— —— th. a. 
: n 
- — "x — — EI 
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contribute to the decreaſe of the wheds terms. Of this decreaſe of the terms of theſe 


ſerieſes we have had examples above, in articles 23 and 31, in which L was ſup- 
poſed to be = —, or 0.500,000,000, . _ | 


And when & is equal to 1, and conſequently the numerators of the terms of 
theſe two ſerieſes, to wit, 1, L, L*, 1, 1, Ce, are all equal to 1, the whole terms 


of them, to wit, I, L, =, =, = Sc, or 1, 1, =, —, _ Ec after the 
firſt term 1, will ſtill converge, or decreaſe, and with a conſiderable degree of 
fwiftneſs, on account of the continual increaſe of their denominators 2, 2.3, 2.3.4, 
Se. Of the decreaſe of the terms of theſe ſerieſes in this caſe we have had ex- 
amples above in articles 16 and 34, in which we have computed the values of 


theſe ſerieſes exact to no fewer than 23 places of figures. 

But, when 1 is greater than 1, the numerators of the terms of theſe two 
feriefes, to wit, 1, L, 1, 1*, 14, &c, will continually diverge, or increaſe, in 
the proportion of x to 1, and thereby will tend to make the whole terms increaſe. 
And the ſecond term L will be greater than the firſt term 1; and if L be conſi- 
derably greater than 1, as, for inſtance, if it be equal to 10, there will be ſeveral 
of the terms in the beginning of the ſeries, beſides the ſecond term, which will 
be greater than the terms that immediately precede them: or the ſerieſes will, for 
a while, be diverging ſerieſes. Yet fuch is the tendency of the terms of theſe 
ſerieſes to converge, or decreaſe, ariſing from the continual increaſe of their de- 
nominators. 2, 2:3, 2.3.4, 2.3.4.5, 2. 3.4.5.6, 2.3.4. 5· 6.7, 2:3-4+5.6.7.8, cz 
that, whatever be che magnitude of 1, and the conſequent increaſe, or diver- 

ency, of the numerators 1, L, 1“, 1“, 14, 1, 1 17, 1*, Sc, the diminution of 

e terms arifmg from the increafe of their denominators will, in ſome part or other 
of the ſaid ferieſes, more than counterbalance the ſaid divergency, or increaſe, 
of them arifiag from the increaſe of their numerators, and make the whole terms, 
after the term in which ſuch over- balancing firſt takes place, continually con- 
verge, or decreaſe ; and this with an increaſing velocity, or more ſwiftly than in 
a continued geometrical proportion. | 

For, fince the denominators of the terms of rhefe feriefes, to wit, 2, 2.3, 2.3.4, 
2.3-4+5z 2-3-4-5-6, 2.3-4-5-6.7, f. 8.4.5 · 6.7.8, 2-3-4-5-6.7.8.9, 2.3-4-5-6.7.8.9.10, 
Sec, increaſe by the continual multiplication of the natural numbers 3. 4» 5» 6, 

7, 8, 9, 10, &c ad infinitum, it follows, that, however great we may fuppoſe L 
to be, we ſhall, an ſome part or other of the feries, come to a term of which the 
denominator will be derived from the denominator of the next preceding term, 
by the multiplication of a number ſtill greater than L ; and this term will be leſs 
than the ſaid next preceding term, becaufe its denominator will be greater than 
the denominator of the ſaid next preceding term 1n a greater proportion than that 
in which its numerator will exceed the numerator of the faid preceding term, 
which is that of L to 1. Thus, for example, if L is equal to 1900, it is evident 
that the thouſand and firſt term of either of theſe ſerieſes will have for its nume- 
rator the 1000® power of L, or 1, and for its denominator the product 
2.3.4. 5-6. 7. 8.9. 10, &c, continued to 1000 ; and the thouſand and ſecond term 
will have for its numerator the 1001 power of x, or % and for its denomi- 

nator 
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nator the product 2. 3. 4. 5· 6. 7. 8. g. 10, Sec, continued to 1001. Therefore the 
1002 term will be equal to the 1001 term multiplied into the fraction 
, or , and conſequently will be leſs than che 10014 term. And, in 


1001 


like manner, the 10034 term will be derived from the 100 term, by multi | 


plying it into 75615 or = ; and the 1004"* term will be derived from the 
1003" term, by multiplying it into 767 or _ ; and every following term 
will be derived from the term immediately preceding it, by multiplying it into 
a fraction that is leſs than 18855 and alſo than the multiplying, or generating, 
fraction next before it. And conſequently, after the 1001. term, the ſeveral 
terms of the ſeries will continually decreaſe, and that with an increaſing velo- 
city, or more ſwiftly than in a continued geometrical proportion. Q. E. v. 


41. And hence it follows, that the two ſerieſes 1 + L + — + 23 + —_ 
L5 2,9 13 .* 15 1 * 15 
2.3.45 N 2.3.4+5.6 + Ge od infiitum, and 1 = L +—— 2.3 + 2.3.4 253-45 
+ FE. — &c ad infnitum, will always be of finite magnitudes, whatever be 
the magnitude of V; agreeably to what was aſſerted above in the ſcholium in 


article 15. For, when L is of a very great magnitude, as, for example, when it 
is equal to 1000, the firſt part of each of theſe ſerieſes, though it will conſiſt of 
terms that continually diverge, or increaſe, yet will be of a finite magnitude, 
becauſe the number of its terms is finite ; and the ſecond part of the ſeries, 
from the part where it begins to converge, will converge with an increaſing 
degree of velocity, or more ſwiftly than in a continued geometrical proportion, 
and therefore will be of a finite magnitude, notwithſtanding the infinite number 
of its terms, becauſe every infinite ſeries of terms that decreaſe in a continued 
geometrical proportion is of a finite magnitude. Therefore the ſum of the firſt 
and ſecond parts, or of the diverging and converging parts, 'of each of theſe 
ſerieſes, that is, the whole of each of theſe ſerieſes, will be of a finite magnitude. 
: Q. E. b. 
| 42. But theſe ſerieſes can never, as I conceive, be applied to any uſeful pur - 
poſe when L is greater than 1; nor, indeed, will they be of much uſe in the 
computation of numbers from the logarithms that belong to them, even when 1 
is leſs than 1, but nearly equal to it. But when L is much leſs than 1, as, for 


example, when it is equal to =, or any leſſer number, theſe ſerieſes will con- 
verge with ſufficient ſwiftneſs to be of great uſe in making ſuch computations. 


43 In the foregoing co to problem 2, we have ſhewn how to find the 
ratio correſponding to a given loganthm of Napier's ſyftem : it remains that we 
ſhew how, when a logarithm of Briggs's ſyſtem 1s given, we may find the ratio 


which correſponds to it. This will be the ſubje& of a ſecond corollary. | 
302 Coroll. 


380 An Appendix to the foregoing Remarks, containing Inveſtigations 
Coroll. 2. If s be the logarithm of any ratio in Briggs's ſyſtem of logarithms, 
and L be the logarithm of the ſame ratio in Napier's ſyſtem, L will be greater than 
B in the ſame proportion in which Napier's logarithm of the ratio of 10 to 1 is 
greater than Briggs's logarithm of the ratio of 10 to 1, that is, in the proportion 
of 2.302,585,092,994,045,668, Sc to 1; or L will be = 2.302,585,092,994, 
645,007, Sc X B. 1 
herefore, if s be any logarithm in Briggs's ſyſtem, and we are required to 
find the ratio correſponding to it, or of which it is the logarithm, by means of 


. . 1 * L* 1* L 1 
_ foregoing ſeries 1 — L fr ned ger Bee 1 — &c ad 
infinitum, we muſt firſt multiply s by the number 2.302,585,092,994,04 5,668, 
Se; whereby we ſhall obtain the value of L, or of Napier's logarithm of the 


ſame ratio: and then we muſt compute as many terms of the ſaid ſeries 1 = L + 
= — = 4 — 155 r * Sc ad infinitum as may be neceſſary to 
expreſs the ratio we are ſeeking to the propoſed degree of exactneſs. For the 
proportion of 1 to the ſaid ſeries, or to ſo many terms of it as we ſhall have 
computed, will be the ratio ſought, 


fn Example of this Method of diſcovering the Ratio correſponding to 4 given Loga- 
_ rithm in Briggs's Syſtem of Logarithms. 


44. Let it be required to find the ratio correſponding to the logarithm —-, or 


0.01, in Briggs's ſyſtem of logarithms. 

Ihe logarithm of this ratio in Napier's ſyſtem of logarithms is = 2. 302, 585, 
092,994,04 5,068, &c x 0.01 = 0.023,025,850,929,940,456,68, &c, or (neg- 
lecting the laſt eleven figures, as inconſiderable) o. 023, o2 5,850. Call this lo- 
garithm 1. 2 ; 

Then will 1* be = 0.023,025,8 50\* = 0.000,530,189, and L“ will be = o. ooo, 
012,208, and 1* will be = 0.000,000,281, and 15 will be = 0.000,000,006. 


Therefore = will be = — = 0.000,265,094, and _ will be = 


0.000,000, 281. 
24 
= 0.000,000,000, and conſequently 


1 1 * . 
2 = 0.000,002,034, and 2 will be = 


| L5 . d. ooo, ooo, oo 
o11; and ——— will be — * 
L3 1＋ * 1.5 


1 2 

the ſeries 1 — L + = e ps 
000 — 0.023,025,850 +.0.000,265,094 — 0.000,002,034 + 0.000,000,011 
o. ooo, ooo, ooo + &c = 1.000,265,105 — 0.023,027,884 = 0. 977,237, 
221. Therefore the ratio correſponding to 1, or o. o 3, oa 5, 8 50, or of which 
o. oa 3, 25,8 50 is the logarithm in Napier's ſyſtem of logarithms, or of which 
0.01, or —, is the logarithm in Briggs's ſyſtem of logarithms, is the ratio of 1 


to 0.977,237,221. | q. E. I. 
| 45. This 


= 0.000,000, 


+ Ce will be = 1,000,000, 
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45. This ratio-of 1 to . 97/2375, which is here found by means of the 


neee 2. co de ew be hb: 


2:3ch 234.5 2:3-4.5-0 
ratio of which o. ot, or = is .. logarithm in Briggs's ſyſtem, is equal to the 
ratio of 1.023, 292, 989, &c to 1, which was found mart} in article 18, by means 
of the infinite ſeries 1 +1 +5 +++ + >= + &s to 
he the ratio correſponding to the fame. logarithm, 1705 1.023, 292, 989 is to 1 
t. ooo, ooo, ooo, ooo, 


as I is to - ————— = =0. 977,237,224 ; which agrees with the number 


o. 977,237,221 in the firſt eight figures, and exceeds it by only 0.000,000,003, 
, or three thouſand-millionth parts of an unit, 


1000, 


Another Example of this Method of di iſcovering the Ratio corre ending: to 4 given 
Logarithm in Briggs's Syſtem of Logarithms. 


46. Suppoſe it were required to find the 365") root of 1 + — or 1 + 4 
or 1.05, the logarithm of the ratio of 1.05 to 1 in Briggs's ſyſtem being given. 
The logarithm of the ratio of 1.05 to 1 in Briggs's ſyſtem is = log. => = log. 


25 js 7 5 by — log. = = (according to the computations in the foregoing 


remarks, article 98) 1.322,219,294,733,919,356 — 1.301,029,995,663,981, 
308 = 0.021,189,299,069,938,048. Therefore the logarithm of the ratio of 


I . . 8 , 6 8, | 
i. og, or 1.08365 to 1, will be = = 2 2 0.000,058, 


052,874,164,213. This is Briggs's logarithm of the ratio of 159.765 to 1, from 


which we are now to diſcover that ratio itſelf, or the value of 1 17695565 


Now, ſince Briggs's lo — of this ratio is o. ooo, o 58, oga, 874,164, 213, or 
(neglecting the laſt nine figures, as inconſiderable,) 0.000,058,052, it follows 
that Napier's logarithm of the ſame ratio will be = 2.302, 585,092, &c x 0.000, 
. 058,052 = 0. 000,133, 669, Se; that is, L will be = 0.000,1 33,669, Sc. We 
ſhall therefore have 1˙ ( = 0.000,1 33,069?) = = 0.000,000,017, and 13 (= 1* X 
L = 0.000,000,017 X 0.000,133,069) = o. eee and conſequently 


— (= D) = o. ooo, ooo, oo8, and 1 — — (= o. o00, 133,669 — 


2 2 
0.000,000,008) = 0.000,133,661, and1 — L + == I We 11g ooo, 
133,661 0.999, 866, 339; that is, the ſeries 1 — 1 + — — — = + —_ _ 
— Ec will be = 0.999,866,339. "Therefore the ratio 


Corre- 


15 1.5 


725 3 5g 


ts Ao ts as Me. ed 


——ͤ 2 wy. 


correſponding to 1, or 0.000,133,669, Se, or of which 0.000,133,669, Se is 
the _— in. Napier's ſyſtem of logarithms, or of which 0.000,058 ,052, r 
is the logarithm in Briggs's ſyſtem of logarichms, is the ratio of 1 to o. 999, 866, 
g EN . oF 

339 ; and conſequently 1.05! is to 1 as 1 is to 0.999,866,339, and 1.05 is 


305 
855 = 1. o00, 133, 678, or the 365 root of 1.05 is 1.000, 133, 678. 


| . E. 1. 
47. The ratio correſponding to L is equal to that of the ſeries 1 + L + 
* 6 


'L 13 1+ 15 7 - 2 | ; 
— + — + — c to 1 as well as to the ratio of x t 
. + 2+J - #4344 5 23655 + 0 


the ſeries l * + 2 2.3 + 2.3·4 0 2+3+4+5 + — 3 4 5.6 |! on 


. : * 3 4 L 8 . 
ſeries 1 + L + — + 2 + —_ + — ＋ Tags + Cc, is, in this caſe, 
equal to 1 + o. ooo, 133,669 + o. ooo, ooo, ood + C. 1. ooo, 133,6, Sc. 
Therefore the ratio correſponding to 1, or o. ooo, 133,669, Cc, or of which 
0. 000, 133, 669, Ce is the logarithm in Napier 's ſyſtem of logarithms, or of 
which 0.000,058,052, &c is the logarithm in Briggs's ſyſtem of logarithms, is 


the ratio of 1.000, 133, 677, Ce to 1; and conſequently the ratio of 1.59 Ar to 1 


365 
is equal to the ratio of 1.000, 133,677, &c to 1, and therefore 19% * 
1.000, 133,677, Cc. d. E. I. 


This value of 1 551555 agrees with the former value of it, to wit, 1. 000, 133, 


678, (which was obtained by means of the ſeries 1 — 1 + © — = + == 


203-445 * ; 
the laſt figure of the ſaid former value only by an unit. 


48. This number 1. ooo, 133, 677, which is equal to the 36 5% root of 1.05, is 
the quantity to which one pound ſterling, or any other original ſum of money 
denoted by 1, would increaſe by being lent out at intereſt for the ſpace of only 
one day, if the terms of the loan were ſuch that the money was to be paid back 
to the lender every night, with the imtereſt due upon it, and then immediately to 
be lem out again, together with the intereſt due upon it added to it, and yet that 

the whole intereſt that ſhould be gained upon it in the courſe of a whole year, or 
365 days, by theſe 365 repeated loans, ſhould amount only to one twentieth part, 
or five hundredth parts, of one pound, or-the other original ſum, whatever it was, 
which was denoted by 1. It is a very little leſs than 1 + — or 1 + 0.000, 
136,986, or 1.000,136,986, to which the ſum 1 would increaſe in the ſpace of 
one day, if the intereſt to be paid for it for one day was the 36 5 part of =, 
or of the intereſt paid for it for a whole year, when lent for a year at a time, 
at the intereſt of 5 per cent. per annum. | 

2 | 49. Before 
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49. Before I put an end to this appendix, I think it neceſſary to declare, that 
the inveſtigations of the two anti-logarithmick infinite ſerieſes L + r + = + 


1 ON + &t, ads — = + SE M8 3 


2.34, 2˙3˙4˙5 2.3.4.5 · 6 
2 + Ec, which have been given above in the preceding lemmas and 
probſems, were ſuggeſted to me by reading Dr. Halley's diſcourſe on logarithms 


above-mentioned, and that I therefore ſuppoſe they are in ſubſtance the ſame 


with his inveſtigations of the ſame ſerieſes contained, or, rather, hinted at, in the 
ſaid diſcourſe. But this I am not quite ſure of, becauſe, from the extreme 
conciſeneſs with which he has there treated the ſubject, I find myſelf unable to 
underſtand him ſo thoroughly as I could wiſh. However, whether the inveſti- 
ations which I have here given of theſe ſerieſes are the ſame with his or not, 
[ hope they will be found ſufficient to eſtabliſh his concluſions, and that they 
have been explained in ſuch a manner as to give my readers as little trouble as 
poſſible in underſtanding them. | 


THE END OF VOL, I. 


